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Preface 


This book has been written to provide a self-contained text on structural 
dynamics for use in courses offered to seniors or first-year graduate 
students in civil engineering. The material is based on the author's 
notes for such a course given at MIT during the past few years. It is 
presumed that the student has completed the normal undergraduate 
work in applied mechanics, mathematics, and structural engineering. 

The emphasis in this text is on the practical analysis and design of real 
structures rather than on the mathematical techniques of dynamic 
analysis. Throughout the book examples are given to illustrate applica¬ 
tion of the theory to actual structural problems. Much of the material 
has been drawn from the author's experience as a consulting engineer. 
With this emphasis the book should be useful to practicing engineers, as 
well as to students whose objective is to become structural designers. 

In the author’s opinion, structural dynamics is too often taught as a 
course in advanced mathematics for engineers. For some students this 
approach makes the subject unnecessarily difficult. Other students find 
the mathematical manipulation so intriguing that they fail to develop the 
physical understanding essential for good design. In this text the author 
has avoided mathematical complexities, which, although they may be 
useful in advanced research, are unnecessary for most design purposes. 

Chapters 1 and 2, in some respects, are a review of the dynamics 
normally taught in applied mechanics. In addition, however, two other 
purposes are served: (I) the basic theory is related to actual structures; 
and (2) numerical analysis, which is not normally covered in applied 
mechanics, is introduced. The order of presentation, i.e., numerical 
analysis before closed solution, is somewhat unorthodox. The author 
believes, as a result of his teaching experience, that this order is prefer¬ 
able, because numerical analysis executed by hand develops a physical 
“feel" for dynamic behavior much more rapidly than does the solution of 
differential equations. 

Chapters 3 and 4 are, perhaps, the heart of the book, since they contain 
the th<jory of analysis for multidegree systems. The author has chosen 
not to use matrix notation, which is currently so popular, because in his 
opinion it is pedagogically unwise to do so at this introductory level. 
For those teachers who prefer matrix formulation, the Appendix may be 
helpful. Chapter 4 contains considerable material on beams of various 
types, because this is believed to be particularly important to structural 
engineers. 






vi Preface 

Chapter 5 is devoted to approximate methods of design, which are 
developed on the basis of the theory presented in earlier chapters. 
Because many dynamic problems in civil engineering involve uncertain 
loading conditions, these methods are often more appropriate than the 
more precise but time-consuming procedures. 

Chapters 6, 7, and 8 contain applications of the theory to some impor¬ 
tant types of structural problems. These treatments are incomplete, but 
they are believed to be sufficiently thorough to provide a sound introduc¬ 
tion to the subjects. 

The author wishes to acknowledge with gratitude the assistance of his 
wife, Margaret C. Biggs, who not only typed th^ manuscript, but pro¬ 
vided encouragement throughout the writing of this book. Daniel 
Beltran-Maldonado was extremely helpful in preparing the figures and 
proofreading the manuscript. 

The author is particularly indebted to his teacher and colleague Prof. 
Charles H. Norris for instruction and inspiration over an extended period 
of time. 


John M. Biggs 
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Introduction 


The subject of this text is the analysis and design of structures subjected 
to dynamic loads, i.e., loads which vary with time. Although the 
majority of civil-engineering structures can properly be designed as 
though the loads were static, there are some important exceptions and it 
is obviously imperative that the designer be able to distinguish between 
static and dynamic loads. 

In fact, no structural loads (with the possible exception of dead load) 
are really static, since they must be applied to the structure in some 
manner, and this involves a time variation of force. It is obvious, how¬ 
ever, that if the magnitude of force varies slowly enough, it will have no 
dynamic effect and can be treated as static. “Slowly enough” is not 
definite, and apparently the question of whether or not a load is dynamic 
is a relative matter. It turns out that the natural period of the structure 
is the significant parameter, and if the load varies slowly relative to this 
period, it may be considered to be static. The natural period, loosely 
defined, is the time required for the structure to go through one cycle of 
free vibration, i.e., vibration after the force causing the motion has been 
removed or has ceased to vary. 

The interest in structural design for dynamic loads has been increasing 
steadily over the years. This is in part due to advancing technology, 
which has made possible more accurate design. It is also due to the fact 
that more daring structures (larger, lighter, etc.) are being attempted, 
and these are more susceptive to dynamic effects because they are gen¬ 
erally more flexible and have longer natural periods. Examples of situa¬ 
tions in which dynamic loading must be considered include (1) structures 
subjected to alternating forces caused by oscillating machinery, (2) struc¬ 
tures which support moving loads such as bridges, (3) structures subjected 
to suddenly applied forces such as blast pressure or wind gust, and 
(4) cases where the supports of the structure move, e.g., a building during 
an earthquake. 

The basic principles of structural analysis are of course not invalidated 
by the fact that the load is dynamic. The same relationships between 
deflection and stress apply under both dynamic and static conditions. 
Dynamic analysis consists primarily of the determination of the time 
variation of deflection, from which stresses can be directly computed. 
Since the natural period depends upon the mass and stiffness of the struc¬ 
ture, these two quantities are of perhaps greater importance in dynamic 
analysis. 
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Introduction 


In this text considerable attention is given to the inelastic behavior of 
structures, i.e., behavior beyond the elastic limit. This is particularly 
important in dynamic design because it is often impractical, or at least 
uneconomical, to design the structure so as to remain completely elastic. 
Xhe energy absorption which results from the plastic deformation of the 
material permits a much lighter structure than would be required if all 
energy had to be absorbed by elastic strain. 

Chapters 1 and 2, which deal with simple dynamic systems, contain the 
more elementary theory of structural dynamics. In Chapters 3 and 4 
this theory is extended to more complex structural systems. Chapter 5 
is a presentation of approximate design procedures, which are often more 
suitable for practical purposes than direct application of the theory. 
Finally, Chapters 6, 7, and 8 contain applications of the material in pre¬ 
ceding chapters to practical problems of importance. 




List of S'; 


■dn*t 

a 

a 

« 

b 

c, e 
c d 

c 

C cr 

C, 

A, 

D e 

£> 

DLF 

d 

E 

F 

f 

fit) 

G 

G 

H 

h 

I 

m 

i 

X 

Kl, Km, Kr, Kim 
k 

L,l 

M 

9E 

snip 

m 

N 

P 

V 


modal amplitude 
static modal deflection 
constant 

characteristic amplitude, dimension 

constant 

width 

constants 

drag coefficient 

damping coefficient 

critical damping coefficient 

seismic velocity 

flexibility coefficient 

total concrete thickness 

constant 

dynamic load factor 

effective depth of concrete section 

modulus of elasticity 

force 

natural frequency, cps 
nondimensional time function 
constant 

acceleration of gravity 

constant 

height 

moment of inertia 
inertia force 
impulse 
kinetic energy 
transformation factors 
spring constant 
span 
mass 

bending moment 
ultimate bending strength 
mass per unit length 
number of modes 
axial stress 

pressure, distributed load 




xii List of Symbols 


Vd 

Vr 

V « 

V*o 

Q 

R 

Rm 

(R 

r 

S 

S e 

T 

t 

At 

t d 

tr 

U 

u. 

ni 

u 

u 

V 

V 

W 

•w 

w 

X 

V 

y 

y = dy/dt 
y = d 2 y/dt z 
y,i 
V« 

y» 

z 

a 

0 

T 

A 

e , V 
0 
A 
M 


dynamic pressure 
reflected pressure 
side-on overpressure 
initial side-on overpressure 
displacement 
resistance 

maximum resistance 
weapon range 
radius 
shear 

clearing distance 
natural period 
time 

time interval 
load duration 
load rise time 
shock-front velocity 
velocity of sound 
strain energy 
relative displacement 
relative velocity 
shear or reaction 
velocity, displacement 
weight 
work 

weight per unit length 

dimension 

weapon yield 

displacement or deflection 

velocity 

acceleration 

elastic-limit deflection 

static deflection 

support motion 

displacement, coordinate 

constant, phase angle 

constant, damping coefficient (c/2Af) 

participation factor 

spring distortion 

nondimensional displacements 

angle of rotation 

half-arch central angle 

ductility ratio 


/ 





List of Symbols 

Poisson’s ratio 
time variable 
density 

steel ratio in concrete 

stress intensity 

static stress 

dynamic yield strength 

dynamic concrete compressive strength 

time variable 

characteristic shape 

characteristic coordinate 

participation factor 

forcing frequency, rad/sec 

natural circular frequency 



xiii 



1 

Numerical Analysis 

♦ 

of Simple Systems 


1.1 Introduction 

The determination of the dynamic response of simple systems using 
numerical procedures is discussed in this chapter. The more tradi¬ 
tional rigorous methods are introduced in Chap. 2. This order of pre¬ 
sentation is followed because numerical analysis, rather than rigorous 
solution, is believed to be the most general and yet straightforward 
approach possible and the best for introductory purposes. Only basic 
principles of physics and the most elementary mathematics are used. 
1 hus the reader should be able to concentrate on the physical phenomena 
involved rather than on the mathematical techniques employed. It 
is hoped that this emphasis will help develop a physical “feel/’ or intui¬ 
tion, for dynamic response, which is necessary for successful analysis of 
more complicated dynamic problems. The reader is urged to keep this 
objective in mind during his study of the following sections. 

Numerical analysis, that is, solution of the differential equations of 
motion by arithmetic procedures, is a much more general attack on the 
problem than rigorous, or closed, solution, because the latter is possible 
only when the loading and the resistance functions can be expressed in 
relatively simple mathematical terms. For the type of problems in 
which we are interested, this is a severe restriction, and thus the rigorous 
approach is obviously of limited usefulness. 

The availability of electronic computers has accelerated the adoption 

1 
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(b) 


figure 1.1 Structures idealized as spring-mass systems. 

of numerical methods by structural engineers. Solutions to many com¬ 
plex dynamic problems which were impossible in earlier times can now 
be obtained with relative ease. Although computer programming is 
not discussed in this text and the procedures are illustrated by hand 
calculations, it is expected that, in practice, many of these computations 
would be done electronically. 

The following sections deal with systems consisting of combinations 
of springs and masses. It should be emphasized that these are not 
merely academic exercises, but rather that the system idealized in this 
manner is a convenient representation of an actual structure. For 
example, in Fig. I.la, the weight W, supported by a beam and subjected 
to a dynamic load, may often be represented by the simple mass-spring 
system shown. The same is true of the rigid-frame structure shown in 
Fig. 1.16, where the mass is distributed along the girder and only hori¬ 
zontal motions are considered. In order for the idealized system to 
perform in the same way as the actual structure, it is only necessary to 
make a proper selection of the system parameters. For example, the 
spring constant k can be determined from the properties of the beam or 
frame since it is merely the ratio of force to deflection. In the cases 
shown, the weight, or mass, of the idealized system is the same as that 
of the actual structure since the weight of the structural members is 
assumed to be negligible. In other cases this may not be true and a 
factor must be applied to obtain the equivalent mass for the idealized 
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figure 1.2 One-degree system—dynamic equilibrium. ( c ) 

system. Such a factor would be necessary if the mass were distributed 
over the structure—a situation which will be discussed in later chapters. 
The load-time relationship, or load function, is usually the same for the 
two systems, although the magnitude of the load may differ. The ideal 
spring-mass system is selected such that the deflection of the mass is the 
same as at some point of significance on the structure, for example, the 
midspan of the beam. The important point is that an idealized system 
which behaves timewise in exactly the same fashion as the actual struc¬ 
ture can be constructed and then analyzed with relative ease. 

1.2 One-degree Elastic Systems 

A one-degree system is defined as one in which only one type of motion 
is possible, or in other words, the position of the system at any instant 
can be defined in terms of a single coordinate. Such a system is shown 
in Fig. 1.2a, where the mass can move in a vertical direction only and 
all the mass in the system deflects by the same amount (the spring is 
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assumed massless). As an example of dynamic analysis, let us determine 
force” 8 maSS reSUlting from the a PPlieation of a time-varying 

a. Formulation of the Problem 

The first step is to isolate the mass as shown in Fig. 1.26. ^fo this 
mass we apply the external forces, in this case the applied force Fit) 
and the spring force ky. It is assumed here that the spring is linear 
i.e, that the force m the spring is always equal to the spring constant 
times the displacement. Note that the weight, or gravity force, does 
not appear in the figure. This implies that the displacement y is meas- 
ured from the neutral position, in other words, the static position which 
the mass would take if only the force of gravity were acting. 

Having isolated the mass, we may write the equation of motion simply 
by applying the elementary formula F - Ma. F is, of course, the net 
or algebraic, sum of the forces acting on the mass, and the positive direc- 
lon of force is the same as that for displacement or acceleration. Thus 
the equation of motion for this system is* 

F(t) - ky = My (i.i) 

1 his differential equation may be solved to determine the variation of 
displacement with time once the loading function, the initial conditions 
and the other parameters are known. 

An alternative and very convenient way of writing the equation of 

™° tl0n ^, by , the n use of ^'Alembert's principle of dynamic equilibrium. 
This method is illustrated in Fig. 1.2c, where an additional imaginary 
force is applied to the mass. This is the inertia force , and is equal to the 
product of the mass and the acceleration. Note that it must always be 
applied in the direction of negative acceleration, or opposite to positive 
displacement. Having added this force, we may treat the situation 

s own in Fig. 1.2c exactly as a problem in static equilibrium. The 
equilibrium equation is 

F(t) - ky - My = 0 ( 1 . 2 ) 

It is seen that this approach results in exactly the same equation as that 
previously obtained. In general, the second approach given is more 
convenient, especially when distributed masses are involved. 

b. Numerical Integration 

Before considering a specific example we shall discuss the process of 
numerical integration in general terms. This is a procedure by which 

deriJ^vpW^- teXt * aUd 9 WiU be USed to desi * Iiate the first and second 
IceleSn dl8plaCemeDt Wlth re8 P ect to tim *> or in other words, the velocity and 
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figure 1.3 Numerical integration— 5-1 s 5 + 1 t 

lumped-impulse procedure. ^ 

the differential equation of motion is solved step by step, starting at 
zero time, when the displacement and velocity are presumably known. 
1 he time scale is divided into discrete intervals, and one progresses by 
successively extrapolating the displacement from one time station to 
the next. There are many such methods available, but in keeping with 
the policy stated for this chapter, only one of the more simple versions 
will be presented here. This might be called the constant-velocity , or 
lumped-impulse, procedure. 

Suppose an analysis for the determination of the displacement-time 
variation for a dynamic system was in progress as indicated in Fig. 1.3. 
Suppose, further, that the displacements y (t) at time station s and 
at the preceding time station s — 1 had been previously determined. 
The acceleration y M at time station $ can then be determined using the 
equation of motion. The problem is to determine the next displacement, 
y u+1) > by extrapolation. This could be done by the following self-evident 
formula: 

V (,+l) = y (,) + y* v At (1.3) 

where y av is the average velocity between time stations s and s + 1, and 
At is the time interval between stations. The average velocity may be 
expressed by the following approximate formula: 

«W — 7/(» — 1) 

v™ = -—~— + y M At (1.4) 
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7- 7 6 7T 18 hC !™ rage TCl0city in % time “terval between 

!, * ““!.*> and the s , econd te ™ is the increase in the velocity between 

the two time intervals, assuming that g«> is an average acceleration 
roughout that time period. The assumption stated is equivalent to 
approximating the acceleration curve by a series of straight lines as shown 
n Fig. 1.36 and, in addition, replacmg the area under these lines by a 
series of pulses concentrated at the time stations. Thus the shaded area 
represents an impulse applied at station s which equals the change in 
average veiocity between the two adjacent time intervals. Substituting 
Eq. (1.4) into Eq. (1.3), the following recurrence formula is obtained: 

2 , 0 + 1 , = 2yM _ v (.-„ + (M)1 (l 5) 

With this equation one is able to extrapolate to find the displacement 
at the next time station. Note, from Eq. (1.1), that may be deter¬ 
mined since it depends only upon the displacement p<*>, which was 
previously obtained, and F(t), which is known. 

The recurrence formula given by Eq. (1.5) 'is obviously approximate 
but it gives sufficiently accurate results provided that the time interval 
At is taken small in relation to the variations in acceleration. In fact 
as At -+ 0, the solution becomes exact, although the number of computa¬ 
tions obviously increases as At is reduced, thereby increasing the number 

ln ™ lved - In general, it has been found that results 
su iciently accurate for practical purposes can be obtained if the time 
interval is taken no larger than one-tenth of the natural period of the 
system. This point wUl be discussed in more detail in later sections 
Many other recurrence formulas are available for use. Some of these 
formulas permit larger time intervals but require more elaborate compu¬ 
tations in each step. When problems of stability or convergence are 
encountered, more accurate recurrence formulas may be necessary. 
These are beyond the scope of the present discussion, but are covered 
in oec. 1.6. The author has found the formula presented, Eq. ( 1 . 5 ) 
to be adequate for most problems in structural dynamics. 

Using the recurrence formula, the analyst simply begins at time equals 
zero and proceeds step by step to determine the displacements at the 
time stations selected. It is necessary, however, to use a special pro- 
cedure m the first time interval because, at t = 0, no value of is 
available. Two different procedures may be used. First, the accelera¬ 
tion may be assumed to vary linearly up to the first time station, in 
which case the displacement at that time is given by the following:* 

y (l) = M(2y (0 > + y<») (A*) 2 (1.6) 

Equations (1.0) and (1.7) may be derived by evaluating y - jfy dtdt. 
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Second, the acceleration may be assumed constant during the first time 
interval and equal to the initial value. For the latter assumption the 
following equation applies: 

y {1) = (AO 2 ^ (1.7) 

In either case, having established y (1 >, the analyst then proceeds in the 
normal way, using Eq. (1.5). Note that Eq. (1.6) must be solved by 
trial and error since y <» depends upon y<‘>. However, Eq. (1.6) must be 
used if there is zero force (and hence zero acceleration) at zero time, for 
in no other way can y (1) be determined. If the acceleration at t - 0 is 
not zero, Eq. (1.7), which does not require iteration, may be used without 
appreciable error, provided that the force does not change greatly in 
the first interval. This method of numerical analysis is illustrated in 
the example which follows. 

The numerical procedure outlined above will at first seem tedious. 
However, m the very common cases where no closed solutions are possi¬ 
ble, there is no alternative. If one is dealing with a one-degree system, 
the computations can, with a little practice, be done very quickly. When 
the system is more complicated, computers are normally used and the 
length of the calculations is not a serious problem. 

c. Example 

To illustrate the procedures discussed above, consider the spring-mass 
system shown in Fig. 1.4a, which is subjected to the load-time function 
shown in Fig. 1.46. It is desired to determine the variation of displace¬ 
ment with time, starting with the system at rest at t = 0. Substituting 
into Eq. (1.1) and being careful to keep the units consistent, the equation 
of motion is written as follows: 

F(t) - 2000y = y 

or V = HF(t) ~ IOOOji (1.8) 

Thus knowing the load and the displacement at any time enables one to 
compute acceleration at that time. 

The next step is to select a time interval for the numerical integration. 
As mentioned above, this should not be greater than one-tenth of the 
natural period of the system. The natural period T of a one-degree 
system is given by 



which, in this example, is 0.198 sec. The natural frequency f is the 
inverse of the natural period, or 5.04 cps. The natural circular frequency 
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f ; sec PIGUHE 1.4 Example, (a) Spring-mass 

‘b) system; (6) load-time function. 

" is 2irf, or 31.6 rad/sec. Natural periods and frequencies are discussed 
more fully in later chapters. 

One-tenth of the natural period is approximately 0.02 sec, and this 
value will be used in the computation. However, a second criterion 
must be considered when selecting the time interval: the interval should 
be small enough to represent properly the variation of load with time, 
n this example it will be noted that the time stations (At = 0.02) occur 
at the sudden breaks in the load function and, furthermore, that the 
interval is small enough so that points at this spacing accurately repre¬ 
sent the function (Fig. 1.46). Therefore the time interval selected is 
satisfactory. 

The numerical integration for the example problem is shown in Table 
LI. Note that, in the first time interval, Eq. (1.7) is used and, in 
the ^following intervals, Eq. (1.5) is employed; Since Eq. (1.8) gives 

^ “ 25 ’ Eq> y ields ytt = 0-02) = (25)(0.02) 2 = 0.0050. 

Using the latter value in Eq. (1.8) provides y(t = 0.02) = 25, and there¬ 
fore y(t - 0.04) = 2(0.0050) - 0 + 25(0.02) 2 = 0.0200 by Eq. (1.5). 
The calculations then continue in identical manner. The result of the 
complete calculation is plotted in Fig. 1.5, where displacement versus 
ime is shown. The ordinate also represents the time variation of the 
spring force if the displacements are multiplied by the spring constant k. 
To assist in the interpretation of the result, the hypothetical displace¬ 



*Equation (1.7). 


ment corresponding to the static application of the load at any instant 
is also plotted. The maximum displacement which occurs at 0.12 sec 
corresponds to a spring force of 159 lb, which is 1.59 times the maximum 
external load. Subsequent peaks are somewhat smaller and correspond 
to a spring force of 157 lb. The latter peak value would remain constant 
indefinitely since we have not included damping in the present example. 
The time interval between successive positive (or negative) peaks is 
exactly equal to the natural period of the system. After the load becomes 
constant at. 0.14 sec, the spring force varies in sinusoidal fashion, the 
positive and negative peaks being equidistant above and below the value 
of the external load. 

The student is urged to study the computation shown in Table 1.1 
carefully and to make similar computations on his own. It would be 
advisable to plot the displacement as the computations proceed. This 
exercise has two advantages: first, errors in arithmetic are quickly dis¬ 
covered; and second, it helps to develop an understanding of dynamic 
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figure 1.5 Example. Response of system shown in Fig. 1.4. 

behavior. Although somewhat tedious, the effort is well worthwhile 
since this intuitive understanding will be invaluable in later chapters! 

best it be forgotten that the system analyzed in the previous para¬ 
graphs could represent an actual structure, consider the frame shown 
in fug. 1.6a. This is a steel rigid frame to which is applied a dynamic 
force at the upper level. It is desired to determine the dynamic deflec¬ 
tion of the top of the frame in the horizontal direction. Two assumptions 
w 1 be made: first, the weights of the columns and walls are negligible- 
and second, the girder is sufficiently rigid to prevent significant rotation 
at the tops of the columns. These assumptions are not necessary, but 
will serve to simplify the problem and, in fact, are essentially correct 
for many actual frames of this type. 

The parameters of the idealized system shown in Fig. 1.66 may be 
easily computed as follows: 

W = 1000 X 30 = 30,000 lb 
h = 12 - g ( 2/ ) _ 12 X 30 X 10° X 112.8 
h 3 (20) 3 X 144 

= 35,200 lb/ft 

T AV P : mg ° 0r * stant k k sim P l y equal to the inverse of the deflection 
at the top of the frame due to a unit horizontal load, and the equation 
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figure 1.6 Rigid frame represented by one-degree system. 


employed above may be easily verified by simple elastic analysis. Hav¬ 
ing these parameters, the analyst would then proceed to determine the 
dynamic displacements for a given load function, using the same technique 
as in the previous example. These displacements would be equal to 
the actual horizontal deflections at the top of the frame. The spring 
force computed for the ideal system would at all times be equal to the 
total shear in the two columns, and the maximum column bending 
moment would be given by 6 Ely/h*. Thus the dynamic stresses at 
any time could be easily determined. 

1*3 Two -degree Elastic Systems 

In this section the analysis of two-degree systems will be discussed, apply- 
ing the same basic concepts as those used in the previous section for 
one-degree systems. A two-degree system is defined as one in which 
two separate types of motion are possible, or in other words, the con¬ 
figuration of the system at any time is completely specified by exactly 
two parameters, or displacements. Such a system is shown in Fig. 1.7a, 
where the parameters defining the motion are the displacements of the 
two masses, namely, Vl and y 2 . The constants of the system are the 
two masses Mi and M t and the two spring constants ki and k 2 . In 
addition, the external forces F x (f) and F 2 (f), which vary with time, must 
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FAt ) 

figure 1.7 Two-degree 
U>) equilibrium. 


system—dynamic 


also be known. It is our purpose in this section to determine the varia¬ 
tion of the two displacements with time for a given set of external forces 
having a prescribed time variation. 


a. Formulation of the Problem 

The equations of motion may be written by applying the concept of 
ynamic equilibrium as discussed in the previous section. For this 
purpose the two masses are isolated, as indicated in Fig. 1.76. To each 
mass one must apply all the forces acting. These include (1) the internal 
spring forces (2) the externally applied forces, and (3) the inertia forces, 
■y.o , that the s, S ns must al ^ays be consistent. In this example the 
displacements y x and y 2 have been taken as positive when downward, 
lhus the directions of the spring forces shown on the sketch are con¬ 
sistent with the expressions written for these forces and the positive 
directions of the displacements. The inertia forces are, of course, always 
taken as positive in a direction opposite to positive displacement. 

bimply by writing the equation of equilibrium for each of the two 
masses shown in Fig. 1.76 we arrive at the following two differential 
equations of motion: 


Mifa + k lVl - k 2 (y 2 - y x ) - F x {t) = 0 

M 2 y 2 -j~ k 2 (y 2 — y x ) — F 2 (t) = 0 (Til) 

These two equations may be solved simultaneously to determine the 
time variation of the two displacements. 

The numerical integration of the two differential equations of motion 
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is carried out in exactly the same way as for a one-degree system, except 
that in this case two integrations, one for each equation, must be carried 
out simultaneously. This presents no particular difficulty since the 
extrapolation process yields both displacements at a particular time 
on the basis of the displacements at preceding time* intervals. Thus 
the two accelerations can be determined by the application of the two 
equations (1.11) independently. This procedure is illustrated by the 
example which follows. 

6. Example 

As a numerical example, values are assigned to the constants of the 
lumped-mass two-degree system shown in Fig. 1.7. It is desired to 
determine the variation of the two displacements, starting at rest at 
t = 0 and continuing throughout whatever interval of time may be of 
interest. The following values are assumed: 

M x = 2 lb-sec 2 /ft k\ = 4000 lb/ft F,(0 = 0 

M 2 = 1 lb-sec 2 /ft k 2 = 2000 lb/ft F 2 (t) = 200 lb t> 0 

Note that zero force is applied to the mass Mi and that the force applied 
to the mass M 2 is suddenly applied at t = 0 and remains constant indefi¬ 
nitely thereafter. 

If these values are inserted into Eqs. (1.11), expressions for the two 
accelerations may be written as follows: 

yi = lOOO^-yO - 20002/1 

i / 2 = 200 - 2000(2/2 - 2/1) U ' 

Only these two equations and the recurrence formula, Eq. (1.5), are 
required for the analysis. The recurrence formula applies to each of 
the two displacements independently. 

As explained previously, a proper time interval for the numerical 
integration depends upon the natural period of the system. In this 
example there are two natural periods, since we are dealing with a two- 
degree system. For these particular parameters, the two natural periods 
are 0.20 and 0.10 sec. The former is the natural period of the first, or 
fundamental, mode of vibration, and the latter is the natural period of 
the second mode. The determination of natural periods for two-degree 
systems is discussed in Sec. 3.2, and will not be considered here. In 
order for the numerical analysis to yield accurate results, the time 
interval should not be larger than one-tenth of the smaller natural 
period. Thus, in this example, a time interval A t of 0.01 sec will be used. 

The computations for this analysis are arranged in tabular form for 
convenience in Table 1.2. At each time station the two displacements 
have been determined by the preceding computations. The procedure 
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(F&1.7) Numerical Int *O rat ™> Undamped Elastic Two~degree System 

t 2000yi 1000(b,-«,) „ * £. (Arti W L nn , . i, « 

~ VJ ] * *■!!* I *<■«■*> *Z* 



0 0 
0.0010 0 . 0002 * 
0.0034 0.0014 

0.0061 0.0060 
0.0075 0.0167 

0.0065 0.0340 

0.0020 0.0596 

-0.0026 0.0872 

-0.0082 0.1122 
-0.0123 0.1290 

-0.0133 0.1335 

-0.0110 0.1247 
-0.0063 01049 

-0,0005 0.0788 I 

0.0044 0.0522 


0.0047 0.0063 

0.0020 0.0026 


0.0002 -0.0006 
. -0.0019 


0.0200 0 0 

0.0180 0.0100? 0.0098 

0.0127 0.0380 0 0366 

0.0056 0.0787 0.0727 

-0.0018 0.1249 0.1082 

-0,0069 0.1696 0.1846 

-0.0096 0.2072 0.1478 

-0 0096 0.2354 0.1482 

-0.0084 0.2640 0.1418 

-0.0070 0.2642 0.1352 


I -0.0068 

-0.0078 

-0.0095 

-0.0105 

-0.0096 


0.2674 0.1889 
0.2638 0.1391 
0 2524 0.1475 
0 2315 0.1527 


0.1591 0.1291 
0.1123 0.0976 


0.0193 0.0046 0.0037 

0.0197 0 0007 0.0013 

. 0.0165 0.0184 


* m ~ V4(»i at t - 0.01) ' 

tir» “ H(yi at t = 0) (Al)«. 

is therefore as follows: (1) the two accelerations are computed by Eqs. 
(1.12); and (2) the displacements at the next time station are computed 
using the recurrence formula. For further illustration the detailed 
computations leading to the displacements at t = 0.05 are given below: 
At t = 0.03, 

Vi ~ 0.0060, y 2 = 0.0787 

At t = 0.04, previously determined 

Vi * 0.0167, y 2 = 0.1249 , 


At i = 0.04, 


1000(0.1249 - 0.0167) - 2000(0.0167) 
200 - 2000(0.1249 - 0.0167) = -16 


At t = 0.05, 


Vi - 2 X 0.0167 - 0.0060 + 75(0.01)* = 0.0349 
2/2 - 2 X 0.1249 - 0.0787 - 16(0.01)* = 0.1695 
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figure 1.8 Example. Response of two-degree system. 

All values are, of course, in units of feet and seconds. These computa¬ 
tions are repeated for each time interval in succession. 

At the first time station, y 2 is determined by the special formula (1.7), 
since the load is applied suddenly at t = 0. For yi at the first time 
station, Eq. (1.6), with y w = 0, is used, since the acceleration of mass 1 
begins at zero. 

The result of this analysis is plotted in Fig. 1.8, where the displace¬ 
ments are displayed as a function of time. Inspection of such data 
assists one to become aware of the general characteristics of dynamic 
response. For example, both displacements y x and y 2 vary in what 
appears to be almost sinusoidal fashion between a minimum of zero and 
some maximum value. Furthermore, the period of this sinusoidal varia¬ 
tion is approximately 0.2 sec, or in other words, the same as the first 
natural period of the system. Thus one concludes that the response in 
this particular example is primarily in the first mode and that the effect 
of the second mode is of less significance. On the other hand, the differ¬ 
ence between the two displacements, which is also plotted in Fig. 1.8, 
distinctly shows the effect of the second mode. The reason for this 
behavior will become more clear when modal analysis of multidegree 
systems is discussed in Chap. 3. 

It is also of interest to consider the maximum spring forces which 
result from the application of this suddenly applied load. For example, 
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figure 1.9 Two-story rigid frame. 


the maximum force in spring 1 is 534 ib (Fig. 1.8), which is 2.67 times 
the va ue of the applied external load. The maximum force in spring 2 

J 8 , 5 whlch ls equal to 1,53 times the maximum value of the applied 
load. The multipliers given are also the ratios of the maximum dynamic 
spring force to the force which would have occurred had the external 
load been applied statically. Thus one reaches the conclusion, which 
is generally true, that a suddenly applied force causes considerably 
greater stresses in a structure than would the same force applied statically. 

Before leaving this subject the reader is reminded that the idealized 
system shown m Fig. 1.7 is a representation of an actual structure. For 
example, such a structure could be the two-story rigid frame subjected 
to horizontal dynamic forces as shown in Fig. 1.9. If it is assumed for 
simplicity that the girders are infinitely rigid and that the weight of 
the columns is negligible, the constants of the idealized spring-mass 
system may be easily determined as follows: 

W x 

W 2 

k 2 

The two lumped weights (or masses) are simply equal to the total weights 
at the two floor levels. The spring constant in one of the stories is 


= 2000 X 40 = 80,000 lb 
= 1000 X 40 = 40,000 lb 
= 12E(2I) _ 12(30 X 10 6 ) X 112.8 

h 3 (15)3 x 144 — 83,500 lb/ft 

__ 12(30 X 10 6 ) X 112.8 

(20 ) 3 X 144 35,200 Ib/ft 
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merely the sum of the two column shears developed by a unit relative 
displacement in that story. The formula given above may be easily 
derived by simple elastic analysis. Having the values of these system 
parameters and given the two load-time functions, we could determine 
the horizontal displacements of the two floors by exactly the same pro¬ 
cedure as was used for the lumped-mass system of the example. The 
spring-mass system shown in Fig. 1.9 is, of course, exactly equivalent 
to that in Fig. 1.7. 

1.4 One-degree Elastic System with Damping 

This section contains a very brief discussion of the effect of damping 
in structural dynamic systems and methods for including this effect 
in numerical analysis. The discussion is extended in later chapters. 

a. Damping Characteristics 

All structural dynamic systems contain damping to some degree, but 
as will be shown below, the effect may not be significant if the load dura¬ 
tion is short and only the maximum dynamic response is of interest. 
On the other hand, if a continuing state of vibration is being investigated, 
damping may be of primary importance. In fact, if enough damping 
is present, vibration may be completely eliminated. 

Damping in structures may be of several different forms. It is in 
part due to the internal molecular friction of the material. It is also 
due to the loss of energy associated with the slippage of structural con¬ 
nections either between members or between the structure and the sup¬ 
ports. In some cases it may be due to the resistance to motion provided 
by air or other fluids surrounding the structure. In any case, the effect 
is one of forces opposing the motion, and hence the amplitude of the 
response is decreased. 

It is generally believed that, for purposes of analysis, structural damp¬ 
ing may be assumed to be of the viscous type; i.e., the damping force is 
opposite but proportional to the velocity. Although other forms of 
damping are usually present, this assumption provides reasonable 
results. Accordingly, the damping force applied to a lumped mass 
may be expressed by the following: 

Damping force = — cy 

where c is a, numerical constant, and y is the velocity of that mass. 
The negative sign indicates that the force is always opposed to the 
direction of the velocity. The magnitude of the coefficient c is extremely 
difficult to determine, and for this reason it is convenient to introduce 
the concept of critical dam-ping. This is the amount of damping that 
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figube 1.10 Damped 
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one-degree system— 


would completely eliminate vibration and, for a one-degree system, is 
given by the following: 

Ccr = 2 V® (1.13) 

where k and M are the stiffness and mass of the system. The concept 
of critical damping is useful, since it is often easier to specify the amount 
of damping as a certain percentage of critical than it is to arrive at the 
numerical value for the coefficient c. The derivation of Eq. (1.13) and 
further discussion of this subject are contained in Sec. 2.4. 

b. Formulation of the Problem 

Consider the simple one-degree system shown in Fig. 1.10a and the 
state of dynamic equilibrium shown in Fig. 1.106. This system differs 
from those in the previous examples only in the inclusion of a damping 
force. In Fig. 1.106 the damping force is shown upward, or opposite 
to the direction of positive velocity. Using the concept of dynamic 
equilibrium, we write the equation of motion as follows: 


ky -t- My + cy — F(t) = 0 


(1.14) 


Thus the equation of motion contains one additional term, and involves 
velocity, besides acceleration and displacement. 

c. Example 

To illustrate the effect of damping the analysis of Sec. 1.2c will be 
repeated, but in this instance 10 percent of critical damping will be 
assumed. The parameters of the system and the load-time function 
are given in Fig. 1.4. The damping coefficient is equal to one-tenth 
of the critical coefficient as given by Eq. (1.13): 


c = 0.1 X 2 \/kM = 0.2 \/2000 X 2 = 12.7 


ft/sec 


Note that damping coefficients must have units of force divided by 
velocity. By substituting the proper numerical values into Eq. (1.14) 
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the following expression for acceleration is obtained: 


y = 'AFit) - 1000y - 6.35£ 


(1.15) 


Although numerical integration, as in previous sections, will be used, 
it must be modified, since it is now necessary to determine the velocity 
at each tune station. The velocity at time station s will be approxi¬ 
mately expressed by the following: 


*<•> = i 


<•> _ „(•-!) 




(1.16) 


where the first term is the average velocity in the preceding time interval, 
and the second term is an estimate of the amount by which that average 
must be increased to give the velocity at the next time station. This 
procedure :is consistent with the concept of acceleration pulses on which 
Eq. (1.5) is based and in addition approximates y (,) as the mean of the 
average velocities in the adjacent time intervals [Eq. (1.4)]. 

By substituting Eq. (1.16) into Eq. (1.14) and rearranging, the follow¬ 
ing is obtained : 

.(.) _ ^ " % (,) - c(yu - y*~»)/U 
V - W+cKlj2 - (U4o) 

If we substitute the numerical values of the problem at hand and use a 
time interval of 0.02 sec, Eq. (1.15) becomes 


2127 - 940 »'*’ " 696 ( 0.02 ) < U5o > 


The computations for this analysis, which are based on Eqs. (1.5) 
and (1.15a), are shown in Table 1.3. This table differs from previous 
computation tables only in the additional columns, which permit the 
calculation of the velocity at each time station. At t = 0, y is obtained 
by Eq. (1.15) rather than (1.15a), since the velocity is known to be zero 
and the latter equation is not applicable. As in previous examples, the 
displacement at the end of the first interval is computed by Eq. (1.7) 
rather than (1.5). 

The result of these computations is plotted in Fig. 1.11. For compari¬ 
son, the solution obtained in Sec. 1.2c, which differed only in that damp¬ 
ing was not included, is also plotted. It should be noted that the effect 
of damping on the first peak of response is not great. However, this 
effect becomes considerable at the second positive peak, and will become 
greater as time increases. Since the damping in most actual structural 
systems does not exceed 10 percent of critical, it may be generally con¬ 
cluded that damping is not of great importance with respect to the 
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Table 1.3 Numerical Integration; Damped Elastic One-degree System 
(Fig. 1.10) 


t 

sec 

yM — j,(i-1) 

, nr ( v " ~ 

F(>) 

940y<-> 

/(/see* 

£(■) 

Eq. (1.15a) 
ft/sec 1 

yW (£<)» 

ft 

y(>) 

Eq. (1.5) 
ft 

At 

fP* 

5 96 l 41 j 

/1/sec* 

2.127 

///sec* 

0 

0 

0 

26.0* 

m 

25.0 

0.0100 

0 

0.02 

0.26 

1.5 

28.2 

RSX 

22.0 

0.0088 

00050t 

0.04 

0.69 

4.1 

32.9 

MSB 

11.1 

0.0044 

0.0188 

0.06 

0.91 

6.4 

37.6 

KIO 

-2.6 

-0.0010 

0.0370 

0.08 

0.86 

5.1 

42.3 

50.9 

-13.7 

-0.0055 

0.0542 

0.10 

0.58 

3.5 

47.0 

61.9 1 

-18.4 

-0.0074 

0.0659 

0.12 

0.21 

1.3 

36.3 

KZ3 

-32.0 

-0.0128 

0.0702 

0.14 

-0.42 

-2.5 

23.5 

Ezfl 

-32 0 

-0.0128 

0.0617 

0.16 

-1.06 

-6.3 

23.5 

■33 

-8.2 

-0.0033 

0.0404 

0.18 

-1.23 

-7.3 

23.5 

14.8 

16.0 

0.0004 

0.0158 

0.20 

-0.91 

-5.4 

23.5 

-2.2 

31.1 

0.0124 

-0.0024 

0.22 

-0.29 

-1.7 

23.5 

-7.7 


0 0132 

-0.0082 

0.24 

0.37 

2.2 

23.5 

-0.8 


0 0088 

-0.0008 

0.26 

0.81 

4.8 

23.5 

14.6 


0.0017 

0.0154 

0.28 

0.89 

5.3 

23.5 

31.3 

-13.1 

-0.0052 

0.0333 

0.30 

0.63 

3.7 

23.5 

43 2 

-23.4 

-0.0094 

0.0460 

0.32 

0.16 

1.0 

23.6 

46.3 

-23.8 

-0.0095 

0.0493 

0.34 







0.0431 









*F(*>/2 since » 0. 
t v(t = 0.02) = - 0) (A*)*. 


maximum stress in the structure, which usually occurs with the first 
peak of response. It should be noted, however, that for certain situa¬ 
tions this statement may not be true. Examples of such exceptions 
are multidegree systems in which higher modes are important and one- 
degree systems with irregular load-time functions. 

1.5 One-degree Elasto-plastic Systems 

Up to this point only linear elastic systems have been considered; i.e., 
the resistance function has been a straight line with slope k and without 
upper limit. In many practical cases this function is nonlinear (the 
slope is not constant) and/or inelastic (when the spring is unloaded the 
resistance does not return to zero by the same path). These conditions 
can easily be handled by numerical analysis provided only that the 
resistance is a unique function of displacement. Attention here will be 
focused on that type of inelastic behavior which is normally assumed in 
structural design. 

Considered below is the dynamic response of a structure which extends 
through the elastic and into the plastic range. Because most structures 
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*/=157tb 


ky = 99 lb 


figur® 1.11 Example. Response of damped and undamped systems. 


have considerable ductility, this type of behavior is entirely feasible. 
Although plastic behavior is not generally permissible under continuous 
operating conditions, it is quite appropriate for design when the structure 
is subjected to a severe dynamic loading only once or at most a few times 
during its life. Among other examples which might be cited, plastic 
behavior is normally anticipated in the design of blast-resistant struc¬ 
tures and at least implied in the design of structures for earthquake. 
This concept is of considerable importance in structural design for 
dynamic loads because a much greater portion of the energy-absorbing 
capacity of the structure is utilized thereby. The economy of the design 
can be considerably increased by taking this fact into account. In some 
respects plastic behavior is similar to damping since it disrupts the 
harmonic motions which are characteristic of elastic vibrations. 

a. Resistance Function 

Consider the one-degree system shown in Fig. 1.12a, the spring of 
which is assumed to have the resistance function shown in Fig. 1.126. 
The latter is usually called a bilinear resistance function since all the 
lines making up that function lie in one of two directions. As the dis¬ 
placement increases from zero, the resistance increases linearly with a 
slope of k, the spring constant. The linearity continues until the elastic- 


















t, sec 
(c) 


figure 1.12 (a) Elasto-plastic system; (6) resistance 
function; (c) load-time function. 

limit displacement y e i is reached, at which point the maximum spring 
force R m has been attained. As the displacement increases further, the 
resistance is assumed to remain constant at R m . The latter value will 
be maintained until the ductility limit of the structure is reached. How¬ 
ever, if the displacement reaches a maximum before that limit and then 
decreases, the structure is said to “rebound.” During rebound the 
resistance is assumed to decrease along a line parallel to the initial 
elastic slope. This decrease will continue with decreasing displacement 
until a spring force equal to -R m is attained. 

The resistance function described above is an idealization of that of 
an actual structure. A real structure will have a curved transition in 
the region of y ei rather than the sharp break shown in Fig. 1.126. This 
curvature occurs even when only one plastic hinge is necessary to develop 
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the full plastic; strength of the structure. If the structure is such that 
more than one hinge is required, the transition range will be even wider. 
Nevertheless, the resistance function shown in Fig. 1.126 is an adequate 
representation for the majority of structures. Strain hardening such 
as exhibited by steel may be ignored since this occurs only at very large 
structural deformation, which is usually beyond the range of interest. 
These points are further discussed in Sec. 5.2. 

6 . Formulation of the Problem 

By isolating the mass of the one-degree system as shown in Fig. 1.12a 
and applying the concept of dynamic equilibrium, the equation of motion 
may be written as in previous examples. For this inelastic case, it is 
convenient to represent the spring force, or resistance, by the more 
general notation R since the expression for resistance changes in the 
various ranges of the resistance function. The equations of motion are 
as follows: 

(а) My + R - F(t) = 0 

(б) My + ky - F(t) = 0 0 < y < y el 

(c) My + R n - F(t) =0 y*i<y <y m (L17) 

(d) My + R m - k(y m - y) - F{t) = 0 (y m - 2 y. t ) <y <y m 

where Eq. (a) is the general equation of motion, (6) applies in the original 
elastic range, (c) applies in the plastic region, and (d) applies during the 
elastic behavior after y m has been attained. Additional equations could 
be written, but this is unnecessary since in most situations rebound 
does not extend into the negative plastic range. The reader can easily 
verify these equations since (6), (c), and ( d ) follow directly from (a) and 
the included expressions for R become obvious upon inspection of the 
resistance function in Fig. 1.126. 

c. Example 

For purposes of illustration, the following numerical values are given 
to the parameters of the one-degree system shown in Fig. 1.12: 

M = 2 lb-sec 2 /ft 
k = 2000 Ib/ft 
R m = 1101b 

and therefore, y ei = R m /k = 0.055 ft 

It may be noted that the elastic limit y el can be computed directly from 
the maximum resistance and the spring constant. The load-time func¬ 
tion is shown in Fig. 1.12c. It is our purpose once again to determine 
the response of the system in terms of displacement versus time. The 









24 


Introduction to Structural Dynamics 


Table 1.4 Numerical Integration; Undamped Elasto-plastic 
One-degree System (Fig. 1.12) 


t 

sec 

nm 

ft/sec * 

HR = lOOOy, 
or 55 
ft/sec 1 

y 

Eq. (1.18) 
ft/sec 1 

y (A0* 
ft 

y 

Eq. (1.5) 
ft 

0 

25 

0 

25.0 

0.0100 

0 

0.02 

30 

5.0 

25.0 

0.0100 

0.0050 

0.04 

35 

20.0 

15.0 

0.0060 

0.0200 

0.06 

40 

41.0 

-1.0 

-0.0004 

0.0410 

0.08 

45 

55.0 

-10.0 

-0.0040 

0.0616 

0.10 

50 

55.0 

-5.0 

-0.0020 

0.0782 

0.12 

37.5 

55.0 

-17.5 

-0.0070 

0.0928 

0.14 

25 

55.0 

-30.0 

-0.0120 

0.1004 

0.16 

25 

50.6* 

-25.6 

-0.0102 

0.0960 

0.18 

25 

36.0* 

-11.0 

-0.0044 

0.0814 

0.20 

25 

17.0* 

8.0 

0.0032 

0.0624 

0.22 

25 

1.2* 

23.8 

0.0095 

0.0466 

0.24 

25 

-5.1* 

30.1 

0.0120 

0.0403 

0.26 

25 

0.6* 

24 4 

0.0098 

0.0460 

0.28 

25 

16.1* 

8.9 

0.0036 

0.0615 

0.30 

25 

35.2* 

-10.2 

-0.0040 

0.0806 

0 32 

25 

50.3* 

-25.3 

-0.0101 

0.0957 

0.34 





0.1007 


* MR - 55 - 1000(0.1004 - y). 


problem stated is exactly the same as that solved in Sec. 1.2c, except 
that, in the latter case, no plastic limit was placed upon the spring 
resistance. . 

By inserting the numerical values of the parameters into Eq. (1.17), 
the following expressions are obtained for acceleration: 

(a) y = l AF{t) - y 2 R 

(*>) -y = HF(t) - 1000?/ 0 < y < 0.055 Q . 

(c) y = HF(t) - 55 0.055 < y < y m (1 ’ 18) 

(d) y = HF(t) - 55 + 1000(y w - y) (y m - 0.11) < y < y m 

The last three equations correspond to the last three of Eqs. (1.17) and 
apply to the same ranges of the resistance function. Since these ranges 
are defined in terms of displacement, the analyst has no difficulty in 
selecting the correct equation for use. 

The numerical analysis of the problem, which is shown in Table 1.4, 
is conducted in exactly the same manner as in previous examples. The 
only difference lies in the computation of the resistance R. It will be 
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figure 1.13 Example. Responses of elastic system ( R m > 158 lb) and elasto- 
plaBtic system (R m - 100 lb). 


noted that, in Eqs. (1.18), ( b ) was used up to t = 0.06, (c) was used 
from 0.08 to 0.14, and ( d ) was used from t = 0.16 to the end of the 
computation. 

The results of the analysis are plotted in Fig. 1.13. Also shown in 
the same figure, for the sake of comparison, is the analysis of the com¬ 
pletely elastic but otherwise similar system discussed in Sec. 1.2c. It 
will be recalled that, in the latter case, the maximum spring force devel¬ 
oped was 159 lb compared with the 110-lb maximum resistance specified 
in the present example. 

Several interesting comments may be made in connection with Fig. 
1.13. First, the maximum displacement of the elasto-plastic system, 
although greater than that of the purely elastic system, is not excessively 
so in spite of the fact that only about two-thirds as much structural 
resistance is available. On the other hand, the residual vibration of the 
plastic structure is considerably less than that of the elastic structure. 
Note that, in either case, the residual vibration would continue indefi¬ 
nitely in the absence of damping and that the periods are the same. In 
the elasto-plastic system the amplitude of the residual vibration is given 
by (R m — F)/k. since the numerator of this fraction is the amount by 
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which the spring force must decrease in order to reach a point correspond¬ 
ing to static equilibrium. The neutral position for the axis of vibration 
may be computed as the maximum deflection minus the amplitude of 
the residual vibration. 

There is, of course, a permanent set, or distortion, in the structure of 
this example. This may be computed as y m - y el since y fl is the amount 
by which the displacement would be reduced if all load were removed. 
Thus, for zero stress in the spring, there would still be a permanent dis¬ 
tortion of y m — y et . As indicated in Fig. 1.13, the permanent set is also 
equal to the distance between the neutral position and the static elastic 
deflection. If the structure were again loaded into the plastic range, 
there would of course be additional permanent distortion. 

The foregoing discussion was intended to illustrate the manner in 
which elasto-plastic systems may be analyzed and also to point out some 
of the distinguishing characteristics of plastic behavior. The advantage 
of permitting plastic behavior should now be obvious. If the designer 
can accept some permanent distortion in the structure, the amount of 
resistance, and hence structural materials and cost, can be appreciably 
reduced. In the example above, a reduction in the strength of about 
one-third resulted in an increase in deflection of only about 25 percent. 

In order to relate the above to a real structure, consider the rigid frame 
shown in Fig. 1.6 and discussed in Sec. 1.2c. The maximum resistance 
of the frame to horizontal loading is given by 4‘Mp/h, where 31! P is the 
ultimate, or plastic, bending strength of the columns. For the 8WF17 
column section, this value is 43.4 kip-ft (er„ = 33 ksi), and hence 

R m — 8.68 kips 

The latter value plus the W and k as given by Eqs. (1.10) would permit 
an elasto-plastic analysis of the frame. 

The procedure given in this section can in general be applied to multi¬ 
degree systems as illustrated in later chapters. The discussion above, 
together with that in Sec. 1.3, should make it apparent that no unusual 
difficulties are to be encountered. 

1.6 Alternative Methods of Numerical Analysis 

The constant-velocity procedure presented in Sec. 1.2 and used in sub¬ 
sequent sections is an extremely simple method which yields any desired 
precision provided that the time interval is taken sufficiently small. 
There are many other methods 1 " 3 * of numerical analysis, some of which 
are presented below. These have the advantage that greater precision 

* Superior numbers correspond to References at the end of the text. 


Mumerical Analysis of Simple Systems 27 

y 


figure 1.14 Numerical integration — 

linear-acceleration method. s -\ s J + j t 

is achieved for a given time interval, but the disadvantage that more 
complex computation is required within each interval. Conversely, 
for a given precision, these methods permit a larger time interval than 
does the constant-velocity method. The choice depends to some extent 
upon the computational device being used. Although the point is 
debatable, the author believes that more efficient solution generally 
results from use of a less complex recurrence formula (e.g., the constant- 
velocity method) together with a somewhat smaller interval. 

a. Linear-acceleration Method 

An obvious refinement of the constant-velocity procedure is to assume 
a continuous function for acceleration rather than a step function (Fig. 
1.36). Suppose, for example, that the acceleration were assumed to 
vary linearly between time stations as indicated in Fig. 1.14. The 
acceleration between stations s and s 1 would then be approximated by 

y = + -— At y (t - < w ) (i.i9) 

The velocity at any time within the same interval may be obtained by 
V = V {,) + 

or y = y (t) + y (t) (t - * (8) ) + • 2M y (t - ( 1 . 200 ) 

which, at station s -J- 1, becomes 

£0 +d = £0 ) + ^ (£0 +d + £0 )) (1.206) 

The displacement at s + 1 is given by 
?/0+d = yw + j^ydt 

= y M + y« AS + (2+ y<‘ +1 >) 



( 1 . 21 ) 
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where, from Eq. (1.20a), 

yW = y<- 1) -+ ^ (£<•) + flO-D) (1.22) 

Equations (1.21) and (1.22) are the basis for the linear-acceleration method 
of numerical integration. 

At a particular stage in the computations y (,) is known, and hence 
y (e) can be computed directly. However, in order to obtain y (t+1) , one 
must first obtain # (i+,) , which depends upon If the analysis is 

for a one-degree system, the acceleration at s + 1 is given by 

v M M y 

Substituting this expression into Eq. (1.21) and rearranging, we obtain 


/(*+!> = 


6 0 M 


(AtyF(v+») 

6 M 


i 4. M! A 

^ 6 M 


(1.23) 


This equation, together with Eq. (1.22), permits a direct solution in 
each interval; that is, y (,+1) may be computed directly from y {,) (and 
hence y (,) ) and y (,) . 

If the system has more than one degree of freedom, the acceleration 
at one point depends not only upon the displacement at that point, 
but also upon the other displacements of the system. Therefore the 
equation comparable with Eq. (1.23) is much more complicated. In 
such cases it is usually advisable to adopt an iterative procedure in which 
values of £f ( * +,) are assumed and used in Eq. (1.21) to obtain y<* +1) . New 
values of jf < * +1) are then computed by the equations of motion, and the 
process repeated to convergence. This additional complication in the 
analysis of multidegree systems is not encountered in the constant- 
velocity procedure. 

An example of the linear-acceleration method is given in Table 1.5, 
where the response of a one-degree system subjected to a suddenly 
applied constant force is computed. The time interval used is approxi¬ 
mately one-tenth the natural period, which, although smaller than that 
required for sufficient precision by this method, is selected to afford a 
comparison with the constant-velocity procedure. For the given param¬ 
eters of the problem, Eqs. (1.22) and (1.23) reduce to the simple forms 
shown in Table 1.5. Note that this procedure is self-starting; i.e., the 
recurrence formula may be used without modification in the first step. 

Shown in Table 1.5 are comparative results provided by an exact 
solution and also by the constant-velocity method using the same time 


Numerical Analysis of Simple Systems 


29 


Table 1.5 Numerical Integration by Linear-acceleration Method; 
Compxrison with Constant-velocity Method and Exact Solution 


T — 0.1047 sec; w = 60 rad/sec 
Suddenly applied constant force F,; F t /k = 1 
y.+ ky/M = Fi/M; y = 3600(1 - y ) 

Eq. (1.22): yW = yO-D + 0.005(y<*> + y'*-”) 

Eq (1 23)- y<-> = 

" * 1.06 


ft/sec * 

yO) 

fps 

Linear- 

acceleration 

method 

y(.) 

ft 

Exact 

solution 

y<.) 

ft 

3600 

0 

0 

0 

2990 

32.95 

0.1698 

0.1747 

1362 

54.71 

0.6217 

0.6376 

-728 

57.88 

1.2021 

1.2272 

-2570 

41.39 

1.7138 

1.7374 

-3539 

10.85 

1.9830 

1.9901 

-3306 

-23.38 

1.9183 

1.8968 

-1950 

-49.66 

1.5416 

1.4903 

+68 

-59.07 

0.9811 

0.9125 

2062 

-48.42 

0.4271 

0.3653 

3357 

-21.33 

0.0675 

0.0398 



0.0246 

0.0497 


Constant- 

velocity 

method 

yW 

ft 

0 

0.1800 

0.6552 

1.2555 

1.7638 

1.9971 

1.8714 

1.4320 

0.8371 

0.3008 

0.0162 

0.0858 


interval. At first glance it may appear that both numerical methods 
result in considerable error. However, comparison at discrete time 
stations is misleading since much of the apparent error is due to a slight 
phase shift which is generally of little consequence. In other words, 
there is little error in the peak responses. 

As expected, the constant-velocity method is slightly less accurate. 
On the other hand, the linear-acceleration method requires considerably 
more computation, which is significant whether the calculations are 
being done by hand or by electronic computer. Actually, the difference 
in the accuracy of the two methods is not great in this case. However, 
the difference may be appreciable if the load varies with time in irregular 
fashion. It should be emphasized that this comparison of accuracy is 
given only for illustration. In a particular problem the desired accuracy 
is independent of the method used and the choice is one of time interval. 
In general, an interval of % the natural period is small enough for the 
linear-acceleration method, while the constant-velocity method requires 
a ratio of a,bout 
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Because of the difficulty mentioned previously, the difference in the 
amount of calculation required by the two methods increases rapidly 
as the number of degrees of freedom increases. 

b. Newmark 0 Method 1 

A versatile method developed by Newmark, which can be adjusted to 
suit the particular problem, is embodied in the equations 

y" + " = V M + f (#'•> + (1.24a) 

and 4 yW A* + (3 / 2 - (5)yW (A<) 2 + W+» (At) 2 (1.246) 

Within certain limits 0 may be selected at will and in effect is an assump¬ 
tion regarding the variation of acceleration within the time interval. 
The value selected affects the rate of convergence within each step (if 
iteration is being used), the stability of the analysis, and the amount 
of error. The effect of the /S value is of course also related to the time 
interval. Thorough investigations of the method have been made, 5 and 
in general it may be stated that best results are obtained if is taken 
within the range M to 34 and At at about % to % of the shortest natural 
period. Inspection of Eqs. (1.24) reveals that /3 = % corresponds 
exactly to the linear-acceleration method previously given. 

c. Finite-difference Methods 

A large variety of recurrence formulas may be derived by finite- 
difference techniques. 1 These are generally of the same form as those 
discussed previously. To illustrate, it must be recalled that the first 
backward difference is 

V(yM) = y (>) - 

and the second backward difference is 

V%<‘>) = V0/«) - V(j/<-i>) 

= y M — 2H- y (, ~ Z) 

and higher orders are given by 

V r+1 (y (,) ) = V r (y (4) ) - V r (y^*-») 

Since the second difference divided by the square of the time interval 
approximates the second derivative at the central time station, we may 
write 

(At) 2 y (t ~u = v% (,) ) = yM - 2y ( *~ 1} 4 y<*-« 
or y (*) = 22) 4 (Af)2 

or y (*+» = 2yW - y<*-« -f yM ( A *)2 
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which is exactly the same as the recurrence formula (Eq. 1.5) for the 
constant-velocity method. 

As examples of formulas giving greater precision, there are those 
embodied in the Adams method, 

y (t+1) = y w + Af(l + ^v + H2V* + Hv* + • * -)y w (1.25 a) 
or the modified Adams method, 

yi'+l) = y U) + At (l — 3^V - H 2 V 2 - - • • -)^ (,+1) (1.256) 

Equation (1.25a) is of the open type (since no knowledge is required at 
s + 1), and Eq. (1.256) is of the closed type. As many different terms 
as desired may be retained in these equations, but since the successive 
terms diminish in magnitude, only the first two or three are necessary 
in practice. For example, if Eq. (1.256) is truncated after the first 
difference, we obtain 

y«+» = yM + Al(l - %?)&•+ 1) 

= V w + ~ + !><■») (1.26) 

We may also increase the order of the derivatives in the last equation 
to obtain 

y(.+n = yM 4. ^ + yM) (1.27) 

Equations (1.26) and (1.27) together provide a possible method of 
numerical integration. Equation (1.27) is the same as the velocity 
equation (1.24) of the Newmark /3 method. Furthermore, if Eq. (1.27) 
is substituted into (1.26), 

y (t+ 1) = + y M At + ^ (£<‘ +1 > + $<•>) (1.28) 

which is the Newmark method with 0 = y. 

Other finite-difference equations can be written which do not involve 
velocity. Examples are those sometimes referred to as Stormer’s 
method: 

y <t+1) = 2 yM - y<-i) + (A0*(i + K2V 2 + H 2V 3 + • • -)y (g) 
and 

y (t+1} = 2 yM - y (- 1) 4 (A0*(1 - V -I- H2V 2 - K40V 4 + • • -)y (8+1) 

Note that, if only the first term in the parentheses of the first equation is 
retained, the result is identical with that obtained by the constant- 
velocity method [Eq. (1.5)]. 
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Problems 

f'* , C ° mp . Ut ® by nu i rnerical integration the response of a one-degree system to the 
load-time function shown in Fig. 1.15. W = 200 lb, and * = 300 lb/L vZ the 


eC _ 

/I\ 

0 o. 

36 0.14 0 22 


t. sec 


0 0.06 0.t4 0.22 figure 1.15 Problem 1.1. Load-time 

sec function. 

° f constant - veloci ty, procedure and a time interval of 0.02 sec. 
1 lot deflection versus time up to maximum response. 

Answer 

?/ mnT = 0.972 in. 

1.2 a. Compute by numerical analysis (At - 0.1 sec) the horizontal deflection of the 
rame m i-ig. 1.6 due to the load-time function shown in Fig. 1.16. Plot the result up 
to maximum response. p 



2000- 


0 -—-- — FIGURE 1.16 Problems 1.2 and 1.4. 

t, sec Load-time function. 

Answer 

1/max = 0.148 ft 

6. Compute the maximum column bending stress. 

Answer 

ffnu .1 = 22.2 ksi 

1.3 A one-degree system having a natural period of 1 sec is subjected to the loading 

H rv n fo • nr , pea k force i^) if applied statically would cause a 

deflection of 2 in. Write the equation for y (in terms of t and y only) to be used in a 
numerical analysis up to / = 0.50 sec. 

1.4 A two-degree system (Fig. 1.7) is defined by the parameters 

My =* 2.0 lb-sec*/in. *, = 3000 lb/in. 

Mi = 0.5 lb-sec*/in. ki = 1500 lb/in. 


/Mi = 2.0 Ib-secvin. = 3000 lb/in. 

Mi = 0.5 lb-secVin. ki = 1500 lb/in. 

Determine the displacement of each mass for the load-time function shown in Fig. 

, V hG °’ 3 8GC Changed t0 005 Sec > bein 8 P lus ^(t) being 

minus the force values given. Use the lumped-impulse procedure and a time interval 
of 0.01 sec. Plot Vl and y 2 up to Z = 0.1 sec. 
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figure 1.17 Problems 1.3 and 1.5. Load-time 
function. 

1.5 Plot the horizontal displacement of both floors of the rigid frame shown in Fig. 
1.9 due to Fid) as shown in Fig. 1.17 and F*(t) with the same duration but a peak value 
of 1000 lb. Use a time interval of 0.08 sec. 

Answer 

( yi ) mRT 0.060 ft 

(l/l)m*x s = 0.113 ft 

1.6 Repeat Prob. 1.1, including 8 percent of critical damping. 

1.7 Make an elasto-plastic analysis of the system and loading given in Prob. 1.1, 
except that in this case the maximum plastic spring resistance is 140 lb. Plot the 
results up to maximum displacement. Note that the two analyses are identical up 
to the elastic limit. 

Answer 

2/mix = 1.612 in. 

1.8 Make an elasto-plastic analysis of the frame given in Prob. 1.2, except that the 
magnitude of load is now twice that shown in Fig. 1.16. The ultimate bending capac¬ 
ity of the columns may be taken to be 43.4 ft-kips. 

Answer 
3/mmx “ 0.30 ft 

< A = Air 2 kips/ft 
^ Rm ~ 10 kips 

M = 1 kip-sec 2 /ft 

figure 1.18 Problem 1.9. Dynamic system and 
load function. 

1.9 a. Using a numerical analysis, compute for the one-degree system and loading 
shown in Fig. 1.18 the value of F i which would cause the spring force to reach R n but 
remain elastic. Use At - 0.05 sec. 

Answer 

F , — 9.1 kips. 

b. If Fy we re greater and the spring went plastic, what would be the amplitude of 
the residual elastic vibration? 

Answer 
0.254 ft 










2 

Rigorous Analysis 
of One-degree Systems 



2.1 Introduction 

In Chap. 1 simple dynamic systems were analyzed, using numerical 
methods. Rigorous, or closed, solutions will be discussed in this chapter. 
In other words, the solution will be obtained in the form of an equation 
giving the displacement as a function of time. Such solutions are obvi¬ 
ously preferable, but, as mentioned previously, are possible only for 
simple systems subjected to mathematically simple time variations of 
load. Unfortunately, such situations do not usually occur in practice. 
However, a study of rigorous solutions for one-degree systems subjected 
to typical load-time functions is worthwhile for the following reasons: 
(1) it enables the student to identify certain types of response with certain 
types of load-time functions and to isolate the effects of the various 
parameters involved; and (2) many practical cases may be idealized into 
one of the simple forms to be discussed, thus making possible an approxi¬ 
mate solution of the actual case. With regard to the first reason given, 
examples of the type of phenomena which should be understood are the 
effect of a suddenly applied load as compared with one which builds up 
to its maximum value in a finite time, the effect of a decaying load as 
compared with one which remains constant with time, the importance 
of the duration of the applied load relative to the natural period of the 
system, and the general effect of damping. An understanding of these 
effects enables the analyst to idealize an actual system as mentioned in 
34 
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figure 2.1 One-degree damped system. 



reason 2 given above. Since such approximations are frequently made, 
it is convenient to have nondimensional charts giving the response of 
one-degree systems to certain standardized loads. Such charts are dis¬ 
cussed and presented in this chapter. 

All attention in this chapter will be focused on the simple system shown 
m Fig. 2.1, for which the equation of motion as it has been derived in 
Chap. 1 is 


My + ky + cy = F 1 [f(t)) (2.1) 


where Ft is a constant-force value which may be arbitrarily chosen, and 
f(t) is a nondimensional time function. The right side of Eq. (2.1) is 
thus the load-time variation. The purpose of this chapter is to develop 
closed solutions of the differential equation for various load-time func¬ 
tions. The treatment is restricted to linear elastic systems, except in 
the case of Secs. 2.7 and 2.8, where bilinear elasto-plastic systems are 
considered. 


2.2 Undamped Systems 

a. Free Vibration 

Consider, first, the elementary case where F equals zero and there is 
no damping; that is, c = 0. Motion will occur only if the system is 
given an initial disturbance, which may take the form of an initial dis¬ 
placement y 0 (imagine that the mass is displaced and then released at 
t = 0) or an initial velocity (which might be produced by an impulse 
or impact) or a combination of the two. The resulting motion, unaffected 
by any external force, is called free vibration. The equation of motion 
for this situation is simply 


( 2 . 2 ) 
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and the solution * of this equation is 

y = c ' sin ^' + ^ 

or, letting y/kjM = w, 


V = Ci sin oil + Ci cos cot (2.3) 

The constants Ci and C 2 depend upon the initial conditions of the prob¬ 
lem, and may be evaluated by substitution into the solution, with time 
taken as zero. For example, if the initial velocity is y a and the initial 
displacement is y t , the constants are determined as follows. Equation 
(2.3) at t = 0 may be written as 


Vo = Ci sin «(0) + C t cos «(0) 

Therefore C 2 = y 0 

Differentiating Eq. (2.3) and substituting t = 0, we obtain 
y 0 = Ciw cos &>(0) — C2« sin cu(0) 

Therefore Ci = ^ 

CO 

Substituting these expressions for the constants into Eq. (2.3), we obtain 
the solution for zero external load as 


4/ 

y ~ — sin cot + y a cos cot 

CO 


(2.4) 


The displacement given by Eq. (2.4) is plotted in Fig. 2.2 for the cases 
of initial velocity and initial displacement taken separately. 


b. Natural Period and Frequency 


The free vibration discussed above is said to be harmonic; that is, 
y varies sinusoidally with t. The motion is completely repetitive if there 
is no damping in the system. The harmonic motion is defined by an 
amplitude ( y 0 or y a /co in Fig. 2.2) and a natural period, which is the time 
required for the motion to go through one complete cycle. The initial 
conditions affect only the amplitude of the vibration. 

The parameter co (Sec. 2.2 a) is called the natural circular frequency. 


Natural circular frequency = co 



rad/sec 


(2.5) 


The solution of differential equations will not be discussed herein since it is 
assumed that the student is familiar with such procedures. The solutions given may 
e easily verified by substitution into the original differential equation. 
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figure 2.2 Free vibration of one-degree undamped system, 
(a) Initial displacement; (&) initial velocity. 


Since one complete cycle occurs for each angular increment cot — 2w, 
the natural period of the system is given by 


Natural period = T = — ■= 2ir + ~ sec 

Cl) \ K 


(2.6) 


Note that the natural period and frequency are characteristics of the system 
and depend only upon the mass and the spring constant. The natural 
frequency (not circular frequency) is defined as the inverse of the natural 
period, or the number of cycles per unit of time. 

Natural frequency = / = 1 = i- cps ( 2 , 7 ) 

c. Forced Vibration 

Consider now a case in which the motion is the result of an applied 
force F(t). It will be assumed that the system begins at rest; i.e., both 
the velocity and displacement are zero at t = 0. Obviously, this is not a 
necessary condition, and solutions could be obtained for the combination 
of the two effects. 

To begin with a simple case, assume that F(t ) has a constant magnitude 
F\ which is suddenly applied and remains constant indefinitely. For 
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figure 2.3 Response of undamped one-degree system to sud¬ 
denly applied constant force. 

this situation Eq. (2.1) becomes 

s + Tf v ~Ti < 2 - 8 > 

The solution of this equation is 

F 

V = Ci sin iot + C 2 cos iot + — (2.9) 

rC 

where once again the constants Ci and C 2 are determined by the initial 
conditions. Substituting into Eq. (2.9), y = 0 and t = 0, one obtains 

0 = Ci sin (0) + C 2 cos (0) + ^ 

K 

Therefore = — — 

2 k 

In order to obtain Ci, Eq. (2.9) is differentiated, and into the resulting 
equation is substituted y = 0 and t = 0 as follows: 

y ~ Ciio cos (0) — C 2 w sin (0) = 0 
Therefore (j l — q 


If these values of C x and C 2 are substituted into Eq. (2.9), the final solu¬ 
tion is obtained: 


F 

y - (1 — cos iot) 


( 2 . 10 ) 


This solution for a suddenly applied constant load is plotted in Fig. 2.3. 

It will be observed that the solution just obtained is very similar to 
the previous solution for free vibration (Fig. 2.2). The only difference 
is that the axis of the vibration has been shifted by an amount equal 


Rigorous Analysis of One-degree Systems 


39 



figure 2.4 Dynamic load factor (DLF) for an undamped 
one-degree system subjected to a suddenly applied con¬ 
stant force. 


to Fi/k. It will also be noticed that the maximum displacement 2Fi/k 
is exactly twice the displacement which would occur if the load F i were 
applied statically. Thus we reach an elementary but very important 
conclusion: If a constant force is suddenly applied to a linear elastic 
system, the resulting displacement is exactly twice that for the same 
force applied statically. The same observation is true regarding the 
dynamic force in the spring, which is proportional to the displacement. 
Furthermore, since the spring-mass system represents an actual structure, 
the same statement may be made regarding both dynamic deflections 
and stresses in that structure. 


d. Dynamic Load Factor 


It is now convenient to introduce the concept of the dynamic load 
factor (DLF). This factor is defined as the ratio of the dynamic 
deflection at any time to the deflection which would have resulted from 
the static application of the load F\, which is used in specifying the 
load-time variation. Since deflections, spring forces, and stresses in the 
structure are all proportional, the dynamic load factor may be applied to 
any of these in order to obtain the ratio of dynamic to static effects. 

In the preceding example, which involved a suddenly applied constant 
load, the static deflection is Fi/k. Thus the dynamic load factor is 
given by 


DLF = X 


y 

Fi/k 


ky 

Fi 


( 2 . 11 ) 


Substituting Eq. (2.10) for y, 


DLF = 1 — cos iot 


( 2 . 12 ) 


Thus the dynamic load factor for this case is as shown in Fig. 2.4. It 
is apparent that the dynamic load factor is nondimensional and inde- 
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pendent of the magnitude of load. It is because of this fact that its use 
is convenient. 

In many structural problems only the maximum value of the DLF 
is of interest. In the case just considered, this maximum is 2, which 
immediately indicates that all maximum displacements, forces, and 
stresses due to the dynamic load are twice the values that would be 
obtained from a static analysis for the load Fi. 

In cases where the applied load is not constant, F\, upon which the 
DLF is based, is some arbitrarily selected value of the load. This load 
value is usually, but not necessarily, taken as the maximum which occurs 
at any time during the period of interest. 


2.3 Various Forcing Functions (Undamped Systems) 
a. Generalized Linear-systems Theory 

Before discussing responses for various load-time functions, it is con¬ 
venient to obtain a general solution applicable to any such function. 
First, however, let us recall the concept of impulse, which is defined as 
the area under the load-time curve. 

Suppose that a system at rest is subjected to a constant force F with a 
duration U. The mass of the system, having an initial acceleration 
y ~ F/M, will begin to move. If t d is a very short time relative to the 
natural period, little spring resistance will be developed during the time 
td- If such resistance is negligible compared with F, the acceleration 
can be considered constant and the net effect will be a velocity imparted 
to the mass. The value of this velocity at time t d will be 

i = llti = ^ ti = Ti < 2 - 13) 

where i is the applied impulse equal to the area under the load-time curve. 
If the assumption stated above and implied by Eq. (2.13) is valid, i is 
said to be a pure impulse . To give a quantitative feeling for this concept, 
it may be said that the error in Eq. (2.13) is negligible if t d is smaller 
than about one-tenth of the natural period. Obviously, in such cases, 
the actual shape of the load-time function during the time U is of no 
importance. 

Turning now to a general load function such as shown in Fig. 2.5, 
consider the area in the element of time dr to be a pure impulse. This 
causes an increment of velocity at r equal to F-J{r) dr/M, which may be 
considered as an initial velocity imparted to a system at rest. The 
displacement at a later time due to this single element of impulse is given 
by Eq. (2.4) if y 0 is the initial velocity just defined and if y Q is taken as 
zero (since there is no initial displacement corresponding to the effect 




figure 2.5 Linear-system theory—impulse element. 


of this impulse). Thus we obtain 


F\f(j) dr 

Mw 


sin oj (t — r) 


which is the displacement at time t due to the load applied during dr. 
Since the system is linear, superposition may be employed and the total 
displacement at t is the sum of the effects of all elements of impulse 
between zero and t. Thus 



« gi M 

Mco 


sin co (t — r) dr 


(2.14a) 


Since the static deflection (due to Fy) may be represented by 



F i 

coW 


Eq. (2.14a) may also be written as 

y = y tl (ji j o f(r) sin a )(t — r) dr (2.146) 

To make the equation even more general, the effects of initial displace¬ 
ment and velocity may be included by superimposing Eqs. (2.4) and 
(2.146): 


y — y a cos wt -f — sin c ot 4- y $l <a [ l f(r) sin oi(t — r) dr (2.15) 

to J 0 

where y 0 and y 0 are the displacement and velocity (if any) at t = 0. 

Equation (2.15) is a perfectly general expression for the response of 
an undamped, linearly elastic one-degree system subjected to any load 
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function and/or initial conditions. A closed solution is of course possible 
only if the integral can be evaluated. Applications of Eq. (2.15) are 
illustrated below. 

6 . Rectangular-pulse Load 

Consider first the case of a suddenly applied constant load with a 
limited duration t d as shown in Fig. 2.6a. The system starts at rest, and 
there is no damping. Up to time t d Eq. (2.10) applies, and at that time 
we have 

F 

y td = -j- (1 — cos to t d ) 

F x . 

y id — -j^o) sin wtd 

For the response after t& we may apply Eq. (2.15), taking as the initial 
conditions the velocity and displacement at t d . Replacing t by t - t d 
and y 0 and y„ by y td and y ti and noting that /(r) = 0, we obtain 

F\ F 

y = ^~ (1 — COS otd) cos c o(t — td) + ~ sin c ot d sin co(t — t d ) 


p 1 

= -jg- [cos 0)(t — td) — COS (ot\ 


(2.16a) 


Since Fx/k is the static deflection and the dynamic load factor is given 
by y/y.t, we may write 


DLF = 1 — cos <at — 1 — cos 2x ^ 


DLF = cos c<5 (t — t d ) — cos a>t 
- cos 2t ~ l ~f) ~ cc 


COS 2 T 


t ^ td 
t > td 


(2.166) 


It is often convenient to nondimensionalize the time parameter as indi¬ 
cated in Eqs. (2.166), where T is the natural period. This also serves 
to emphasize the fact that the ratio of duration to natural period, rather 
than the actual value of either quantity, is the important parameter. 

Two typical responses are plotted in Fig. 2.6a, and it is easy to visualize 
the response for an intermediate value of t d /T. The maximum dynamic 
load factor obtained by maximizing Eqs. (2.166) is plotted in Fig. 2.7a. 
Obviously, as the duration approaches zero, the maximum deflection, 
or stress, also diminishes to zero. A less trivial observation is that, 
if (td/T) > 0.5, the maximum response of the system is the same as if 
the load duration had been infinite. 


Charts such as Fig. 2.7 (and also Figs. 2.8 and 2.9) are extremely 
useful for design purposes, as illustrated in Chap. 5. For a given load 
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function one need know only the natural period in order to read from 
the chart the maximum DLF and hence the ratio of maximum dynamic 
to static stress. Also given in Fig. 2.76 (and Figs. 2.86 and 2.96) is the 
time at which the maximum stress, or deflection, occurs. This time is 
often a matter of considerable importance. In the* derivation of these 
charts no damping has been included because it would have no significant 
effect. The maximum dynamic load factor usually corresponds to the 
first peak of response, and the amount of damping normally encountered 
in structures is not sufficient to decrease appreciably this value. 

c. Triangular Load Pulses 

Consider next a system initially at rest and subjected to a force F 
which has an initial, suddenly applied value of F\ and decreases linearly 
to zero at time t d (Fig. 2.66). The response may be computed by Eq. 
(2.15) in two stages. For the first stage, 


Vo = 0 y a = 0 f(r) = 1-1 

td 

Substituting these values in Eq. (2.15) and integrating, 


,, F\ . N . Fx (sin o d \ 

*- T a-oo.-0 + E (— -t) ( 2 .: 


DLF = 1 — cos a >t + 


sin cot __ t 
U)td td 


(2.176) 


which defines the response before t d . For the second stage, from Eq. 
(2.17a), 


Fx (sin utd x \ 

y ’ = T (-sr -cos “‘v 

. Fx ( . COS 05 td 1 \ 

y ° k/\ 8in wtd+ —tr~td) 


Sir) = 0 


Substituting these values in Eq. (2.15), replacing t by t — t d , and 
simplifying, 

F\ F 

V = [sin w t - sin o >(t - fc)] - cos cot (2.18a) 


DLF = — [sin cot — sin oj (t — f d )] — cos cot 


(2.186) 


which gives the response after t d . 
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function and/or initial conditions. A closed solution is of course possible 
only if the integral can be evaluated. Applications of Eq. (2.15) are 
illustrated below. 


b. Rectangular-pulse Load 

Consider first the case of a suddenly applied constant load with a 
limited duration id as shown in Fig. 2.6a. The system starts at rest, and 
there is no damping. Up to time t d Eq. (2.10) applies, and at that time 
we have 

Fi 

Vtd = -£-(! — cos <ot d ) 


Vu = co sin iot d 


For the response after t d we may apply Eq. (2.15), taking as the initial 
conditions the velocity and displacement at t d . Replacing t by t - U 
and y 0 and y 0 by y ti and y td and noting that /(r) = 0, we obtain 


Fi p 

y ~ (1 cos u t d ) cos "(f — td) -\- sin cold sin co(t — t d ) 


= [COS b)(t - t d ) — COS lot] 


(2.16a) 


Since b \/k is the static deflection and the dynamic load factor is given 
by y/y.t, we may write 

DLF = 1 — cos cot = 1 — cos 2ir ^ 

DLF = cos co(l — i d ) — cos cot 

= cos 2 tt - cos 2 tt ^ 

It is often convenient to nondimensionalize the time parameter as indi¬ 
cated in Eqs. (2.166), where T is the natural period. This also serves 
to emphasize the fact that the ratio of duration to natural period, rather 
than the actual value of either quantity, is the important parameter. 

Two typical responses are plotted in Fig. 2.6a, and it is easy to visualize 
the response for an intermediate value of t d j T. The maximum dynamic 
load factor obtained by maximizing Eqs. (2.166) is plotted in Fig. 2.7a. 
Obviously, as the duration approaches zero, the maximum deflection, 
or stress, also diminishes to zero. A less trivial observation is that, 
if (td/1 ) > 0.5, the maximum response of the system is the same as if 
the load duration had been infinite. 

Charts such as Fig. 2.7 (and also Figs. 2.8 and 2.9) are extremely 
useful for design purposes, as illustrated in Chap. 5. For a given load 
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function one need know only the natural period in order to read from 
the chart the maximum DLF and hence the ratio of maximum dynamic 
to static stress. Also given in Fig. 2.76 (and Figs. 2.86 and 2.96) is the 
time at which the maximum stress, or deflection, occurs. This time is 
often a matter of considerable importance. In the derivation of these 
charts no damping has been included because it would have no significant 
effect. The maximum dynamic load factor usually corresponds to the 
first peak of response, and the amount of damping normally encountered 
in structures is not sufficient to decrease appreciably this value. 

c. Triangular Load Pulses 

Consider next a system initially at rest and subjected to a force F 
which has an initial, suddenly applied value of Fi and decreases linearly 
to zero at time t d (Fig. 2.66). The response may be computed by Eq. 
(2.15) in two stages. For the first stage, 

r ^ t d : 

Vo = 0 y a = 0 /( t ) = 1-1 

td 

Substituting these values in Eq. (2.15) and integrating, 

ir-yd-co.-O + g^— -t) 

or DLF = 1 - cos at + 52-^ - - 

cotd td 


(2.17 a) 
(2.176) 


which defines the response before t d . For the second stage, from Eq. 
(2.17a), 

, 'v , . Fi /sin cot d .\ 

> »’~T( - 5r -oo “y 

. F i / . cos cotd 1 \ 

y °~T\ u 8in TT~td i ) 

/(r) = 0 


Substituting these values in Eq. (2.15), replacing t by t — t d , and 
simplifying, 


Fi p 

V = kcofd ^ sin wi ~ sin ~ - J cos cot 


= /old ut ~ sin — k)] “ cos 


which gives the response after t d . 


(2.18a) 

(2.186) 


DLF , DLF 
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figure 2.6 Typical responses of one-degree elastic systems, (a) 
Rectangular pulse; (6) suddenly applied triangular pulse; (c) sym¬ 
metrical triangular pulse; ( d ) constant force with finite rise time. 




FIGURE 2.6 ( Continued ) 

Typical responses for this type of forcing function are shown in Fig. 
2.66. Maximum dynamic load factors and the time of that maximum 
response are given in Fig. 2.7. As would be expected, (DLF) max —> 2 
as td/T becomes large, or in other words, the effect of the decay in force 
is negligible in the time required for the response to reach the first peak. 
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figure 2.9 Maximum response of one-degree elastic systems (undamped) 
subjected to constant force with finite rise time. ( U.S. Army Corps of 
Engineers. 10 ) 

Consider now a symmetrical triangular pulse which starts at zero and 
reaches a maximum at one-half the total duration (Fig. 2.6c). In this 
case, Eq. (2.15) must be applied in three stages, taking for the initial 
conditions of each stage the final velocity and displacement of the pre¬ 
ceding stage. The time functions to be used are as follows: 
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/« = 2 ~ o <: T <; } 4 t d 

f(r) = 2 (l - £) >AU ^T<kU 
f(r) = 0 („ $ r 

Following the same procedure as in previous cases, we obtain 

0 ^ t 5 $ y^td 

l Ah ^ t t d 
(2.19) 

U ^ t 

Typical responses are plotted in Fig. 2.6c, and maximum response as a 
function of U/T is given by Fig. 2.8. It may be observed that, for this 
load-time function, the maximum dynamic effect occurs when the dura¬ 
tion of loading is approximately equal to the natural period of the system. 



d. Constant Force with Finite Rise Time 

Since, in reality, a force can never be applied instantaneously, it is 
of interest to investigate a loading which has a finite rise time but remains 
constant thereafter as shown in Fig. 2 ,6d. In this case the load-time 
functions are 

f( T ) =Z. T ^ tr 

l r 

f(j) = 1 T ^ t r 

where t r is the rise time. Proceeding as in previous cases, 


DLF = 1 -|—- [sin u>(t — t r ) — sin cot] t ^ t r 


( 2 . 20 ) 


Typical responses are shown in Fig. 2.6d, from which it may be deduced 
that, if t r is large relative to T , the response simply follows the applied 
load and the dynamic effect is negligible. In Fig. 2.9, (DLF) max and 
the time of maximum response are plotted. Here the effect of rise time 
is apparent. If t r is less than about one-quarter of the natural period, 
the effect is essentially the same as for a suddenly applied load. This 
observation is of significance in practical design since it indicates that 
smaller rise times may be ignored. A peculiarity of this type of load 
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figure 2.10 Example. Response of a beam having negli¬ 
gible mass. 


pulse is the fact that, if the rise time is a whole multiple of the natural 
period, the response is the same as if F i had been applied statically. 


e. Example 

To illustrate the use of the charts just discussed, consider the case 
of a steel beam supporting a concentrated mass (Fig. 2.10) and subjected 
to a dynamic load of the type shown in Fig. 2.6 d with a rise time t r of 
0.075 sec and a maximum value F\ of 20 kips. If the weight of the beam 
is considered negligible, the system has only one degree of freedom. We 
wish to determine the maximum dynamic bending stress. 

First the natural period of the one-degree system must be computed. 
The spring constant k is defined as the force at midspan necessary to 
cause a unit deflection at the same point. Thus 


48FJ7 48 X 30 X 10 3 X 800.6 

l 3 (20 X 12 ) 3 


83.4 kips/in. 


T = 2 t 


IE-*, / 10 

V k \386 X 83.4 


= 0.111 sec 


Entering Fig. 2.9 with t r /T — 0.075/0.111 = 0.68, we obtain 


(DLF) max 

U 

tr 


1.38 

1.23 
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The maximum dynamic stress equals the static stress due to the 20-kip 
force multiplied by (DLF) max . 

max stress = er max = (DLF) max X «r 8 , 

— fnr v i oo v' 20 X 240/4 r , . 

UJE* W X —g- = 1.38 x- ^ 0 ' = 18.6 ksi 

The time ait which this maximum stress occurs is 

tm = (If) U = 123 X °- 075 = 0.092 sec 

2.4 Damped Systems 

As mentioned previously, if one is interested in a continuing state of 
vibration rather than merely the first peak of response, the effect of 
damping must be included. For the one-degree system shown in Fig. 
2.1, with viscous damping, the equation of motion as derived in Sec. 1.4 is 

My + ky + cy = F(t) (2.21) 

Damping, indicated in Fig. 2.1 by the conventional dashpot, produces a 
force cy which opposes the motion and dissipates some of the energy 
of the system. 6 

a. Free Vibration 

We consider first the case in which there is no external force and the 
system is subjected to an initial disturbance. The solution of Eq. (2.21) 
with the right side equal to zero is 

y = e~^(C i sin ca d t + C 2 cos io d t) (2.22) 

where 0 = c/2M, and co d = \/w 2 — /3 2 . /3 is a measure of the amount 
of damping present, and io d is the natural frequency of the damped sys¬ 
tem, which is somewhat different from that of the undamped system w . 
Equation (2.22) applies only when /? < u. The solution for cases in 
which this condition is not met (overdamping) is of limited importance 
and will not be considered here . 11 

If the system is subjected to initial displacement and velocity, y 0 and y 0 , 
the constants of Eq. (2.22) are determined by substituting t = 0 into 
that equation and its derivative as follows: 

y a = e°[Ci sin (0) + C 2 cos (0)] 

Therefore C 2 = y„ 

y — e pt [~(&Ci -f- b) d C z ) sin a> d t + (u> d Ci — ftCz) cos oa d t\ 
y 0 = e°[—(pC i + w d C 2 ) sin (0) + (u d Ci — 0C 2 ) cos (0)] 
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Therefore 


c, = y° + jfyg 


The total response resulting from a combination of initial displacement 
and velocity is therefore given by 


y = e- 


sin a idt + y a cos ta d t 


(2.23) 


The responses due to each of the two initial conditions taken separately 
are shown in Fig. 2.11a and b, where it may be observed that the expo¬ 
nential term in Eq. (2.23) with an appropriate multiplier forms a curve 
passing through the peaks of the decaying harmonic motion. 

The condition 0 = c*> creates a case of special interest. As 0 —► w, the 
frequency u) d —> 0, and hence cos <adt —► 1 and sin ta d t —► tad. As a result, 
Eq. (2.23) reduces to 


y = er at [y a t +(1+ <*t)y 0 ] 


(2.24) 


From this equation it is apparent that the motion is no longer periodic, 
or in other words, there is no vibration in the usual sense of the word. 
As given by Eq. (2.24), the response to an initial displacement (zero 
initial velocity) is as shown in Fig. 2.11c. Rather than vibrating, the 
system merely creeps back to the neutral position. 

The amount of damping which removes all vibration as described 
above (0 = w) is known as critical damping. Although this case is of 
little importance in itself, the critical coefficient of damping is a con¬ 
venient reference. For example, observations indicate that typical struc¬ 
tures have between 5 and 10 percent of critical damping. Since, for 
critical damping, 

_ a _ ^CT 

P 2M 


the critical coefficient is given by 


= 2Mo> = 2 y/kM 


(2.25) 


As noted above, damping affects the natural frequency of the system 
To illustrate the significance of this effect, consider a system with 10 per¬ 
cent of critical damping, or 0 = O.lw. The damped frequency is then 

tad — s/ ta 2 — 0* = \/0.99c«j 2 = 0.995uj 

which is only slightly different from the undamped natural frequency. 
It may be concluded, therefore, that the decrease in natural frequency 
due to damping may for practical purposes be ignored. 
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Another concept of importance is that of the logarithmic decrement , 
defined as the difference between the logarithms of two consecutive peaks 
in the free vibration, or identically, the logarithm of the ratio of two 
consecutive peaks. An expression for logarithmic decrement may be 
obtained by taking the logarithm of two values given by Eq. (2.23), the 
first for a time t and the second for a time (t + T d ), where T d is the 
damped natural period. Thus 

Logarithmic decrement = In , 

y(t = t + T d ) 

_ e~* 

111 e -f>(t+T d ) 

= In e fiT * = $T d 

= / 3 ~ (T d ~T = —) ( 2 . 26 ) 

co \ co / 


Therefore, if a system had 10 percent of critical damping (0 = O.lco), 
the logarithmic decrement would be 0.2 t, which indicates that the ratio 
of successive peaks would be e°- 2r , or 1.87. Inverting this quantity, it 
could be said that each and every peak would have a value 0.534 times 
that of the preceding peak. This is obviously a convenient way to 
visualize the effect of damping. 

b. Forced Vibration 

A generalized solution for the forced vibration of a damped system 
may be obtained in the same manner as was used for an undamped 
system in Sec. 2.3a. For the damped case, the response due to an element 
of impulse is given by (Fig. 2.5) 

~M* d e sm ~ t) 


The total response obtained by summing the effects of all elements of 
impulse and superimposing the effects of initial conditions is 


= tr» 


sin c o d t + y a cos w d t 


+ y.i - f l f(r)e sin a , d (t - r) dr (2.27) 

03 d Jo 


This equation is comparable with Eq. (2.15) for the undamped system 
and is identical when /3 = 0. 

Consider now a system initially at rest and subjected to a suddenly 
applied constant force F\. The response may be determined by direct 
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figure 2.12 Response of damped one-degree system to a sud¬ 
denly applied constant force. 


solution of Eq. (2.21) with F(t) = F x or by Eq. (2.27) with /(r) = 1 
and is given by 

V = T [* “ e Pl ( cos “ 8in (2.28) 

where the difference between w and u d has been ignored. The response 
indicated by Eq. (2.28) is plotted in Fig. 2.12. It is apparent that this 
response is very similar to that due to an initial displacement as shown 
in Fig. 2.11a. If the initial displacement y» had been equal to —Fi/k, 
the only difference would have been a shift in the neutral position by 
an amount equal to F\/k. 

It was stated in Sec. 2.3 that damping had little effect on the first 
peak of response. The validity of that statement may now be investi¬ 
gated by further consideration of the case just presented. With little 
error it may be assumed that the first peak occurs when <at = v, for which 
Eq. (2.28) gives 

J/maz = Y (1 + «-*«•) 

Assuming for illustration that /3 = O.lco (10 percent of critical damping), 
we obtain y m „ ~ 1.73 Fi/k. For an undamped system the response 
will be 2 Fi/k, and hence the reduction due to this amount of damping 
is 13.5 percent. Since the damping assumed is relatively high, this 
percentage effect may be considered an upper limit for most typical 
structures subjected to loads which are fairly rapid in application. 
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figure 2.13 One-degree system with Coulomb 
damping. 


c. Coulomb Damping 

Up to this point we have concentrated our attention on systems with 
viscous damping, and will continue to do so hereafter, because this type 
is the most commonly assumed for structural analysis. However, in 
this particular section a different form, namely, Coulomb, or constant, 
damping is considered. This would apply to a system such as shown 
in Fig. 2.13, where the mass slides on a surface such that the resistance 
to motion is provided by simple friction. The magnitude of this friction 
force F f is constant and depends only upon the coefficient of friction 
and the weight of the body. However, the direction of the force depends 
upon the velocity of the mass, which it always opposes. Thus, for free 
vibration, the equation of motion is 


My + ky ± F f = 0 (2.29) 

where the positive sign before F f applies when and only when the velocity 
is positive. Because of the changing sign, any solution of Eq. (2.29) 
would apply only during a time interval in which the sign of the velocity 
remained unchanged. 

As an illustration, consider a mass which is given an initial displace¬ 
ment y 0 with zero initial velocity. During the first half-cycle of response, 
the velocity is negative and Eq. (2.29) becomes 

My + ky = -\-F f 


Thus the situation under consideration is equivalent to a system with a 
suddenly applied constant force and an initial displacement. The 
response is therefore the superposition of these two effects as given by 
Eqs. (2.4) and (2.10). 

F 

y — y 0 cos wt + (i — cos at) 




(2.30) 
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figure 2.14 Free vibration with Coulomb damping. 


The first negative peak given by Eq. (2.30) is 




In the second half-cycle the velocity is positive and the equation of 
motion is 

My + ky = —F f 

The response indicated by this equation is the same as Eq. (2.30) if 
the sign of the force term is changed and if time is measured from the 
first negative peak (t = *■/«), the amplitude of which is taken as the 
initial displacement. Thus, for the second half-cycle, 




(2.31) 


p3ie next peak (positive) occurs at ut = 2ir, and Eq. (2.31) indicates a 
displacement of 


/, 2jr \ . Ff 


It may now be deduced that successive positive peaks are given by 
y 0 — (4 F f /k)n, where n is an integer representing the number of complete 
cycles, or multiples of the natural period. The complete response is 
shown in Fig. 2.14, where the damping envelope is formed by a pair of 
straight lines, and each half-cycle is a pure cosine function. The response 
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is completely damped out at t = (kT/4F f )y 0 , where T is the natural 
period. 


2.5 Response to a Pulsating Force 

In this section we shall consider the classical solution for the response 
of a one-degree system to a pulsating force of the form 

F = F x sin nt (2.32) 

The primary reason for interest in this case is the fact that Eq. (2.32) 
may represent the dynamic force applied by a rotating machine to its 
support. The slightest imbalance of the rotating part produces this 
type of force. F i is proportional to the unbalanced weight, and ft is the 
frequency, or speed, of the machine. Consideration of this problem 
will introduce the concept of resonance, traditionally a matter of interest 
to engineers, which occurs when the natural frequency of the supporting 
structure is close to the frequency of the machine. 

a. Undamped System with Sinusoidal Force 

For an undamped one-degree system subjected to a sinusoidal forcing 
function [Eq. (2.32)] of indefinite duration, the equation of motion is 

My + ky = F x sin ft* (2.33) 

The solution is of the form 

• . , n , , F\ sin ft* 

y = Ci sm oil + Ci cos «< + 

where w is the natural frequency of the system. If the system starts 
at rest, the constants are determined by the following: 

Vo *= 0 = Ci sin (0) + Ci cos (0) + ~ J 2 m _^ 2 

Vo « 0 = Cib) cos (0) - Cue sin (0) + J 2 ° S _^ 2 


Solving for Ci and C 2 and substituting in the general solution, we obtain 
the final result as 


or 


_ Fx / sin ttt ft sin «* \ 
y M \co 2 — ft 2 « - ft 2 ) 


DLF = 


1 . 
- ftv« 2 ) L S1 


sin ft<-sm cat 

0} 


(2.34a) 

(2.346) 


It may be observed that the response consists of two parts, the free part, 
having the natural frequency of the system, and the forced part, having 
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1 Total OLF 

figure 2.15 Response to sinusoidal force in terms of dynamic 
load factor, fl = 2w. 

the frequency of the forcing function. A typical response is shown in 
Fig. 2.15, where the free and forced parts are separated. 

The maximum DLF can be determined by differentiating and setting 
equal to zero Eq. (2.346), solving for t m , or the time of maximum response, 
and substituting the latter back into Eq. (2.346). Mathematically, 
this procedure is rather difficult, but by plotting the free and forced 
sine functions separately, one can at least estimate the maximum DLF. 
An upper limit, which for practical purposes is sufficiently close to the 
actual value, may be obtained by assuming, in Eq. (2.346), that at some 
time sin itt = 1 and sin <at = —1. Substitution of these numerical 
values into Eq. (2.346) leads directly to 

+- - - 

1 — ft/O) 


(DLF) max = 


(2.35) 
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figure 2.16 Maximum dynamic load factor for sinusoidal load 

F\ sin Qt, undamped systems. 

This expression is plotted in Fig. 2.16 as the dashed line, and it is noted 
that the maximum response so determined contains both the free and 
forced parts. 

For practical applications, Eq. (2.35) overestimates the maximum 
response, since even a small amount of damping quickly eliminates the 
free vibration. Our concern here being with a continuing state of vibra¬ 
tion rather than with the first few cycles, it is reasonable to assume that 
the free vibration has been completely damped out. If the free term is 
removed from Eq. (2.345), the maximum response obviously occurs 
when sin Sit — 1, and is given by 

(DLF) m « - f ^ (2.36) 

This solution implies that the damping is so small that the forced vibra¬ 
tion is not affected even though the free part is completely eliminated. 
More detailed consideration of damping is given in Sec. 2.55. Equation 
(2.36) is also plotted in Fig. 2.16. This solution is often referred to as 
the steady-state response, while that including the free part is the transient 
response. 

In Fig. 2.16 it may be observed that, for either of the solutions given, 
(DLF) ma * approaches unity as Q/w —* 0 and approaches zero as Sl/co —> ». 
Physically, this simply means that, if SI is relatively small, the load pul¬ 
sates very slowly and the mass of the systems “rides” along without 
vibration about the neutral position corresponding to the instantaneous 
load value. In other words, the effect is the same as for a static load. 
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On the other hand, if SI is relatively very large, the mass cannot follow 
the rapid fluctuations in load and simply remains stationary. Therefore 
DLF = 0 at all times. 

Next consider the condition of resonance which occurs when $1 ~ co. 
As indicated in Fig. 2.16, this situation results in very large displacements, 
which theoretically become infinite if SI = to [Eqs. (2.35) and (2.36)]. 
Actually, this is an oversimplification, as will now be demonstrated. 

If in Eqs. (2.34) SI is made equal to to, the result is y = 0/0, or in other 
words, the response is indeterminate. The displacement can, however, 
be obtained by the application of L’Hospital’s rule, which states that the 
limit of Eq. (2.345) as SI —* to is the derivative of the term in brackets 
with respect to SI divided by the same derivative of the term in paren¬ 
theses. Thus 

/•tvt i?\ f cos Sit — (1/co) sin cot 

(DLF)h= -ZgfiV- 


With SI - co, this becomes 


(DLF)n =u = Hi (sin cos t ot) 


(2.37) 


From the last equation it is apparent that DLF does indeed become 
infinite at resonance, but only after an infinite time. Equations (2.35) 
and (2.36) are therefore valid when SI = to, but only after many cycles 
of vibration. It should be noted, however, that “many” cycles may 
occur in a short period of absolute time. 

In practice, exact resonance does not really occur, because systems 
are never completely linear. As distortions become large, the charac¬ 
teristics of the system change because of plastic deformation and other 
effects. The question as to whether displacements become infinite is 
of course of academic interest only. The important engineering con¬ 
clusion is that, at or near resonance, the deflections of the structure 
become very large and hence intolerable. 

It is sometimes of interest to determine the amplitude of response after 
a limited number of cycles of pulsating load at resonant frequency. 
Equations (2.34) cannot be used for this purpose since it is indeterminate 
at this point. However, we may obtain the response by the application 
of Eq. (2.37). Limiting the solution to peak values, we first obtain the 
-times of peak responses by maximizing DLF as follows: 


dt 

Therefore 


“77 (DLF)n_„ = 0 = c os 031 + <oH sin cot — 03 cos cot) 


sin cot = 0 cat — r, 2i r, 3ir, 
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figure 2.17 Initial stage of response to sinusoidal load, F i sin iU, 
at resonance. 

Substituting these values of ut in Eq. (2.37), we find 


(DLF) ma *,n„*, = H(t, — 2t, 3ir, — . . .) 

|(DLF) msx ,n =a ,| = y 2 nir n = 1, 2, 3, . . . (2.38) 

where n is the number of half-cycles after the beginning of response. 
Equation (2.38) states that the maximum deflection of an undamped 
one-degree system subjected to sinusoidal loading is x/2 times the static 
deflection Fi/k after cycle of loading, -w times y, t after 1 cycle, Sir/2 
times y s t after Xy cycles, etc. From the above discussion it may be 
deduced that the initial stages of response to resonant sinusoidal loading 
are as shown in Fig. 2.17. 

b. Damped System with Sinusoidal Force 
In this case the equation of motion is 

My -j- ky cy = F i sin S It (2.39) 


for which the solution is of the form 


y = e <**(Ci sin oa d t + C 2 cos <o d t) 

(Fi/k) 1(1 - n 2 /a> 2 ) sin nt - 2(/9i2/aj 2 ) cos fli] 
+ (1 - fi 2 /co 2 ) 2 + 4(/3S2/co 2 ) 2 
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figure 2.18 Maximum dynamic load factor for sinusoidal load, 

. F i sin iU, damped systems. 

where £ = c/2M, and = \/« 2 ~ /3 2 , the natural frequency of the 
•^damped system. 6 As discussed previously, the contribution of the free 
part becomes negligible after a few cycles of response, and therefore we 
need consider 1 only the steady-state, or forced, part of the response given 
>by the second term in Eq. (2.40a). This term may be rewritten as 
-follows: 

_ (Fi/k)[( 1 - 12 2 /co 2 ) 2 + 4(/3S2/« 2 ) 2 ]^ sin (ffl + 6 ) 

(1 - fi 2 /w 2 ) 2 + 4(/3fl/o> 2 ) 2 


y == 


(2.40a) 


(2.40b) 
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where 6 is merely a phase angle. It is apparent that this expression is a 
maximum when the sine is unity, and therefore 


(DLF) max 


_ 1 _ 

\/(l - 07« a )* + 403fl/w 2 ) 2 


(2.41) 


The last expression is often called the dynamic magnification factor, and 
is plotted in Fig. 2.18 for various values of 0 /a, which is the ratio of 
actual to critical damping. 

It is apparent in Fig. 2.18 that, even with small damping, theoretically 
infinite amplitudes do not occur at resonance. In the extreme case of 
critical damping (0/a = 1), the maximum resonant deflection is only 
one-half the static deflection. The curve shown for zero damping is 
of course the same as that shown in Fig. 2.16 for forced vibration only. 
As a further simplification, the following may be derived from Eq. (2.41) 
for the resonant condition: 


(DLF) 


max.floKd — 


(2.42) 


A development such as that leading to Eq. (2.37) could also be shown 
for the damped case, thus indicating that the maximums given by 
Eq. (2.42) are attained only after many cycles of vibration. 


c. Undamped System with Step Force 

It should be emphasized that a sinusoidal forcing function is not a 
requirement for large displacements near resonance. For example, con¬ 
sider the alternating step force shown in Fig. 2.19, which has the same 
period as the responding system. To investigate the response, we 
proceed as follows, recognizing that, for a suddenly applied constant force, 
V — (F i/&)(l — cos at), and for an initial displacement, y = y 0 cos at. 
In the first half-cycle, 

Fi 

y = (1 — cos at) 

At at = r, y x = 2 ~ yi = 0 

In the second half-cycle, 


Vo *= yi ifo = o 

F, F, 

y = 2 -j- cos (at — r) — -j- [1 — cos ( at — 7r)] 



At <at = 2r, y<i 
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figure 2.19 Initial stage of response to alternating step load at 
resonance. 

It is therefore apparent that successive peaks (positive or negative) 
of the vibration have the displacements 

w = 2»X 

and |(DLF)„„| = 2n (2.43) 

where n is the number of half-cycles from the starting point. The 
response is plotted in Fig. 2.19. Comparison of Eq. (2.43) with Eq. (2.38) 
indicates that, at resonance, the amplitudes resulting from an alternating 
step force increase even more rapidly than those due to a sinusoidal force. 

2.6 Support Motions 

An important class of problems is the determination of response due to 
movement of the support of the system rather than the application of 
external force. Perhaps the foremost example is the analysis and design 
of structures for earthquake effects. It is shown below that, with only 
slight modification, the preceding solutions for applied forces can also 
be used for the case at hand. 

a. Undamped Systems 

Suppose that the system shown in Fig. 2.20 is subjected to a support 
motion y, defined by y, = y»of(t), where y go is some arbitrary magnitude 
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figure 2.20 One-degree system with support motion. 


of support displacement and f(t) is the time function describing the varia¬ 
tion of y, with time. The equation of motion is 


My + k(y - y.) = 0 

or My + ky = ky, = ky. 0 f(t) (2.44) 

Comparison of Eq. (2.44) with those previously written for external force 
functions [Fif(t)] reveals that they are identical, except that F \ has been 
replaced by ky Thus previous solutions are valid if this simple sub¬ 
stitution is made. For example, the general solution given by Eq. 
(2.146) becomes 

y ~ y*oi» J o /(r) sin u(t — t) dr (2.45) 

To illustrate the above, we consider a system the support of which 
is displaced suddenly by an amount y so , and then remains fixed in that 
position. This imposed condition corresponds to a suddenly applied 
constant force, and the response may be obtained by substituting ky, 0 
for Ei in Eq. (2.10). This produces 


y = y„(l _ cos a>t) 


(2.46) 


for the absolute displacement and 


u = y — y, — -y e o cos o>t 


(2.47) 


where u is the relative displacement of the mass with respect to the sup¬ 
port. The force in the spring is of course ku, and the negative sign in 
Eq. (2.47) indicates that the spring is initially in compression if y ao is 
positive. 

As a second example, let the support motion be y, = y so sin tit. Using 
the previously given solution for a sinusoidal force, ky so is substituted 
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for Ei in Eq. (2.34a) to obtain 


y = y«&‘ 


/ sin Sit _ n sin at \ 
\co 2 — SI 2 oj a) 2 — Sl 2 J 


- 2/*o(DLF) (2.48) 

Since DLF is the same as that expressed by Eq. (2.346), the maximum 
DLF for sinusoidal support motion is also given by Fig. 2.16 without 
modification and y ma * = 2 /, 0 (DLF) max . The relative motion, which is 
the same as the spring distortion, may be obtained from Eq. (2.48) : 


« * y - y» = y.oW 


sin Sit 
o 2 - SI 2 


co sin oit 
il co 2 - Si 2 


= y. 0 ( DLF) r 


(2.49) 


where (DLF) r is the dynamic load factor for relative displacement. 
Equation (2.49), together with a consideration of the discussion of 
maximum DLF in Sec. 2.5a, leads to the conclusion that Fig. 2.16 can 
also be used to obtain maximum relative displacement if SI and co are 
simply interchanged. Thus, at the extreme limits, we conclude: 


As-> 0, y = y, and u = 0 

CO 

As ^ —» °o t y = o and u = —y. 

This applies throughout the response, as well as to the maximum values. 

From the above discussion it should be apparent that the charts of 
(DLF) moi for various forcing functions, previously given (Figs. 2.7 to 2.9), 
apply equally well to the cases of support motion having the same time 
functions; that is, y max = y«,(DLF) max . However, this fact is of limited 
usefulness since the maximum spring force which is proportional to 
relative displacement cannot be obtained directly in this manner. 

An alternative approach which is often useful involves representation 
of the input in terms of support acceleration rather than displacement, 
ior this purpose it is convenient to change the variable to the relative 
displacement of the mass with respect to the support, which is identified 
by u = y - y,. Since U = y - y„ Eq. (2.44) becomes 


M (u -f y„) + ku = 0 
Mu + Icu = -My, = -My so f a (t) 


(2.50) 


where/„(<) is the time function for support acceleration, and y ao is some 
arbitrary (usually maximum) value of support acceleration. This equa¬ 
tion is identical with those for forcing functions if Ei is replaced by — My, 0 . 
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Therefore the general solution for the relative motion is 

u = ~ ^ sin u(t - t) dr (2.51) 

if it is assumed that the initial support velocity is zero. Thus results 
given elsewhere for external forcing functions may be used to determine 
directly relative distortions due to support motions provided that the 
latter are given in terms of acceleration. Examples of this procedure 
are to be found in Chap. 6. 

6. Damped Systems 

When damping is involved, it is generally more convenient to employ 
the approach represented by Eq. (2.50), in which the support motion 
is specified in terms of acceleration rather than displacement. This is 
true because the damping force is usually proportional to relative rather 
than absolute velocity. If damping is included, Eq. (2.50) becomes 

Mii + ku + cu = —My, = - My.„f a (t ) (2.52) 

The general solution obtained by replacing y, t by -My, a /k in Eq. (2.27) 
is therefore 

u = - — [ 1 / 0 (r)e _p( ‘" T) sin t o d (t - t) dr (2.53) 

if the system starts at rest (i.e., if u 0 = y 0 = 0). 

The relative response to sinusoidal support motion {y, = y, 0 sin Sit) 
may be obtained from Eq. (2.406) if Fj is replaced by -My l0 since 
fit) — fait) - Thus the steady-state response is 

= (V'o/u 2 )[(l ~ n 2 /* 2 ) 2 + 4(0S1/wW 4 sin (SU + d) 

(i - oy« a )* + 4(isa/« 2 ) 2 

and the maximum relative response is given by 


Mmax w 2 {[(1 - i2 2 /oj 2 ) 2 + 4(j8B/«*)*]w} (2 ' 55) 

Because of the similarity between the last equation and Eq. (2.41), it is 
apparent that Fig. 2.18 is a plot of the bracketed term in Eq. (2.55). 
Thus the maximum relative displacement, and hence the maximum spring 
force can be obtained by Fig. 2.18 and Eq. (2.55); that is, 


(w)max — iy,o/(*> 2 ) (DLF) max 


where (DLF) ma * is given by Fig. 2.18. 
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If the support motion cannot be expressed in terms of acceleration 
and if damping is to be considered, it is necessary to include as input 
both displacement and velocity. For a damped system, Eq. (2.44) 
becomes 

My + k(y - y,) + c(y ~ y„) = 0 . 
or My + ky + cy = ky, -f cy , (2.56) 

Additional discussion of response to support motion is given in Chap. 6 
in connection with analysis for earthquake. 

2.7 Elasto-plastic Systems 

Consider the single-degree undamped system in Fig. 2.21a, which is 
assumed to have the bilinear resistance function shown in Fig. 2.216. 
A rigorous solution for the response due to a suddenly applied, constant 
load is given below. Since there are two discontinuities in the response, 
this involves three separate stages: (1) the elastic response up to the 
elastic limit y el , (2) the plastic response between the elastic limit and the 
maximum displacement, and (3) rebound, or the elastic response which 
occurs after the maximum has been attained and the displacement begins 
to decrease. In the determination of displacements for stages 2 and 3, 
the initial conditions are the final displacement and velocity of the pre- 



figure 2.21 Elasto-plastic system. 
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ceding stage. If the applied force were not constant, additional stages 
one for each force discontinuity, would have to be included. Obviously’ 
this is a very laborious process, and except in the most simple cases,’ 
one would be better advised to use numerical analysis as illustrated in 
Sec. 1.5. 

For the example indicated by Fig. 2.21, with zero initial displacement 
and velocity, the response in the first stage is given by (Sec. 2.2c) 

y ^ v* : y = y*t(l — cos (at) ( 2.57 a) 

y = y s «a sin cat (2.576) 

where y et = Fi/k, and w = y/k/M. The time at which y ei is reached 
te h may be obtained from Eq. (2.57a): 


and 


cos cat e i =1—^1 

y.t _ 

sin c at e i = \/l — cos 2 <at,i 


(2.58) 


Proceeding to the second stage and letting h = t - t ei , we have the 
initial conditions for this stage: 


Vo = y e i 

y a = y, t co sin <at* 

and the equation of motion 

My + R m = Fi 

The solution by direct integration is 

V = 2M {Fl ~ Rm)tl '‘ 1 + Cltl + C * 


(2.59) 


(2.60) 


Making use of the initial conditions [Eqs. (2.59)] at h = 0 to solve for 
Ct and C 2 and substituting back into Eq. (2.60), we obtain the final 
solution for this stage: 

y*i ^ y ^ y m : y = ^ ( F x - R m )ti 2 + y, t uti sin cat ei + y tl (2.61) 

By differentiating Eq. (2.61) and setting the result equal to zero, the 
time of maximum response is obtained as 


_ Mcay.t . 

llm ~~ R -~~Fi sm 


(2.62) 


The maximum displacement y m is obtained by substituting t lm into 
Eq. (2.61). 

For the third and final stage, one could proceed as above, using a 
suitable equation of motion with initial conditions from the second stage. 
However, an easier procedure is to make use of some obvious facts regard- 
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V.c. 

t. sec 

figure 2.22 Example. Response of elasto-plastie one-degree structure to 
suddenly applied constant force. 

ing the response, which were discussed in Sec. 1.5. This stage consists 
of a residual vibration, which is of course elastic, or harmonic. When 
the mass is in its neutral position, the spring force is equal to the applied 
load F i. Therefore the amplitude of vibration, or the amount by which 
the deflection must decrease below y m to reach the neutral position, is 
(R m — Fi)/k . The situation is equivalent to an initial displacement 
of this amount on a system whose neutral position is y m — (R m — Fi)/k. 
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figure 2.23 Maximum response of elasto-plastic one-degree systems 
(undamped) due to rectangular load pulses. (C.S. 4rmy Corps 0 / 
Engineers . 10 ) 


Therefore the response is given by 




F, i2fn Fi 

fc—J + —fc — Cosco * 2 


(2.63) 


where h = t ~ t lm ~ U 

The complete response is therefore given by Eqs. (2.57a), (2.61), and 
(2.63), and the times at the interior boundaries of the three stages by 
Eqs. (2.58) and (2.62). 

To illustrate rigorous elasto-plastic analysis, the. response of the 
simple steel beam shown in Fig. 2.22 will be investigated. The elastic 
properties of the system were determined in Sec. 2.3e, but in addition 
to these, the maximum, or plastic, resistance is now needed. The total 
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figure 2.23 (.Continued) 


laximum resistance is given by 


p _ 42flZ P 4 X 3320 

ItmT ~ -T— = „ 


" 2TX12 = 55 ' 3 ki P s 


where 3Ttp is the ultimate bending moment (rectangular stress block) 
based on a yield-point stress of 33 ksi. Since the beam supports a dead 
weight of 10 kips, the maximum force available to resist the dynamic 
load is 

R m — 55.3 — 10 = 45.3 kips 

The resistance function may be assumed to be bilinear, as indicated in 
Fig. 2.22. The above determination of resistance of course implies that 
lateral buckling of the beam is prevented by some means. 
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figure 2.24 Maximum response of elasto-plastic one-degree systems 
(undamped) due to triangular load pulses with zero rise time. 
(U.S. Army Corps of Engineers. 10 ) 


We wish to determine the complete response due to a suddenly applied, 
constant force of 30 kips. The parameters required for analysis of the 
system are as follows: 

k = 83.4 kips/in. 

M — 0.0259 kip-sec 2 /in. 

T = 0.111 sec; a> = 56.8 rad/sec 
R m = 45.3 kips 
y e i — R m /k =3 0.543 in. 
y st = Fi/k ~ 0.360 in. 


It is apparent that the response will reach the plastic range since 
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FIGURE 2.24 ( Continued.) 


R m < 2 F i. The total solution based on the equations derived above 
is as follows: 

t $ ta: 

y = 0.360(1 - cos 56.8*) Eq. (2.57a) 

0 543 

cos 56.8 tel = 1 - = -0.508 Eq. (2.58) 

56.8k = 2.10 rad t el = 0.0371 sec 
sin cotei = 0.861 

tel ^ t ^ t m l 

y = — 295Zi 2 + 17.6*i + 0.543 Eq. (2.61) 
tim = 0.0298 sec Eq. (2.62) 

t m = tel + tim — 0.0669 sec 
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(a) 

figure 2.25 Maximum response of elasto-plastic one-degree systems (undamped) 
due to constant force with finite rise time. 

Therefore 

y m = —295 (0.0298) 2 + 17.6(0.0298) + 0.543 
= 0.806 in. 

t m t: 

y = 0.622 + 0.184 cos 56.8f 2 Eq. (2.63) 
h = t - 0.0669 

The complete solution given by the foregoing is shown in Fig. 2.22. 

2.8 Charted Solutions for Maximum Response of One-degree Undamped 
Elasto-plastic Systems 

Because the analysis of elasto-plastic systems is cumbersome, it is con¬ 
venient to make use of charts giving the maximum response. Usually, 



the structural designer is interested only in the maximum displacement, 
and therefore such charts need give only that quantity rather than the 
complete response as a function of time. Presented in this section are 
response charts for four load-time functions. It will be found in practice 
that many actual loading conditions can be approximated by one of 
these simple functions. 
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figure 2.25 ( Continued ) 
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t d /T 

(a) 


figure 2.26 Maximum response of elasto-plastic one-degree systems (undamped) 
due to equilateral triangular load pulses. 

a. Nondimensional Equations of Motion 

The procedure given in Sec. 2.7 may be used to derive the desired 
charts, but for plotting purposes it is convenient to nondimensionalize 
the parameters. In the basic equation of elastic motion, 

My + ky = FJJit )] 
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FIGURE 2.26 (Continued) 


we transform the variables by letting £ = t/T and tj = y/y ei . 
Then ,7 = M 


T 2 ^ 


and the equation of motion becomes 


My ei .. 


V + ky el r, = f , 1 [/(£)] 


or since ky el = R m and T 2 = 4 ir 2 M/k, 


4 r* ij + r/ = £/(£) 


(2.64) 


In the plastic range the term ky becomes constant with a value of R m . 
If the same substitutions as those leading to Eq. (2.64) are made, the 
equation of motion for this range becomes 

l^ + l =k m 


(2.65) 
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Inspection of Eqs. (2.64) and (2.65) reveals that, in order to obtain 
the response in terms of the parameter q, one need only know the ratio 
F\/R m and the load-time function in terms of the parameter £. In addi¬ 
tion to the variable itself, the latter involves only the ratio td/T, where td 
is the duration or some other time value characterizing the loading (see 
below). Thus the two parameters F x /R m and td/T are sufficient for a 
complete solution (if the systenvstarts at rest and there is no damping). 

b. Maximum-response Charts 

The charts shown in Figs. 2.23 to 2.26 inclusive are based upon numeri¬ 
cal solutions of Eqs. (2.64) and (2.65). The results thus provided are 
for undamped one-degree systems with bilinear resistance functions and 
without initial motion. In the case of the rectangular pulse, /(£) is 
unity up to £ = td/ T and zero thereafter. For the triangular pulse 
with zero rise time, /(£) = 1 — t(T/t d ) up to £ = td/T and then zero. 
When the force is constant but with finite rise time, /(|) = £(T/t r ) up 
to £ = t r /T and unity at later times. For the triangular function of 
Fig. 2.26,/(|) = |(2 T/U) up to $ = t r /2T, followed by /(£) = 2 - {(2 T/t d ) 
up to £ = td/T and zero thereafter. The charts were constructed by 
inserting these expressions for/(£) into Eqs. (2.64) and (2.65) and obtain¬ 
ing the maximum displacement by numerical integration for discrete 
values of the parameters F\/R m and t d /T or tr/T. 

The values provided by the charts are the maximum nondimensional 
displacement, - y m /y t i = p, and the nondimensional time of maxi¬ 
mum displacement, £ ma x = t m /t d or t m /t r . It should be noted that the 
bottom curve in each case (R m /F i = 2) represents completely elastic 
response. If (R m /F i) > 2, the elastic-response charts (Figs. 2.7 to 2.9) 
should be used. 


c. Example 

To illustrate use of the charts presented above, let the beam cited in 
Sec. 2.7 (Fig. 2.22) be subjected to a suddenly applied triangular-pulse 
loading defined by Fi = 40 kips and t d = 0.2 sec. The maximum mid¬ 
span deflection of the beam and the time of that deflection are obtained 
from Fig. 2.24 as follows: 


R m _ 45.3 _ 
Fi 40 


td _ 0.2 
T 0.111 


1.80 


From Fig. 2.24a, 
From Fig. 2.245, 
Therefore 

Vm 

tm 


p = 2.0 

~ = 0.36 
td 

= py el = 2.0 X 0.543 = 1.09 in. 

= ^ td = 0.36 X 0.2 = 0.077 sec 
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As will be illustrated in Chaps. 5 and 7, charts such as Figs. 2.23 to 
2.26 are extremely useful for design purposes, provided that the load¬ 
time variation can be approximated by one of these simple functions. 
Similar charts can be developed for other time functions if the shapes 
are completely defined by two parameters, that is, F x £nd t d . 

Problems 

2 : 2 Writ e the expressions for the natural frequency and natural period of the system 
shown m Fig. 2.27. Both the beam and the spring may be assumed massless, and 
rotational inertia may be neglected. 


figure 2.27 Problems 2.1, 2.2, 2.5, 2.6, 2.8, and 
2.9. 

2 2 For the system in Prob. 2.1, l = 60 in., El = 10" lb-in.*, W = 2000 lb, and 
k * .2 kips/in. If the weight has a displacement of 0.5 in. and a velocity of 10 in./sec 
at 1 " 0, w hat is the displacement and velocity at t = 1 sec? Assume no damping. 
Answer 
y = +0.62 in. 
y = +3.2 in./sec 

2.3 Compute the natural frequency in the horizontal mode of the steel rigid frame 
shown in Fig. 2.28. The horizontal girder may be assumed infinitely rigid, and the 
mass of the columns may be neglected. 

Answer 

co = 9.5 rad/sec 


figure 2.28 Problems 2.3, 2.4, and 2.7 

2.4 Repeat Prob. 2.3, taking into account the girder flexibility. The horizontal 
member is a steel 18WF50 member. 

Answer 

« = 9.2 rad/sec 
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2.5 The weight of the system given in Prob. 2.2 is subjected to a vertical force. 
Compute the displacement at t = 0.3 sec for the following load functions, assuming 
no damping: (a) a force of 1000 lb applied suddenly at t = 0 and removed suddenly 
at / = 0.2 sec; (6) a force of 1000 lb applied suddenly at t = 0 and decreasing linearly 
to zero at t — 0.5 sec. 

2.6 Using the appropriate charts, determine the maximum displacement and time 
of maximum displacement for both load cases of Prob. 2.5. 

2.7 The rigid frame of Prob. 2.3 is subjected to a horizontal force applied at the 
girder level. The force increases linearly from zero at t - 0 to 4 kips at t - 0.5 sec 
and then remains constant. Neglect damping. 

a. Compute the horizontal deflection at t = 0.7 sec. 

b. Using the appropriate chart, determine the maximum deflection and the time of 
maximum deflection. 

Answer 

a. y — 0.64 in. 

b. y m - 0.74 in. 
t m ~ 0.55 sec 

2.8 Repeat Prob. 2.2, assuming that the system has 15 percent of critical damping. 

2.9 Repeat Prob. 2.5a, assuming that there is 10 percent of critical damping. 

2.10 For the load-time function in Fig. 2.29, derive the expression for DLF as a 
function of t, «, and t d which applies when t > t d . 



figure 2.29 Problem 2.10. Load-time func¬ 
tion. 


! 

i 

i 


2.11 For the dynamic system and load function shown in Fig. 2.30, compute by 
rigorous methods and plot the displacement versus time up to t — 0.6 sec. 



time function. 


Rigorous Analysis of One-degree Systems 83 

2.12 It is observed experimentally that the amplitude of free vibration in the fun¬ 
damental mode of a certain structure decreases from 1 to 0.6 in. in 10 cycles. What 
is the percentage of critical damping? 

Answer 
0.815 percent 

2.13 The sliding block shown in Fig. 2.13 has a natural period of 0.5 sec, and the 
coefficient of Friction between the block and surface is 0.05. 

a. If the block is given an initial displacement of I in., what is the displacement 
after 1 cycle of vibration? 

b. If the block is given an initial velocity of 10 in./sec, what is the velocity after 
1 cycle? 

Answer 

a. 0.51 in. 

b. 3.85 in./sec 

2.14 A simple undamped spring-mass system has a natural frequency of 10 rad/sec 

and is subjected to a force F x sin fit. Compute the DLF at t = 0.4tt sec if (a) fi = 2w, 
(6) fi =* a>, and (c) fi = The system starts at rest. 

2.15 Repeat Prob. 2.14 for the case of 5 percent of critical damping. 

2.16 What would be the steady-state maximum DLF for the damped system of 
Prob. 2.15 after many cycles of loading? 

2.17 The steel rigid frame shown in Fig. 2.31 supports a rotating machine which 
exerts a horizontal force at the girder level of (1000 sin IK) lb. Assuming 4 percent of 
critical damping, what is the steady-state amplitude of vibration? 

Answer 
0.80 in. 


figure 2.31 Problems 2.17 to 2.20. 


io kips 





2.18 The frame of Fig. 2.31 is subjected to horizontal support motion. Using the 
appropriate chart, determine the maximum absolute deflection at the top of the frame 
due to the support motion shown in Fig. 2.32. Assume no damping. 

Answer 
y m =* 1.51 in. 


figure 2.32 Problem 2.18. Support motion. 



2.19 In Prob. 2.18, compute the bending stress in the columns at t — 0.30 sec. 
Answer 

a — 11,800 pai 
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2.20 In Prob. 2.17, compute the maximum column bending stress due to a continuous 
support acceleration given by (50 sin 11<) in./sec 2 . 

2.21 For the dynamic system and load function shown in Fig. 2.33, compute the 
deflection at t = 0.15 sec. 



figure 2.33 Problems 2.21 and 2.22. Dynamic system 
and load-time function. 

2.22 Using the appropriate chart, determine the maximum deflection and time of 
maximum deflection for the system and loading of Fig. 2.33. R m is the available 
resistance in excess of the dead-weight spring force. 

2.23 Using the appropriate charts, determine the maximum deflection and the time 
of that deflection for the system of Fig. 2.33a and the load functions of Fig. 2.34a 
and b. 



(a) (4) 


figure 2.34 Problem 2.23. Load-time functions. 


3 

Lumped-mass 
Multidegfee Systems 


3.1 Introduction 

The subject of this chapter is the analysis of discrete-parameter systems, 
i.e., systems consisting of a finite number of lumped masses connected by 
springs. The number of degrees of freedom is equal to the number of 
independent types of motion possible in the system. Stated differently, 
the number of degrees equals the number of independent coordinates 
necessary and sufficient to define completely the configuration of the 
system. To illustrate, the position of the pendulum shown in Fig. 3.1a 
could be defined either by y or by 6, but not by both, since the two coordi¬ 
nates are not independent. Therefore it is a one- rather than a two- 
degree system. The double pendulum shown in Fig. 3.16 is, on the other 
hand, a two-degree system, since two coordinates (for example, yi and y 2 
or 0! and 0 2 ) are required. 

It may be stated that, for each degree of freedom, there is an inde¬ 
pendent differential equation of motion. For example, the equations for 
the two-degree system shown in Fig. 3.2, obtained by considering the 
dynamic equilibrium of the two masses, are 

Miiji + fcjya - k 2 (y 2 - y{) = Fi(t) 

M 2 y 2 + k 2 (y 2 — y t ) = F 2 (t) ' ' ’ 

As a somewhat different example, consider the rigid mass supported 
by two springs as shown in Fig. 3.3. Assuming no horizontal motion, 
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(b) figure 3.1 One- and two-degree systems. 

there are two independent coordinates, y and 6, and hence it is a two- 
degree system. The spring forces are given by k(y ± dd) for small rota¬ 
tions, and the two equations of motion based on vertical and rotational 
dynamic equilibrium are 

My + 2 ky = F(t ) , . 

Id + (2 kd 2 )9 = 3TZ t (0 v J 

where / is the mass moment of inertia. 



figure 3.2 Two-degree system—dynamic equilibrium. 



An important distinction may be made between Eqs. (3.1) and (3.2). 
In the former, y x and y 2 appear in both equations, and the pair are said 
to be coupled. Determination of the response of the system therefore 
involves the simultaneous solution of two equations. Equations (3.2) are, 
on the other hand, uncoupled, and each of the two equations may be solved 
separately. The analysis of the system represented by the latter equa¬ 
tions may therefore be treated as that for two independent one-degree 
systems. It should also be apparent from the above that the number of 
degrees of freedom is not necessarily equal to the number of lumped 
masses. 

Our consideration herein will be restricted to planar systems for which 
there can be no more than three degrees of freedom per mass. In the 
most generail case of three-dimensional motion, six coordinates are required 
to define the position of each mass. 

The springs in a lumped-mass system may be arranged in different ways, 
depending upon the characteristics of the structure. For example, if in 
the three-story building frame of Fig. 3.4a, the girder rigidity approaches 
infinity, the system (considering only horizontal motion) may be repre¬ 
sented as shown in Fig. 3.46. On the other hand, if the girders are flex¬ 
ible, a proper representation is as shown in Fig. 3.4c. The reason for 
this difference may be understood if one imagines that the third floor is 
displaced horizontally while the second floor is held fixed. With rigid 
girders, no force is transmitted to the first floor, and therefore no spring 
is needed between the third and first. With flexible girders, however, the 
joints at the second level would rotate, the columns below would be dis¬ 
torted, and forces would therefore be applied to the first floor, causing it 
to displace. This interaction is represented in Fig. 3.4c by the spring k 4 , 
and the same reasoning accounts for springs fc 6 and k 6 . The system in 
Fig. 3.46 is said to be close-coupled, and that in Fig. 3.4c, far-coupled. 
Although the number of springs affects the equations of motion, both 
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(a) (c) 


figure 3.4 Close- and far-coupled systems. 

systems have three degrees of freedom and the methods of analysis are 
identical. 

Beams or other elements with significant mass at more than one point 
are always far-coupled systems. For example, the beam with two mass 
concentrations as shown in Fig. 3.5a could be represented as indicated in 
Fig. 3.56. This is proper since a deflection at mass 1 (but not at mass 2) 
would cause a reaction- at support 3. This is accounted for by spring k t . 

It should be emphasized that lumped-mass systems are not idealistic 
and analyses of such systems are not intended to be mere academic 
exercises. Many structures such as the frame in Fig. 3.4a have essen¬ 
tially lumped masses since the weight of the columns and walls is often 
negligible compared with that of the floors. Hence an analysis based on 
the systems shown in Fig. 3.4a or 6 is essentially exact. Truly distrib¬ 
uted mass systems, e.g., a beam with uniformly distributed weight, have 
an infinite number of degrees of freedom. However, as will be seen in 
Chap. 4, any practical analysis deals with a limited number of degrees 
which can be represented by a lumped-mass-spring system. Thus the 
methods of analysis given in this chapter have a wide range of application. 

It is appropriate at this point to introduce tentatively the concept of 
normal modes (or natural modes) of vibration. A system has exactly the 
same number of normal modes as degrees of freedom. Associated with 
each mode is a natural frequency and a characteristic sha-pe. The distin¬ 
guishing feature of a normal mode is that the system could, under certain 
circumstances, vibrate freely in that mode alone, and during such vibra¬ 
tion the ratio of the displacements of any two masses is constant with 
time. These ratios define the characteristic shape of the mode. An 
extremely important fact, which is the basis of multidegree analysis, is 
that the complete motion of the system may be obtained by superimposing 
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figure 3.5 Beam with lumped masses 
—equivalent mass-spring system. 



the independent motions of the individual modes. More complete defi¬ 
nition and the great significance of normal modes will unfold in later 
sections of this chapter. 

The next four sections deal with the determination of natural fre¬ 
quencies and characteristic shapes of normal modes. This emphasis is 
deliberate for two reasons: (1) such determination must be the first step 
in the dynamic analysis of the system; and (2) an experienced analyst 
can deduce a great deal concerning the behavior of a structure from 
knowledge of its normal modes. 


3.2 Direct Determination of Natural Frequencies 

The equations of motion for a system having N masses and N degrees of 
freedom but no external forces have the following form: 

MiVi + knyi + ki 2 y 2 -j- • • • + k iN y N = 0 
M 2 yi 4- k n yi + k 22 y 2 -{-•••+ k^yx = 0 


Mn^n + k Nl yi + kff 2 y 2 -f- ■ • • + k^NyN — 0 

where the k’s are stiffness coefficients, which are spring constants or com¬ 
binations thereof, and the y’s are the displacements of the lumped masses.* 

* Matrix notation is obviously convenient when-dealing with simultaneous equations 
of motion. However, it is not used in this text because it is believed to obscure the 
physical meaning of equations, and hence is not advisable for introductory material. 
A matrix formulation of the modal method of analysis is given in the Appendix. 
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It will first be shown that vibration in a normal mode must always be 
harmonic. As stated in the previous section, during vibration in a single 
mode, the displacements of the several masses are always in the same 
proportion; i.e., all possible positions are geometrically similar. This may 
be indicated by 

Vi = ajfy), yi = aifft), . ■ . , y N = a N ffy) (3.4) 

where ffy) is the same time function in each case, and the a’s are the 
amplitudes of the individual motions. Substituting into Eqs. (3.3), 

M\d\f(t) kua,if(t) -f- kndtffy) + • • • + ki^ajsiffy) = 0 
M 2 aiffy) 4- k 2 \a\f(t) + kitfLiffy) -f • • • 4- k 2N a N f(t ) = 0 

M N a N ffy) + k Nl aif(t) + k N2 aif(t ) + • • • + k NN a N f(t) = 0 

where ffy) is the second derivative of /(/) with respect to time. Rearrang¬ 
ing these last equations, 

ffy) __ ~~kua,i ki 2 a 2 — • • * — ki^o-N 

ffy) Midi 

ffy) _ k 2 \d\ k 22 d 2 — • • ■ — kzN&N 

ffy) Mld 2 - (3 ' 5) 


ffy) _ —kNiQ-i — kN2d 2 — k NN a N 

ffy) M Ndf/ 

Since the left sides of Eqs. (3.5) are all identical, the right sides must be 
equal to the same constant, which will be identified by -w 2 . Thus all 
equations may be written as 

M _ _ 2 
ffy) 

or ffy) + «*/(*) = o (3.6) 

Equation (3.6), when solved, yields 

ffy) *= Ci sin ut + C 2 cos at = C z sin ufy + a) (3.7) 


Thus it has been shown that motion as defined by Eq. (3.4) is possible 
and, furthermore, that such motion is harmonic with a natural frequency 
of a. This conclusion applies to any one of the N normal modes of the 
system. Note that all masses vibrate in phase with the same natural 
frequency. 
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To determine the natural frequency of the several modes, Eqs. (3.5) 
may be used. Substituting the constant - « 2 for the left-hand sides and 
rearranging, 

(fc u - M 10 > 2 )a x + k 12 a 2 + • • • + k 1N a N = 0 
kadi + (k 22 ~ M 2 o» 2 )a 2 + • • • -f k 2N d N = 0 


k*na i + k N2 d 2 + • • • -f (k NN - M N o> 2 )a N = 0 

These equations can be used to solve for relative values of the amplitudes 
a i ' • • aN ‘ Recalling Cramer's rule for solving such equations, we may 
state that nontrivial values of the amplitudes exist only if the determinant 
of the coefficients of a is equal to zero, because the equations are homo¬ 
geneous; i.e., the right sides are zero. Since free vibration must be pos¬ 
sible in a normal mode, we write 

(k n - M lW 2 ) k i2 • • • k lN 

k&i (k 2 2 — M 2 o> 2 ) • • • k 2N 


kxi k ^ 2 • • • (kNN — Mn(* > 2 ) | 

All k’s are presumably known, and expansion of this determinant leads 
to a frequency equation which can be solved for w. There is one real root 
for each normal mode, and hence N natural frequencies are obtained. 

This procedure for the determination of natural frequencies is illus¬ 
trated by an example involving a two-degree system, in the following 
paragraph. It will become apparent that solution of the frequency equa¬ 
tion becomes extremely cumbersome as the number of modes increases. 
For this reason other procedures have been devised. An iterative method 
is given in Sec. 3.4, and an approximate method in Sec. 3.5. 

In mathematical terms the problem discussed above is known as a 
chdrncteristic-value problem and the quantities co 2 as chdracteristic values, 
or eigenvalues. The solution of this problem is of importance in many 
engineering fields, and several methods for the determination and manipu¬ 
lation of eigenvalues are to be found in the literature. 312 Attention herein 
will be focused on those methods which seem most useful for the type of 
problems considered. 

a. Two-degree Systems 

The equations of free motion for the far-coupled undamped two-degree 
system shown in Fig. 3.6 are 


= 0 (3.9) 



M-iiji + kxyi — k 2 (y 2 — yi ) = 0 
M 2 y 2 + k 2 (y 2 - yi ) -f- k 3 y 2 = 0 


(3.10) 
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jvK. 


-/l) 

^ yz ~ y ^\ 1 1^3/2 


figure 3.6 Two-degree system- 
dynamic equilibrium. 


As indicated by Eq. (3.7), if the system is vibrating in a normal mode, the 
two displacements are harmonic and in phase, and may be expressed by 

y 1 = ai sin <a(t + a) yi = —a x co 2 sin u(t + a) 

V* = a 2 sin io(t -fa) y 2 — — a 2 o> 2 sin a >{t + a) 

As an alternative to the direct use of Eqs. (3.9) for the determination of 
natural frequencies, *we may substitute these expressions into Eqs. (3.10) 
to obtain 


[ — MiOi 2 ai -f kidy — /c 2 (a 2 — ai)J sin u(t -f a) = 0 
[— M^az + k 2 ( 0,2 — Oi) + fc 3 a 2 ] sin «(< + a) = 0 

(—Mi w 2 -f hi + A: 2 )«i + ( —fcj)o 2 = 0 
( —fc 2 )«i -f ( — Mao 2 -f k 2 -f fc 3 )a 2 == 0 


(3.11) 


In order for the amplitudes to have any values other than zero (a neces¬ 
sary condition for a normal mode), the determinant of the coefficients 
must be equal to zero. 


( — ilfiw 2 -f ki -f k 2 ) 
(-**) 


( — k 2 ) 

( — Mu* 2 -f + fc 3 ) 


Expanding this determinant gives the equation 


( — Mil* 2 -f k\ -f k 2 )(—M 2 o} 2 -f k 2 + k 3 ) — (k 2 ) 2 = 0 

(«*)* - Al + _j_ ^ 2 + 2 , fe»(fel + kz) + tjfc, _ 0 /n y 2) 

K } \ M! ^ Ml ) w + M1M2 ”° (3 ‘ 12) 


This is the frequency equation for the two-degree system in Fig. 3.6. The 
two real roots are the squares of the natural frequencies of the two normal 
modes. 
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To illustrate further, suppose that all three spring constants are equal 
to k and both masses equal to M. Equation (3.12) then becomes 



The two roots of this equation are 



These are the natural circular frequencies of the two normal modes. The 
smaller frequency a>i corresponds to the fundamental, or first, mode, while 
a> 2 is the frequency of the second mode. 

3.3 Characteristic Shapes 

Having the natural frequencies of the multidegree system represented by 
Eqs. (3.3), the characteristic shapes of the modes may be obtained by 
the use of Eqs. (3.8). If the value of to 2 for a particular mode is substi¬ 
tuted into these N equations, there are then exactly N unknowns, namely, 
the characteristic amplitudes ai • ■ ■ a^ of that mode. Since the right 
sides of Eqs. (3.8) are zero, unique values of the a’s are not obtained. 
However, it is possible to obtain the relative values of all amplitudes, or 
in other words, the ratio of any two. If an arbitrary value is given one 
amplitude, all others are then fixed in magnitude. A set of such arbi¬ 
trary amplitudes defines the characteristic shape, since the latter is not 
dependent upon absolute values of amplitude. In mathematical terms, 
a set of modal amplitudes is known as a characteristic vector. 

It is not surprising that unique values of the characteristic amplitudes 
are unobtainable. We are here dealing with free vibration, the cause of 
which has not been defined by either initial conditions or forcing function. 
The important point is that the amplitudes of a normal mode are always 
in the same proportion; i.e., the shape is maintained, regardless of the 
cause of the vibration. 

To illustrate the above, consider again the two-degree system of Sec. 
3. 2o an d Fig. 3.6, for w hich the natural frequencies were found to be 
y/k/M and 1.73 y/k/M. Since the k ’s were taken to be equals, as were 
the M’s, Eqs. (3.11) become 


( — Mu 2 -f 2k)ai + ( — k)a 2 — 0 
( — k)ai -f- (— Mi* 2 + 2 k)a 2 — 0 
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Substituting o 1( the frequency of the first mode, into the first equation 
yields 

(~k -f- 2k)a,n + ( — k)a-n = 0 
Therefore a n = a 21 

which defines the characteristic shape of the first mode. The same result 
would have been obtained by substitution into the second equation. The 
notation adopted is that the first subscript on the a indicates the mass, 
or point on the structure at which the amplitude occurs, and the second 
subscript designates the mode. Substituting <02 into either equation 
yields 

( — 3k + 2k)an + ( — k)a 2 2 = 0 
Therefore a l2 = -a 22 

which defines the characteristic shape of the second mode. If it is desired 
to assign arbitrary values to the amplitudes, the two modal shapes could 
be indicated by 

«U = +1 «21 = +1 

«12 = +1 0.22 = — 1 

The two characteristic shapes, i.e., the motions associated with the 
normal modes, are indicated in Fig. 3.7. In the first mode the two masses 
move in the same direction and by the same amount. In the second mode 
they move by the same amount but in opposite directions. In both cases 



First mode 


Second mode 


figure 3.7 Characteristic shapes of normal modes. 
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the motions of the two masses are in phase; i.e., the maximum displace¬ 
ments are attained simultaneously. The neutral point of the vibration 
is the static dead-load position, and the a’s are in reality amplitudes of 
the total motion. It should be intuitively obvious that the type of dis¬ 
tortion associated with the first mode should, as we have shown, have a 
lower natural frequency than that associated with the s’econd mode. 

a. Orthogonality 

An extremely important property of normal modes is the fact that any 
two modes are orthogonal. This may be expressed as follows: 

j 

£ MrOrnOrm = 0 (3.13a) 

r = I 

where n and m identify any two normal modes of the system, and the 
subscript r refers to the rth mass out of a total of j masses. The sum¬ 
mation therefore indicates a series with one term for each mass of the 
system. The proof of Eq. (3.13a) is given below.* 

When the system is vibrating in the nth mode and has attained the 
maximum amplitude, the masses could be placed in static equilibrium by 
the application of inertia forces equal to Maw n 2 . This statement, which 
is not limited to maximum displacement but could be made for any modal 
position, is merely D’Alembert's principle of dynamic equilibrium. For 
the nth mode and the rth mass, the inertia force would be identified by 
M,a rn (j} n 2 . Suppose now that a virtual displacement corresponding to the 
mth mode is introduced. The virtual work done by the inertia forces 
during this process is 

£ (M r a rn o> n 2 )a Tm 

r — l 

If the process is now reversed, i.e., virtual displacements corresponding 
to the nth mode are imposed on the system already in the mth mode, the 
virtual work is 

J 

£ ( Af r a r „,a> m "0 ct rn 

r = 1 

According to the elementary principle known as Betti’s law, 13 these two 

* An equivalent statement of orthogonality is that the scalar product of two normal¬ 
ized characteristic vectors is zero. Various proofs may be found in textbooks on 
applied mathematics. 1 * The one given here is purposely developed by the use of 
common structural concepts. An alternative proof in matrix notation is given in the 
Appendix. 
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virtual work quantities must be equal. Therefore 

} i 

^n 2 2 ^ Mj&rnQ’n* ~ C 0 m 2 V M r d rm a Tn 

r=l r =1 

or (« n 2 - « m 2 ) £ M T a rn a rm = 0 

r = 1 

Since (w„ 2 — w ro 2 ) cannot be zero if n m, 

£ MrdTnClrm = 0 (3.13a) 

r = 1 

which is the orthogonality condition. This is an extremely useful concept 
in the analysis of multidegree systems. 

The validity of Eq. (3.13a) can be demonstrated by consideration of 
the two-degree example of Secs. 3.2a and 3.3, for which the characteristic 
shapes were found to be 

dn = -j-1 d2\ = +1 

ftl2 — “f-1 dn — — 1 

Writing Eq. (3.13a) for a two-degree system, 

Midndn + M 2 a 2 \d 22 = 0 

and substituting M\ — M 2 = M (as assumed in the example) and the 
numerical characteristic amplitudes, we obtain 

Af(+1)(+1) + M(+1)(-1) = 0 

Thus the orthogonality condition is satisfied. 

Another form of orthogonality which is also useful involves spring con¬ 
stants rather than masses and may be developed as follows. 

For a system vibrating in a normal mode, the inertia and spring forces 
form a set of forces in equilibrium. By the law of virtual work the net 
work done by such a set during a virtual distortion must be zero. For 
the nth mode, let the inertia force at mass r be Af r co rt 2 a rn and the force in 
spring g be kA on , where A„„ is the spring distortion. Then the total work 
during a virtual distortion in the form of the mth mode is 

i « 

5 ) (M r 03 n 2 d rn )d rm + 2 gn^gm 0 

r“1 g-l 

j 1 * 

V M r a rn d rm -f* - V k g A gn A gm ~ 0 

r-1 1 


or 
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where j and s are the number of masses and springs, respectively. By 
Eq. (3.13a), the first series in the last equation is zero, and therefore 

8 

2 K^ 0 nA gm = 0 (3.136) 

0 = 1 

♦ 

which is the second orthogonality condition. 

In the two-degree example previously cited, the modal spring distor¬ 
tions may be determined from the modal amplitudes as follows (Fig. 3.7): 

An = an = +1 A 2 i = a 2l — a n = 0 

A 12 = d \2 = -fl A 22 = a 2 2 — a i2 = —2 

Ajx = a 2 i =-fl A 32 = a 22 = —1 

Therefore, since all spring constants are k, substitution into Eq. (3 136) 
gives 

3 

J k a A on A gm = k(+l)( + l) 4- A;(0)( —2) 4- A;(4-l)(~l) = 0 
0 =• 1 

which demonstrates the validity of the second orthogonality condition. 

3.4 Stodola-Vianello Procedure for Natural Frequencies and Charac¬ 
teristic Shapes 

Direct determination of natural frequencies and characteristic shapes as 
given in Sec. 3.2 is excessively tedious if there are more than two, or 
perhaps three, degrees of freedom. This is true because, for an N- 
degree system, the frequency equation [e.g., Eq. (3.12)] is of degree N and 
the solution is very laborious if N > 2 or 3. Furthermore, the expan¬ 
sion of the determinant [Eq. (3.9)] may be impractical in such cases. It 
is therefore necessary to resort to numerical, iterative (i.e., trial-and- 
error) procedures. The most commonly used of these is that associated 
with the names of Stodola and Vianello. 

In the general case, this procedure involves the solution of Eqs. (3.8) 
by iteration, which yields both the natural frequency and the character¬ 
istic shape. The procedure is as follows: (1) assume a characteristic 
shape, i.e., a set of a values; (2) using one of Eqs. (3.8), solve for o> 2 ; 
(3) using the remaining (N — 1) equations, obtain a new shape by solving 
for (N — 1) a s in terms of the Wth a; and (4) using the new shape just 
computed as the assumed shape in the next cycle, repeat the procedure 
to convergence, i.e., until the computed shape is the same as the previ¬ 
ously assumed shape. In step 3 it is usually convenient to assign a unit 
value to the Nth a. The rate of convergence may be increased by “over¬ 
relaxation. ” i.e., by using an improved estimate of the shape in step 4, 
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figure 3.8 Three-degree system—dynamic 
equilibrium. 


based on the trend of convergence rather than that actually computed 
in step 3. However, this refinement is not necessary and requires experi¬ 
ence to be done successfully. 

The procedure outlined will converge on either the highest or the lowest 
mode, depending upon the form of the equations of motion (Sec. 3.4a). 
The other modes are then obtained, using the same procedure, after having 
first eliminated one of the equations by use of the orthogonality condition. 

1 he Stodola-Vianello method is best described by a numerical example. 
For this purpose the natural frequencies and characteristic shapes of the 
three-degree system shown in Fig. 3.8 will be determined. The equations 
of free motion are 

Miih + k lVl - k 2 (y 2 - y x ) = 0 
+ k 2 (y 2 - yi) - k 3 (y 3 - y 2 ) = 0 (3.14) 

M 3 y 3 -f- k 3 (y 3 — y 2 ) = 0 

Proceeding as before, we substitute 

y T = a rn sin u n (t + a) and y r = — a rn o>„ 2 sin o)„(f + a) 

cancel the common sine terms, and rearrange to obtain 

(-M iw„ 2 + ki + k 2 )ai n + ( — k 2 )a 2n — 0 
( — k 2 )a ln + ( — Af 2 w„ 2 + k 2 + k 3 )a 2n 4- ( — k 3 )a 3n = 0 (3.15) 

( — k 3 )a 2n + ( — M 3 o>„ 2 -f- k 3 )a 3n = 0 

where the subscript n indicates that the equations apply to any mode. 
For the numerical example, the following values are given: 

Mi = 2 lb-see 2 /in. M 2 = M 3 = 1 Ib-sec 2 /in. 
ki = 6000 lb/in. fc 2 = 4000 lb/in. k s = 2000 lb/in. 
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Insertion of these values in Eq. (3.15) and rearrangement leads to the 
following convenient form of the equations: 

(a) w n 2 a ln = 5000a !)t - 2000a 2n 

(&) <*>n 2 a 2n = - 4000a,„ + 6000a 2n - 2000a 3n (3.16) 

(c) w„ 2 a 3 „ = — 2000a 2 „ 4- 2000a 3 „ 

The procedure is to substitute an assumed shape in the right sides of the 

equations, use one equation to compute w„ 2 , and use the two remaining 
equations to obtain the second trial shape. After this process has been 
repeated several times, the shape will converge on that of the highest, or 
third, mode, and therefore the analyst should begin by making an esti¬ 
mate of the relative amplitudes for that mode. For example, let us 
assume 

fli3 = +1 a 23 = —1.5 a 33 = +0.5 

Substituting these in Eq. (3.16a), 

w 3 2 ( + 1) = 5000(+l) - 2000( —1.5) o) 3 2 * 8000 

Substituting this value for w 3 2 and the a’s in the right side of Eq. (3.165), 

8000(a«) = —4000(+1) + 6000(-1.5) - 2000(+0.5) 
Therefore a 23 = -1.75 

Finally, from Eq. (3.16c), 

8000 (a 33 ) = — 2000( —1.5) + 2000(0.5) a 33 = +0.5 

Therefore the first estimate of w 3 2 is 8000, and the next trial shape is to 
be taken as a, 3 = +1, a 23 = —1.75, and a 33 = +0.5. This procedure 
is repeated until convergence is achieved as indicated in Table 3.1. It 
may be seen that five cycles are required to obtain what is considered to 
be satisfactory agreement between the assumed and computed shapes. 
The last values computed are adopted as shown in the summary of Table 
3.1. It is important to retain sufficient significant figures in the first mode 
computed since small errors here would result in large errors in the last 
mode computed. It should be recalled that the absolute amplitudes are 
indeterminate and the values used are arbitrary, since a, 3 was arbitrarily 
taken as unity. However, the ratios of the amplitudes are all that is 
required. 

Proceeding to the next mode, we use the orthogonality condition to 
reduce the number of equations by one. If, in Eq. (3.13a), n is taken to 
be the third mode just computed and m the second mode now to be com- 
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Tabic 3.1 Stodola- Vianello Procedure (for System Shown in Fig. 3.8) 


Third mode 




Trial values 


Computed values 

no. 

On 

023 

#88 

w, 1 

Eq. (8.16a) 

02 s 

Eq. (8.16b) 

O 33 

Eq. (S. 16c) 

1 

+ 1 

-1.50 

+0.50 

8000 

-1.75 

+0.500 

2 

+ 1 

-1.75 

+0.50 

8500 

-1.82 

+0.53 

3 

+ 1 

-1.82 

+0.53 

8640 

-1.85 

+0.545 

4 

+ 1 

-1.85 

+0.545 

8700 

-1.86 

+0.550 

5 

+ 1 

-1.86 

+0.550 

8720 

-1.866 

+0.554 


Second mode 



Trial values 

Computed values 

Trial no. 

On 

022 

0>3* 

Eq. (3.18a) 

Oij 

Eq. (3.18b) 

032 

Eq. (8.17) 

1 

+ 1 

+0.5 

4000 

0.713 


2 

+ 1 

+0.713 

3570 

+0.754 


3 

+ 1 

+0.754 

3440 

+0.764 


4 

+ 1 

+0.764 

3470 

+0.765 

-1.033 


Summary 




o 1 

02 

0 , 

CO 

/, cps 

Third mode 

8720 

+ 1 

-1.866 

+0.554 

93.4 

14.86 

Second mode 

3470 

+ 1 

+0.765 

-1.033 

58.9 

9.37 

First mode 

780 

+ 1 

+2.11 

+3.50 

28.0 

4 45 


puted, the expanded series is 

3 

^ M r Q, Tm (lrn = Afi(Ii2ttl3 + M 2 a 22 fl23 + ^3^32^33 
r= 1 

= 2(au)(+l) + l(a 22 )(-1.866) + l(a„) (+0.554) 
or <132 — —3.610ffi2 + 3.368(i22 (3-17) 

Substituting the last expression for a 32 into Eqs. (3.16) results in only 
two independent equations, which may be written as follows: 


(a) 

(b) 


w 2 2 ai 2 = 5000ai 2 — 2000a 22 
o > 2 2 &22 = 3220ai 2 736a 22 


(3.18) 
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We now iterate Eqs. (3.18) to obtain w 2 2 , a J2 , and a 22 , and then use Eq. 
(3.17) to obtain a 32 . Assume a X2 = +1, a 22 = +0.5. By Eq. (3.18a), 

* 2 2 (+l) = 5000(+l) - 2000(+0.5) a > 2 2 = 4000 

By Eq. (3.186), 

4000(a 22 ) = 3220(+l) - 736(+0.5) a 22 = +0.713 

Subsequent cycles of iteration are given in Table 3.1, where it may be 
seen that four cycles are required for satisfactory results. In the last 
step, Eq. (3.17) is used to obtain a 32 . 

The first mode can now be computed directly from the orthogonality 
condition. This is always true of the last mode computed. Equation 
(3.13a) must be applied twice, first combining the third and first modes, 
and then combining the second and first modes. 


^ M, 4 i r 2 a r \ — Altaian + ■M 2 a 22 a 2 i + 7 W 303^31 

r -= 1 

= 2(+l)a n + l(+0.765)an + l(-1.033)a 3 i - 0 

3 

Y, M,a r za r i = MianOn + M2a 23 a 2 i + Mzawdn 

r- 1 

= 2(+l)a u + 1( — 1.866)a 2 i + l(+0.554)a 3 i - 0 


(3.19) 


Taking an = +1, these two equations are solved simultaneously to 
provide 

o 21 = +2.11 031 = +3.50 

Any one of Eqs. (3.16) may now be used to compute coi 2 . Using Eq. 
(3.16a), 

«i 2 (+l) = 5000(+l) - 2000(+2.11) 
a ,, 2 = 780 

As a check on the accuracy of the solution, the frequency and shape of 
the last computed mode may be substituted into either Eq. (3.166) or 
(3.16c). It will be found that, in most cases, slide-rule computation does 
not provide sufficient significant figures if there are more than three modes. 

The summary in Table 3.1 gives the complete solution of the problem, 
i.e., the frequencies and characteristic shapes of the normal modes for 
the system in Fig. 3.8. The characteristic shapes are depicted graphi¬ 
cally in Fig. 3.9. 


a. Alternative Use of Flexibility and Stiffness Equations 

In the preceding sections the natural frequencies and characteristic 
shapes were derived from stiffness equations; i.e., the equations of motion 




were written in terms of stiffness coefficients k. For example, each of 
Eqs. (3.3) is of the form 

My + 2 ky = ° (3.20) 

where the k ’s are stiffnesses. When the Stodola-Vianello procedure is 
applied to such equations, the first mode obtained is the highest mode; 
e.g., in the computations based on Fig. 3.8 the third mode was first 
obtained. In many cases this is undesirable since the fundamental, or 
first, mode is usually of greatest interest. In fact, when dealing with 
many degrees of freedom, analysis is often based on the first few modes 
alone, while the higher modes are neglected. 

This difficulty can be circumvented if the equations of motion are 
written in terms of flexibility coefficients. The form of the equations is 
then 

y + %DMy = 0 (3.21) 

where the D’a are flexibility coefficients. If the Stodola-Vianello method 
is applied to equations such as (3.21), the first mode obtained, rather than 
the highest, is the fundamental. 

To illustrate the use of flexibility coefficients, consider the beam with 
three concentrated masses as shown in Fig. 3.10. The coefficients are 
denoted by Dy, which, by the usual structural convention, indicates the 
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(d) 


figure 3.11) Beam with concentrated 
masses—flexibility coefficients. 



deflection at point i due to a unit force applied at point j. Thus the coef¬ 
ficients are determined by the successive application of unit forces at the 
various points. For example, in Fig. 3.10b, the coefficients obtained by 
applying a unit force at point 1 are indicated. Since, in a normal mode, 
the only forces involved are inertia forces, the equations of motion are 
derived from the fact that, at any instant, the total deflection is the sum 
of the deflections due to the individual inertia forces. Considering the 
force system shown in Fig. 3.10c, the following may be written: 

yi = —MiQiDn — M 2 y 2 D u — M z yzDn 

y% = -MiyiDn - M 2 y2D 22 - M z y s D 2a (3.22) 

y 3 = —MitfiDn — M 2 yJ) a2 — M a yJ) aa 

As in previous discussions, we now substitute y r = a rn sin w n (t + «) and 

= ~°r n^n 2 sin a) n (t + a), cancel the common sine terms, and rearrange 
to obtain 


(MiDn - + (M 2 D n )a u + (M 3 D l2 )au = 0 

(MJ>u)ai n + (m 2 D 22 - a 2 „ + {M z D n )a 3n = 0 (3.23) 

[MiD Z i)a ln + (M 2 D 92 )a 2n + (m 3 D zz — ^ja Zn = 0 


These equations are equivalent to Eqs. (3.8) or, in the previous example 
given, Eqs. (3.15). The Stodola-Vianello procedure may be applied to 
Eqs. (3.23) in exactly the same manner as previously described for stiff- 
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ness equations. The first step would be to rewrite the equations in the 
form 

2 = MxD\\(l\ n -T MtDx%a% n T" MiDxzCtZn 

2 = MzDzzdin + MsDudz n (3.24) 

(t) n 

—- = MxDzxdln + + M%D zzdz n 

Wfl 

which are equivalent to Eqs. (3.16). The procedure would then be 
exactly the same as illustrated after Eqs. (3.16). It will be found that 
the fundamental mode is first obtained. 

In view of the disadvantage of obtaining the highest mode first, the 
only reason for using stiffness equations is that, in many cases, the stiff¬ 
ness coefficients are more easily computed. For example, the stiffness 
coefficients for the rigid frame of Fig. 3.11 are obtained by introducing 
unit deflections at the floors. One set of coefficients would be computed 
by a simple moment-distribution sidesway solution as illustrated in Fig. 
3.11^, where the holding forces are the desired stiffness coefficients. On 
the other hand, determination of a similar set of flexibility coefficients 
requires a more complex analysis involving the superposition of three 
sidesway solutions followed by deflection computations as indicated in 
Fig. 3.11c. 

In other cases, the flexibility coefficients are more easily determined 
than are the stiffness coefficients. For example, for the beam of Fig. 
3.10, it is easier to determine the deflections due to unit loads than to 
determine holding forces due to imposed unit deflections. If shearing 
distortions are to be included, it is impossible to obtain the stiffness coeffi¬ 
cients directly, and one must begin with flexibilities. 

It should be noted that equations of one type can, if necessary, be 
inverted to obtain the equations of the other type. For example, if Eqs. 







figure 3.11 Rigid frame—stiffness and flexibility coefficients. 


Lumped-mass Multidegree Systems 105 

(3.22) are solved for Mxy h M 2 y 2 , and M 3 y s , one obtains the corresponding 
stiffness equations in the form of Eqs. (3.3). This or the reverse opera- 
tion is sometimes a useful procedure. 


3 * 5 Modified Rayleigh Method for Natural Frequencies 

When the system has many degrees of freedom, the Stodola-Vianello 
method for determining frequencies and characteristic shapes becomes 
exceedingly cumbersome, if not impossible. This is true because one 
must deal with the complete set of equations of motion, one equation for 
each degree of freedom. In this section an approximate method usually 
attributed to Rayleigh is presented for use when one is interested in only 
a few of the lower modes. 

It is shown in Sec. 3.5a that, by this method, the natural frequency of 
the fundamental mode can be obtained with considerable accuracy and 
yet with relative ease. The characteristic shape obtained is less accu¬ 
rate, but can be improved by an iterative procedure. In Sec. 3.56, the 
method is extended to include higher natural modes. The method 
described herein is particularly useful for systems with continuous mass 
distribution and hence an infinite number of degrees of freedom. Appli¬ 
cations of this sort are given in Chap. 4. 

a. Fundamental Mode 

I he Rayleigh method is an energy procedure based on an assumed 
characteristic shape. Let <f>'(x ) be an assumed nondimensional shape, 
where x is a coordinate defining positions on the structure, and let the 
assumed displacements be A'<f>'(x), where A' is an arbitrary constant. 
For a lumped-mass system, the assumed displacement at mass r is 
expressed by A'<f> r . If this were the true shape of a normal mode, the 
corresponding inertia force would be 

MrA'^ja 2 = constant 

Since the absolute value of the inertia force is indeterminate and of no 
importance, the constant may be dropped. Therefore let F ri represent 
this force and be given by 

Fri = 

Suppose that all the forces F ri were applied to the system and the resulting 
deflected shape determined. This new shape will be identified by <j>"(x), 
the displacements by A''<t>"(x), and that at mass r by A" <j>". If these 
displacements represent the true modal shape, it can be stated that the 
kinetic energy of this system at zero displacement equals the work done 
by the inertia forces as the system moves from zero to maximum dis- 


106 


Introduction to Structural Dynamics 


placement. This statement may be further explained by the fact that 
the work done by the inertia forces must equal the strain energy in the 
system at maximum displacement and, furthermore, that this maximum 
strain energy must equal the maximum kinetic energy at zero displacement. 
Since A"<f>” is the maximum displacement and the motion is harmonic, 
the maximum velocity of mass r is A”<f> ''w. Therefore, for the complete 
system, 

*: = X 

r= 1 

■U. = X 

r = 1 

where X — total kinetic energy at zero displacement 

‘U = total strain energy at maximum displacement 
j = number of masses 

In the expression for strain energy, the factor appears because the 
force varies linearly from zero to a maximum as the displacement increases. 
Equating the above energy expressions, we obtain 


X w 

r = 1 _ 

a" x MM'r'Y 

r *» 1 


(3.25) 


which gives the natural frequency of the fundamental mode for a lumped- 
mass system based on an assumed shape <f>'(x). The computed shape 
is a better approximation of the characteristic shape of the mode. 

To summarize, the complete procedure is as follows: (1) assume a shape 
<t>'(x)‘, (2) compute the corresponding inertia forces Fh) (3) compute the 
deflections due to F ri , or A"<f>"(x ); and (4) compute the natural frequency 
by Eq. (3.25). If greater accuracy is required, this procedure can be 
repeated using <j>"(x) as the assumed shape for the next cycle. 

The success of the Rayleigh method lies in the fact that accurate values 
of frequency are obtained even though the assumed shape is only approxi¬ 
mately correct. The best first estimate of the fundamental-mode shape 
is usually that produced by the dead weight, or in other words, by the 
gravity forces acting on the masses of the system. This was, in fact, the 
basic concept of the original Rayleigh method. The complication encoun¬ 
tered in applying the method to higher modes is that no such simple device 
exists for estimating the modal shapes. 

To illustrate the above method, we shall determine the natural fre¬ 
quency and characteristic shape for the fundamental mode of the three- 
degree system shown in Fig. 3.12. This is the same system as that used 
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k\ = 6000 Ib/in. 


^2 = 4000 Ib/in. 


= 0.257 

#i' = 1.000 


7^ = 0.450 
#2-1.750 


= 0.643 
#3 =2.500 

(fl) ib) ( C ) 

FIGURE 3.12 Determination of fundamental mode by the Rayleigh method. 

for illustration of the Stodola-Vianello method in Sec. 3.4. For the Ray¬ 
leigh method, the first step is to compute the dead-load deflections as 
indicated in Fig. 3.126. <t>'(x) is evaluated by arbitrarily letting A' equal 

the deflection at mass 1, and hence = 1. The remainder of the pro¬ 
cedure is shown in Table 3.2, where the dead-load shape is the assumed 
shape in the first cycle, and the computed shape of that cycle is taken to 
be the assumed shape of the second cycle. It may be observed that the 
frequency obtained in the first cycle is indeed accurate, since no later 
improvement is made. However, the characteristic shape is not very 
accurate, and three cycles are shown to indicate the rate of convergence. 

Comparison with the values for the fundamental mode in Table 3.1 
(the same problem done by Stodola-Vianello) reveals that the two give 
essentially the same result. Since the first mode was the last obtained 
in the Stodola-Vianello procedure, the values given in Table 3.2 are the 
more accurate. 

It should be apparent that the Rayleigh method is extremely useful 
for systems having many degrees of freedom. This is particularly true 
when the complete set of equations of motion are not required for other 
purposes and when the structure is such that stiffness and flexibility coef¬ 
ficients are difficult to compute. By this method deflections need be com¬ 
puted for only one set of loads, while to write the equations needed for 
the Stodola-Vianello method requires a whole series of computations for 
stiffness or flexibility coefficients. 
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Table 3.2 Modified Rayleigh Method for Fundamental Mode of 
System in Fig. 3.12 




Eq. (3.25): 


Assumed 

shape 

<t>'r 

II 

Computed 

deflection 

A"<f> r 

Computed 

shape 

*r 

Frit” 

MM'r'y 

1.00 

2.00 

0.001042 

1.00 

2.00 

2.00 

1.75 

1.75 

0.002104 

2.02 

3.54 

4.08 

2.50 

2.50 

0.003354 

3.22 

8.05 

10.37 





13.59 

16.46 


13.59 

i = _ _ -rno 

0.001042 X 16.46 
1.00 2.00 0.001207 

2.02 2.02 0.002517 

3.22 3.22 0.004127 


28.2 rad/sec 


. „ _ 1 ™_ _ 791 

0.001207 X 18.03 

1.00 2.00 0.001250 

2.08 2.08 0.002625 

3.42 3.42 0.004335 


u = 28.2 rad/sec 


18.24 

0.00125 X 18.45 


w =» 28.2 rad/sec 


b. Higher Modes 

The Rayleigh method may be extended to obtain a higher-mode shape 
and frequency by the Schmidt orthogonalizalion procedure . 1J In short, 
this procedure is to assume a shape, “sweep out 7 ’ those components of 
the shape associated with lower modes, and then apply the Rayleigh 
method based on the residual shape. The computation will always con¬ 
verge on the next higher mode . 3 The theoretical basis for the procedure 
is given below. 

Any shape which might be assumed can be expressed as 


4>ra = 2 1 f/ m <t>r 


(3.26) 


where <f> ra ~ assumed deflection of mass r 

<£„» = deflection coordinate for rath mode 
— participation factor for mth mode 
N — number of modes 
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This equation states the known fact that any shape which might be 
imagined can be formed by a linear combination of modal shapes. * If 
both sides of Eq. (3.26) are multiplied by M r <f> rg , where <$> Tq is the deflec¬ 
tion coordinate for the q-th mode, we obtain 

N 

M r <t>ra<t>r q = 2 (3.27) 

m = 1 

Summing over all masses, 

J j N 

2 M r <t>ra<t>rq = 2 2 4'mM r 4>rm4>rq (3.28) 

r = l r = 1 m = 1 

Since by the orthogonality condition 

j 

2 <f> rm <i>rq = 0 

r = l 

all terms on the right side of Eq. (3.28) may be eliminated, except those 
for m = q, and the equation may be written 

2 Mr<t>ra4> Tq = 2 'I'qMrtfq 

r = 1 r = 1 

Therefore the participation factor for the gth mode is 

j 

2 M r (f>ra<t>rv 

*<, = —j - (3.29) 

2 M r< 

r= 1 

and the participation of the 7 th mode in the assumed deflection at mass 
r is yf'q^rq- If, for example, the shapes of two modes u and v had been 
previously determined and the assumed deflection “swept” of these 
modes, 4> ra , would be given by 

<j>ra» = <f>ra ~ 'f'~ $v<f>rv (3.30) 

This swept shape would be used in Eq. (3.25) to compute the frequency 
of the next higher mode after u and v. It should be recognized that the 
foregoing development is merely a device by which the assumed shape is 
adjusted so as to satisfy the orthogonality condition for all previously 
computed shapes. 

* This is obviously true since any shape is defined by exactly N coordinates. Given 
these coordinates, Eq. (3.26) provides N simultaneous equations, which could be used 
to solve for the N participation factors. 











Table 3.3 Modified Rayleigh Method for Second Mode of System in Fig. 3.12 
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To illustrate the above procedure we shall obtain the second mode of 
the system shown in Fig. 3.12. The computations are shown in Table 
3.3, where the first mode is swept from the assumed shape in each cycle, 
using the characteristic shape computed in Table 3.2 for that mode! 
Otherwise the procedure is the same as that used for the first mode. The 
first-mode shape <(> Tl is taken as the last computed values in Table 3.2. 
The assumed shape in the first cycle is merely an educated guess. 

As in the case of the first mode, the natural frequency is obtained quite 
accurately in the first cycle of computation, but several cycles are required 
to obtain an accurate characteristic shape. The difference between the 
final shape computed (<*>" in the third cycle) with that given by the 
Stodola-Vianello method in Table 3.1 is due to errors in both procedures 
resulting from roundoff and incomplete convergence. 

For a many-degree system, the above procedure could be continued 
for as many modes as required. The last mode, e.g., the third mode in 
the example, can be computed directly by the orthogonality condition. 
This would not occur in practice, however, since if all modes are to be 
obtained, the Stodola-Vianello method is probably more convenient. 

3.6 Lagrange’s Equation 

Before proceeding to the determination of response for multidegree sys¬ 
tems, it is convenient to develop a basic tool, namely, Lagrange’s equation. 
This formulation, which is based upon energy concepts, is an extremely 
powerful device for the analysis of dynamic systems. It is useful not 
only for lumped-mass systems, but perhaps even more so for systems with 
distributed mass, and will be used extensively in Chap. 4. Several deri¬ 
vations of Lagrange’s equation may be found in the literature. 11 - 121416 
The approach given below is based on the law of virtual work because 
structural engineers are familiar with this principle. More concise devel¬ 
opment is possible, but requires knowledge of certain principles of mathe¬ 
matics which are not presumed herein. 

Consider the configuration shown in Fig. 3.13, consisting of an elastic 
structure (shown as a simple beam for convenience) supporting a group 

Fl 
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of j masses, M r , and subjected to a group of m forces, F t . The deflected 
shape is defined by a set of N generalized coordinates, g*. It is necessary 
that the shape be completely defined by N and only N coordinates. Thus 
the system has N degrees of freedom. The points at which these coordi¬ 
nates are given need not include the mass and load points, but the deflec¬ 
tions at the latter points must be defined by the generalized coordinates. 

Suppose now that a virtual distortion is introduced consisting of a small 
change in one generalized coordinate, q,. Let this change be designated 
by Sqi. By the law of virtual work, the work done by the external forces 
during the virtual distortion must equal the change in internal strain 
energy. Noting that, in a dynamic system, external forces include both 
real loads and inertia forces, we may write the preceding statement as 

yw e + sw in + 8V? C = 5‘u (3.31) 

where 8V? e = virtual work done by external loads Fi 
W jn — virtual work done by inertia forces 
= virtual work done by damping forces 
501 = change in internal strain energy 
Three of these terms may be expressed simply as 


(a) 



(b) 

5We “ ~dqi 8qi 

(3.32) 

(c) 

5*11 = ^ 8q { 
dqi 



and evaluated by the partial differentiation indicated. In order for Eqs. 
(3.32) to produce the desired result *W„ W e and 01 must be the work and 
energy due to small changes in all generalized coordinates. The partial 
derivatives then give the rate of change with respect to one coordinate, q,. 
The fourth term, 5'W,,,, requires further manipulation. This may be 
expressed by 



where v r is the total displacement at mass r. The right side indicates 
the sum for all masses of the product of the inertia force and the virtual 
displacement at r resulting from 5<?,. For reasons which will become 
apparent below, this is now expressed in the equivalent form 



(3.33) 
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The last is based upon the fact that 

d (. dv r \ .. dv r . . di) r 
dt \ r dq,) Vr dqi Vr dqi 

It is now convenient to introduce the kinetic energy X defined by 


(a) 

X = ) XMJr* 



r = 1 


(b) 

dX V . dil r 

— = ) M t v t -± 

dqi L* dqi 

(3.34) 

(c) 

ax V ns ■ dw r 



Furthermore, since v T = /(<?,), 

dv T . , dv r dv r 

v r = Qi and — = — 

dq, dqi dq, 

Equation (3.346) may therefore be written 

v' . dv r 

<d) «*-£"**; 
Substituting Eqs. (3.34c) and (3.34d) into Eq. (3.33), 


(3.35) 


Finally, substituting Eqs. (3.35) and (3.32) into Eq. (3.31) and canceling 
8qi, we obtain 


d /dS C\ _ dX 
dt\dqi) dqi 


+ d^U. _ cW* = dV?e 
~ dqi dq, dqi 


(3.36) 


which is the usual form of Lagrange’s equation. 

In the application of Eq. (3.36), expressions are first written for the 
kinetic energy X, the strain energy 11, the work done by the damping 
forces W e , and the work done by real external forces *W e , all in terms of 
the generalized coordinates qi ■ ■ ■ qn- When these expressions are dif¬ 
ferentiated as indicated and substituted into Eq. (3.36), the result is an 
equation of motion, there being one such equation for each coordinate q. 
In all cases considered herein, dK/dq, is zero, since kinetic energy is a 
function of velocity rather than of displacement. 
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Fit) figure 3.14 Example. One-degree system. 


a. Examples 

In order to gain familiarity with Lagrange’s equation, we investigate 
two simple examples below. These are trivial applications of the 
Lagrange equation, but are presented for the purpose of emphasizing the 
physical meaning of the various terms and of demonstrating the validity 
of Eq. (3.36). 

For the simple one-degree system in Fig. 3.14, there is only one coordi¬ 
nate; that is, qi = y. The energy expressions in terms of y are as follows: 

Kinetic energy = X = ViMy 1 

Strain energy = ni = Hky 2 

Work by damping force = = ( ~cy)y 

Work by external force = W e = F(t)y 

The damping force must be taken as negative, since a positive damping 
force is always in a direction opposite to positive y. The necessary 
derivatives are 


dx 

dqt 





dW e 

dq { 


-Fit) 



Substitution into Eq. (3.36) leads to the equation of motion 


My + ky + cy = F(t) 


which is obviously correct and the same as that obtained directly by 
consideration of dynamic equilibrium. 

Second, consider the two-degree damped system in Fig. 3.15. There 
are now two generalized coordinates, yi and y 2 . The energy expressions 


Lumped-mass Multidegree Systems 


115 


figure 3.15 Example. Two-degree 
system. 



in these terms are 


X = ViMiyS + Y 2 M*yS 
*U = Hkiyi 2 + Hk 2 (y 2 - y i ) 2 
V? c = ( cyi)y\ + [~c(y 2 - yi)](y-i - ?/i) 

W, = Fi(t) yi + F 2 (t)y 2 

Note that, in these expressions, it is important to include all the energy 
of the system. Note also that, as this system is defined, the damping 
force between the two masses is proportional to the relative velocity, and 
the distance through which that force moves while doing work is the 
relative displacement. The required derivatives are 
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Substitution of the derivatives with respect to y x (that is, pi — <?,-) into 
Eq. (3.36), followed by the substitution of derivatives with respect to y 2 , 
yields the two equations of motion 

Miyi + fci^i - k 2 (y 2 - yi ) 4- cy i - c(y 2 - 3 / 1 ) = F^t) 

M 2 y 2 4- k 2 (y 2 - yi ) 4- c{y 2 - yi) = F 2 (t) 

These equations are readily verified by the consideration of dynamic equi¬ 
librium as indicated in Fig. 3.156. The above method is obviously an 
inefficient way to write the equations of motion. Furthermore, it should 
be recognized that the Lagrange equation is merely a device for writing 
the equation of motion, and is not a method of solution. However, as 
will be seen in the remainder of this chapter and in following chapters, 
the Lagrange equation has some very important uses. 

3.7 Modal Analysis of Multidegree Systems* 

Having developed the ideas and procedures presented in the foregoing 
sections, we are now in a position to determine the response of multidegree 
systems due to applied forces or initial conditions. This will be accom¬ 
plished by the modal method, in which the responses in the normal modes 
are determined separately, and then superimposed to provide the total 
response. As will be proved below, the important point is that each 
normal mode may be treated as an independent one-degree system. 

The applicability of the modal method of analysis is limited to linearly 
elastic systems and to cases in which all forces applied to the structure 
have the same time variation. These are rather severe limitations. 
When these conditions are not met, numerical analysis must be used, as 
demonstrated in Sec. 3.9. 

a. Modal Equations 

We shall now demonstrate that the normal modes are indeed inde¬ 
pendent and at the same time develop the governing modal equations of 
motion. This objective is conveniently accomplished by the use of the 
Lagrangian equation. 

Consider a lumped-mass system having j masses, s springs, and N 
normal modes. The system may be close- or far-coupled. At any 
instant the total kinetic energy in the system is 

i * 

X = X ( 2 d r „y (3.37) 

r “ 1 n = 1 

* An alternative development of the modal method of analysis using matrix nota¬ 
tion is given in the Appendix. 
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where d rn is the velocity component of mass r associated with the rtth 
mode. The total strain energy in the springs of the system is 

“U = 2 M*,(f a 0 „) ! (3.38) 

0 = 1 n = 1 * 

where A a „ is the distortion of spring g (i.e., the relative displacement of 
its ends) in the nth mode, and k g is the stiffness of that spring. Both 
Eqs. (3.37) and (3.38) are based on the fact that any displacement or 
velocity is equal to the sum of the modal components. 

The squared series in Eq. (3.37) is equivalent to the sum of the squares 
of all modal components of a r plus twice the sum of all cross products of 
these components. When summed over all masses, the total of these 
cross products must be zero, according to the orthogonality condition 
[Eq. (3.13a)]. To demonstrate, consider a two-mass two-mode system 
for which 

2 2 2 

£ ^ d r „) 2 = ^ %M r (d?! 4- 2d r id r2 4- d 2 2 ) 

r—1 » = 1 r=l 

2 2 2 

= 2 y * M ' 2 + 2 ma 

r = 1 n = 1 7 = 1 

The second series is identical with Eq. (3.13a), except that the modal 
terms are velocities rather than displacements. However, since charac¬ 
teristic shapes also apply to velocity vectors, this series must also be zero. 
Therefore Eq. (3.37) may be written as 

X = 2 Wr 2 d ’» < 3 - 30 ) 

7=1 7=1 

If exactly the same reasoning is applied to Eq. (3.38) and use is made 
of the second orthogonality condition [Eq. (3.136)], it is clear that Eq. 
(3.38) can be written as 

11 = 2 HK 2 K (3.40) 

g=l n = 1 

Considering the external forces F r acting at the r masses, we find that 
the work done in terms of the displacements is 

= l F r | a rn (3.41) 

r = 1 n = l 

For each mode it is convenient to select a modal displacement A n so 
that all individual mass displacements may be expressed in terms of this 
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one variable. A„ is usually taken as the displacement of one arbitrarily 
selected mass. Thus 


®rn A n ^ — A n (f) r n 
«rn = A n = A„if> rn 

= A n = A n <t>A a n 


where 4> rn and <f>A gn are constants for a given mode. A set of such con¬ 
stants defines the characteristic shape or may be determined therefrom. 
Equations (3.39) to (3.41) may therefore be written as 


(a) 

* = x t A 

r = 1 n = 1 


(b) 

n = X f 

0=1 71=1 

(3.42) 

(c) 

3 N 

V),= £ Fr X 



r=1 n=1 


For use in Lagrange’s equation, the following partial derivatives are 
obtained: 

* & 

££ = X - A - X (3 - 43) 

" ff=1 g° 1 

dT n ~ l FArn 


where A n is the modal displacement and also an arbitrary coordinate 
which will replace qi in Eq. (3.36). Note that, in each case, only one 

N 

term in the modal series £ has a derivative. Substitution of Eqs. (3.43) 

n = 1 

in Eq. (3.36) produces 


An £ Mrtfn + J kg<t>Agn = ^ 


Comparison of this equation with that for a one-degree system 


(3.44) 


My + ky = F(t) 
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reveals the important fact that the modal equation oj motion (3.44) is in 
exactly the same form as that for a one-degree system. Furthermore, the 
three series may be associated with an equivalent one-degree system as 
follows: 

* 

3 

£ M r <i>l n = equivalent mass 

r = 1 
8 

£ kg<t>A 0 n = equivalent spring constant (3.45) 

e “ i 
3 

£ F r <t>rn = equivalent force 

r-l 

The modal equation may also be written in the form 

X F* V» 

A, + «.'l. = Sjl - 

r - 1 

or since F r is a function of time and F r = /^[/(f)], 

/(0 J Frl<f>rn 

A n + o>„M„ = —pi- (3.46) 

£ MM. 

r = 1 

This is the most important equation in this chapter. The two summa¬ 
tions in Eq. (3.46) are constants for a given mode and loading, and the 
modal response in terms of A„ may be determined by this equation with¬ 
out difficulty.* Since «„ must have been previously determined (in order 
to obtain the modal shape), there is no need to compute the equivalent 
spring constant. Inspection of Eq. (3.46) makes it apparent that the 
modal method as formulated here can be used only if /(f) is the same for 
all forces acting on the structure. However, this restriction can be 
removed if the modal equations are solved by numerical methods. 

* In some treatments the arbitrary amplitudes of a mode are normalized so that 
3 

^ M T <F, n — 1- Thus the denominator on the right side of Eq. (3.46) would always 

r — l 

be unity. In the present application there is no significant advantage in this 
procedure. 
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Carrying the analogy to a one-degree system further, we see that the 
modal static deflection must be given by 

2 Frl<t>rn 

An.t = -^7 - (3.47) 

2 M r tf n 

r = 1 

since for a one-degree system y, t = Fi/k = FJuPM. The response is 
therefore given by 

(a) A n (t) = A ntt ( DLF)„ (3.48) 

(fl) (A n )max = A ng((DLF) n ,max 

where (DLF)» depends only on/(f) and w„. All solutions and charts for 
DLF given in Chap. 2 may therefore be applied to the analysis of multi¬ 
degree systems. This is an important conclusion. 

The total deflection at any point r is obtained by superimposing the 
modes. 

y,(t) = f .fW,„(DLF). (3.49) 

71 = 1 

Given the modal frequencies and characteristic shapes, the analysis of 
multidegree systems using Eqs. (3.47) to (3.49) becomes relatively 
simple. 

The analogy between a mode and an equivalent one-degree system 
may be stated quite simply as follows. The equivalent one-degree 
system is one for which the kinetic energy, internal strain energy, and 
work done by all external forces are at all times equal to the same quanti¬ 
ties for the complete multidegree system when vibrating in this normal 
mode alone. Referring to Fig. 3.16, where the equivalent system is 
defined by k e , M e , and F e , we may translate the foregoing statement 
as follows: 

Equating kinetic energies, 

y 2 M,Ai = i 

r = 1 

j 

and therefore M e = £ 

r = 1 

Equating strain energies, 

y 2 k e Al = 2 HkMn^n) 2 

(7 = 1 

a- = 2 

1 


and therefore 
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figure 3.16 Modal analysis, (a) Multidegree system 
vibrating in mode n\ ( b ) equivalent one-degree 
system for mode n. 


Equating work by external forces, 

F'(t)A„ = 2 Fr(t)An<t>rn 

r = l 

i 

and therefore F e (t) = £ F r (t)4> rn 

r = 1 

These expressions for equivalent-system parameters are identical with 
those of Eq. (3.45). There is, of course, a unique set of equivalent 
parameters for each normal mode. This way of visualizing the basic 
principle is sometimes useful. 

b. Example 

The response of the three-degree system shown in Fig. 3.17, resulting 
from the loads shown in the same figure, is to be determined. The 
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=6000lb/in. 

= 2 lb-sec 2 /in. 

U ~ l |^(/)=/ c ; 1 [/(^)] 

:|*2 = 4000lb/in. 

1 Mi = 1Ib-secVin. 

[/(/)] 

§* 3=2000 Ib/in. 

, A M^ = 1 lb-sec z /in. 

I-'1^5(0 

figure 3.17 Example. 



/(f) =1-10/ /iO.1 

/ (/} = 0 />0.1 


Modal analysis. 


normal modes were obtained in Sec. 3.4 for the same numerical values 
of the parameters, and the resulting natural frequencies and charac¬ 
teristic shapes are shown in Fig. 3.9. The first step is to evaluate the 
equivalent peak load and mass for use in Eq. (3.46). These rather 
simple computations are shown in Table 3.4. For each mode, A n is 


Table 3.4 Modal Analysis; Modal Static Deflections for System in Fig. 3.17 


Mode 


Mass 

point 



Mr 



2 


1 

2 

3 

2 

1 

2 

3 

2 



3000 3 
4000 8 



-2000 -7000 

4440 



2 

1 


2 

1 


-1.033 - 2000 + 2066 

8126 



3000 2 

-7464 1 

-1108 


-5572 


Mr*' TH 

Eq. (347) 

Amt 

2.0 

© 

OO 

II 

« 

3 

• 4.45 

, 4440 

12.25 

780 X 18.70 

18.70 

- 0.304 in. 

2.000 

= 3470 

0.59 

, 8126 

1.07 

1,1 “ 3470 X 3.66 

3.66 

= 0.640 in. 

2.00 

o> a * - 8720 

3.48 

-5572 

0.31 

M 8720 X 5.79 

5.79 

- -0.111 in. 
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figure 3.18 Example. Response of three-degree system in Fig. 3.17. 


arbitrarily taken to be the deflection of mass 1. Equation (3.47) is 
then used to compute the modal static deflections A ntl . 

For each mode, DLF is given by Eq. (2.176) of Sec. 2.3c, which may 
be written as 

(DLF). = 1 - cos wj + - L for f < tj 

U n td Id 


Equation (2.186) would be used for t > id. In either case (DLF)„ is 
merely the value for a one-degree system of natural frequency w„ and 
subjected to a triangular load pulse as shown in Fig. 3.17. The total 
deflection at any point is given by Eq. (3.49). For example, the deflec¬ 
tion of mass 2 as a function of time is 


yi(f) — A w 05i(DLf)i -f- .4-2««tf>22(DLF)2 + Aa«t$23(DLF)a 

= (+0.304) (+2.11) (DLF) i + (+0.640) (+0.765) (DLF) 2 

+ ( —0.111) (—1.866) (DLF) 3 

= 0.64(DLF)i + 0.49 (DLF) 2 + 0.21(DLF) 3 (3.50) 


The modal components of y 2 (t) [i.e., the separate terms in Eq. (3.50)] are 
plotted in Fig. 3.18. These were obtained by evaluating Eqs. (2.176) 
and (2.186) for each mode. The total deflection at any time is of course 
the sum of the modal components. 

It should be observed that the degree to which a mode participates 
in the total vibration is greatly affected by the distribution of load. 
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This fact is reflected in the quantity 2 F r i4>m- The more nearly the 
load values are similar to the corresponding amplitudes of the character¬ 
istic shape, the greater is the participation. In fact, if the loads at all 
points were proportional to the characteristic amplitudes of a certain 
mode times the mass at the same points, the response would be entirely 
in that mode and that mode alone. 

The determination of maximum deflection at point 2 would involve 
differentiation of Eq. (3.50) with respect to time in order to obtain first 
the time of maximum response. This is obviously a very difficult 
process. In many cases the practical solution is to proceed graphically 
as in Fig. 3.18 and from this plot approximately deduce the time of 
maximum response. 

An upper limit for the maximum response may be obtained by adding 
numerically the maximums of the modes taken separately. This can 
easily be done by use of Fig. 2.7, which gives (DLF) mBx . In this par¬ 
ticular. case we have 


First mode: 


T = 0-225 sec 

| = 0.445 

(DLF) max = 1.12 

Second mode: 



T = 0.107 

| - 0.94 

(DLF) m „ = 1.53 

Third mode: 



T = 0.067 

= 1.49 

(DLF) mnx = 1.68 


Therefore the upper bound of y 2 , max is 

V *.max < 0.64(1.12) + 0.49(1.53) + 0.21(1.68) = 1.82 in. 

Inspection of Fig. 3.18 indicates that, for this example, the value just 
computed is a rather conservative estimate of the maximum displace¬ 
ment. In fact, the true value, occurring at about 0.045 sec, is 1.31 in. 
However, if one mode had been more dominant and if the differences 
between the natural frequencies had been greater, both of which condi¬ 
tions usually occur, the upper bound would have been more acceptable. 

If it is desired to compute a stress maximum in the structure, or in 
the above example, a maximum spring force, the procedure is essentially 
the same as that used above for maximum displacement. For example, 
the characteristic distortions of spring 2 are 

4>&2i — <j> 21 — <t> u — 1.11 

<f>A 22 = <i> 22 — <)>12 — —0.235 

<t>& 23 — <f> 23 — $ 13 = —2.866 
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The spring force at any time is given by 

n “ 1 

= fc 2 [(+0.304)(+l.ll)(DLF) 1 + (+0.640)(-.0.235)(DLF) 2 

+ (-0.111) (-2.866) (DLF) 3 ] 
= /c 2 [0.34(DLF)i - 0.15(DLF) 2 + 0.32(DLF) 3 ] 

The upper bound of the maximum spring force is therefore 

(fc 2 A 2 ) max < 4000(0.34(1.12) + 0.15(1.53) + 0.32(1.68)] 

< 4600 lb 

3.8 Multistory Rigid Frames Subjected to Lateral Loads 

To illustrate further the use of the principles developed in the preceding 
sections, application is now made to actual structures. The examples 
selected are rigid building frames subjected to horizontal disturbances, 
e.g., dynamic loading due to blast or wind gust. The majority of such 
structures may be considered, without appreciable error, to be lumped- 
mass systems, with the masses concentrated at floor levels. Only hori¬ 
zontal motions are considered, and these are assumed to be independent 
of vertical motions. This assumption is permissible because vertical 
motion due to changes in column length or flexure of girders has relatively 
small amplitude and hence little effect on the horizontal response. 

a. Frames with Rigid Girders 

In many practical cases the girder stiffnesses relative to the columns 
are sufficiently large so that they may be assumed infinite. Since this 
simplifies the analysis somewhat, responses are often computed on this 
basis. Structures of this type are sometimes called shear buildings. 

The building to be analyzed is the simple steel rigid frame shown in 
Fig. 3.19. The weights of the floors and walls are indicated and are 
assumed to include the structural weight. The building consists of a 
series of such frames spaced at 15 ft. It is assumed that both structural 
properties and loading are uniform along the length of the building, and 
therefore that the analysis to be made of an interior frame yields the 
response of the entire building. The loads which are concentrated at 
floor levels are an acceptable idealization of a distributed dynamic pres¬ 
sure applied to the walls. All loads have the time function indicated 
in Fig. 3.19. 

Under the assumptions stated, the entire building may be represented 
by the close-coupled spring-mass system shown in Fig. 3.19. The con- 
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Fit) 

Skips- 


0.5 Fit) 


0.2 sec 
50 psf 







figure 3.19 Example. Steel frame with rigid girders. 

centrated weights which are each taken as the total floor weight plus 
that of the tributary wall area are computed as follows: 

Wi = 104(30)(15) + 20(12.5)(15)(2) = 54,300 lb 

Mi = 141 lb-sec 2 /in. 

W z = 100(30)(15) + 20(10)(15)(2) = 51,000 lb 

M 2 = 132 lb-sec 2 /in. 

W 3 = 50(30) (15) + 20(5) (15) (2) = 25,5001b 

M 3 = 66 lb-sec 2 /in. 

It should be pointed out that the weights used in the dynamic analysis 
should be those expected to exist at the time of response and are not 
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necessarily related to the design live floor loads. Since the girders are 
assumed rigid, as is the column base, each spring constant is given by 

_ YIE 1 (2) 

K 8 

and the individual values for the steel-column sections indicated are 


, = 12(30 X 10 6 ) (248.6) (2) _ .... 

(15 X 12 ) 8 “ 30 ’ 700 lb / m - 

l. _ i _ 12(30 X 10 8 ) (106.3) (2) ... .... 

-(10 X 12 ) 3 - = 44 > 400 lb/m - 


Ihe equations of motion for the system, deduced by considering the 
dynamic equilibrium of each mass, are 


Miiji + kiy i - k 2 {y 2 - y x ) = F{t) 
M 2 y 2 + k z {y 2 - yi ) — k 3 (y 3 - y z ) = 0.8F(<) 
M 3 y 3 + k 3 (y 3 — y?) = 0.5 F(t) 


Ihe first step is to obtain the natural frequencies and characteristic 
shapes of the three modes. In the usual manner, the equations of motion 
are modified by taking the right sides equal to zero and substituting the 
modal components (y — a sin u>t) for the displacements and accelerations, 
to obtain 


(-M i « n 2 + k\ + k z )ai n + ( — k z )a2n — 0 
(— k 2 )ain + (-Jlfjtfn* + k 2 d- k 3 )a 2n + (—^3)03,, = 0 
( — fcj)a 2 „ + (~M 3 co„ 2 + k 3 )a 3n = 0 


I rom the last set of equations the normal modes may be obtained either 
by direct determination (i.e., setting the determinant of the coefficients 
equal to zero as in Sec. 3.2) or by the Stodola-Vianello method (Sec. 3 . 4 ). 
In this particular case, the two methods are about equally convenient, 
because of the zero terms in the determinant. Otherwise the latter 
method is preferable. The natural periods and characteristic shapes 
resulting from these computations are given in Fig. 3.20. 

Next, the modal static deflections are computed by the evaluation of 
Eq. (3.47). These computations are shown in Table 3.5. It is imme¬ 
diately apparent from the values of A„ at that the fundamental mode 
dominates this response. 

In order to define completely the response (as used here response is 
taken to mean any displacement or stress), use is made of Eq. (3.49), 
in which (DLF)„ is given by Eq. (2.20) for this particular load-time func- 





















figure 3.20 Characteristic shapes of frame in Fig. 3.19. 


tion. The maximum dynamic load factor for any mode may be obtained 
from Fig. 2.9. The latter values for this example are: 


Mode. 

LIT 

(DLF)m~ 

1 

0.265 

1.89 

2 

0.77 

1.28 

3 

1.12 

1.11 


The maximum roof deflections (for example) given by Eq. (3.49) for 
the modes separately are therefore 

2/31 = (+0.358) (+1 -639) (1.89) = +1.11 in. 

Vi 2 = (0.0146)(—1.041)(1.28) = -0.02 in. (3.51) 

2/33 = (+0.0018) (+2.680)(1.11) = +0.005 in. 

Since the first mode provides by far the major contribution, the upper 
bound (i.e., the numerical sum) of maximum deflection may be used 
without appreciable error. Therefore 

2/3,max — 1.13 in. 

This overriding influence of the first mode on deflections is typical of 
building frames, provided only that all the loads act in the same direction. 

The effect of the higher modes on stresses may, however, be more 
significant. For example, consider the column bending moments 
in the top story for which the associated characteristic amplitude is 
<i>A3 = <f>3 ~~ </> 2 - Thus the maximum relative story displacement in 
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each mode is 

Aan.max = +n«*($A3n)(DLP )„ imftx 

A 3 i. ra « = (+0.358)(1.639 - 1.471)(1.89) = +0.114 in. 

•Wax = (+0.0146)(-1.041 + 0.146X1.28) = -0.017 in. 

Aas.max = (+0.00181)(2.680 + 2.220X1.11) = +0.010 in. 

It may be observed that, although the first mode still dominates, the 
higher modes are relatively more important than in the previous com¬ 
putation. The time histories of the modal components of story displace¬ 
ment are plotted in Fig. 3.21. These are based on the time variation 



figure 3.21 Modal components of top-story distortion for example 
defined in Fig. 3.19. 
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of DLF as given by Eqs. (2.20). Inspection of Fig. 3.21 reveals that, 
in this particular situation, little error would result if the maximum 
story displacement were assumed equal to the algebraic sum of maximum 
modal displacements, or 0.107 in. The maximum bending moment at 
any column end in the top story is therefore 

(vvy 6£TA 3, max l/i . i 

= y± (44,400)(0.107) (10 X 12) 

= 142,500 lb-in. 

The use of the algebraic sum is proper in this example only because the 
loads continue to act on the structure. If the loads had diminished to 
zero, all DLFs would have been + and the numerical sum would have 
been more appropriate. It may be noted that the algebraic sum could 
also have been used in computing the maximum roof deflection. 

The above is intended to illustrate the fact that maximum responses 
can often be satisfactorily estimated without going through the tedious 
job of maximizing the sum of the modal responses mathematically. 
One must proceed with caution, however, and it is always conservative to 
use the upper bound, or numerical sum, of the maximum modal responses. 

b. Frames with Flexible Girders 

To illustrate the procedure for taking into account girder flexibility 
and also to indicate the magnitude of the effect, an analysis is now made 
of the same building frame as shown in Fig. 3.19, except that the girders 
are assumed to consist of the steel sections shown in Fig. 3.22. The 
loading and mass distributions are identical. 

The stiffness coefficients, which are derived from a conventional 
elastic analysis of the frame, are shown in Fig. 3.22. The procedure is 
simply to impose a unit deflection at each floor in turn and to compute 
the resulting holding forces by moment distribution or any other appro¬ 
priate method. A positive coefficient corresponds to a holding force 
in the positive y direction. Also shown in Fig. 3.22 are the column end 
moments corresponding to the unit distortions. 

In writing the equations of motion, it must be recognized that the 
stiffness coefficients correspond to internal column shears, which resist 
the motion if the coefficient is positive. For example, referring to 
Fig. 3.22, we see that kn resists the positive motion of the first floor if y i 
is positive, while k 2i , being negative, increases the positive motion of the 
second floor when y x is positive. Thus the equations of motion for each 
mass have thte form 


My = F{t) — J ky 


Lumped-mass Multidegree Systems 131 



figure 3.22 Example. Rigid frame with flexible girders. Stiffness coefficients. 
(Moments are given in kip-inches, and stiffness in kips per inch.) 


The complete set of equations for this system is 

Miy x + fcuj/x 4- k u y 2 + k X3 y s = F x (t) 

M 2 y 2 -I- k n y x + k 222/2 + k 2t y 3 = F 2 (t) 

M 3 y 9 + knyx + k 32 y 2 + k 33 y 3 = F z (t) 

After we set the right sides equal to zero, replace the y’s by the modal 
forms (a sin ut), and substitute numerical values (Sec. 3.8a), these 
equations become 

0.141w n 2 ai„ = 72.6a in — 44.2a 2 „ 4- 2.2a 3 „ 

0.l32w n 2 a 2 „ = ~ 44.2a i„ + 81.8a 2n — 40.0a 8 « 

0.06Wa 3 „ = +2.2a 1(t - 40.0a 2 „ + 37.8a 3n 

where the units are kips and inches. By applying the Stodola-Vianello 
procedure as in previous examples, the natural frequencies and charac¬ 
teristic shapes shown in Table 3.6 are obtained. Comparison of these 
values with those in Fig. 3.20 reveals the effect of girder flexibility. As 





Table 3.6 Modal Shapes and Modal Static Deflections for Frame in Fig. 3.22 
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would be expected, the natural periods are increased, but only slightly. 
The characteristic shapes are also affected, but not radically changed. 

The computations leading to the modal static deflections are tabulated 
in Table 3.6. Next, the maximum DLFs are obtained from Fig. 2.9 
as follows (for the load function shown in Fig. 3.19): 


Mode 

tr/T 

(DLP)^ 

1 

0.25 

1.90 

2 

0.73 

1.33 

3 

1.07 

1.05 


Multiplication of the modal static deflection, the characteristic ampli¬ 
tude, and the DLF yields the following maximum modal floor deflections: 


Ann X <f>rn X (DLF)„,t 



Max deflection of floor 


S 

2 

+ 1.32 

+ 1.15 

— 0.026 

0 

40.006 

-0.005 



Comparison of the third-floor deflections with those obtained for 
rigid girders [Eqs. (3.51)] shows that, as expected, all have been slightly 
increased. This increase is primarily due to the smaller stiffness of the 
building, as would be true for static loading, although in addition the 
DLFs are slightly different because of the longer natural periods. 

In order to compute a bending moment in the frame, the moments 
due to unit deflections given in Fig. 3.22 are multiplied by the actual 
deflections. For example, the bending moment at the bottom of the 
top-story column may be computed for each mode as follows: 

First mode: 

■+• 1.32(—1150) + 1.15( + 1250) 4- 0.75( —95) = —153 in.-kips 
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Second mode: 

— 0.026( —1150) + 0.0(+1250) + 0.023(-95) = +28 in.-kips 
Third mode: 

+0.006( —1150) - 0.005(+1250) + 0.003(-95) = -13 in.-kips 

The algebraic sum of these moments is 138 kip-in. compared with the 
sum of 142.5 kip-in. computed previously, when girder flexibility was 
not considered. 

As illustrated by the two preceding examples, the only additional 
effort required to take into account girder flexibilities lies in the com¬ 
putation of stiffness coefficients. Although for most typical building 
frames the effect is not great, this effort may be worthwhile, to increase 
the accuracy of the analysis, particularly if the girders are unusually 
flexible. The basis for the decision is essentially the same as one would 
use for a static analysis of horizontal deflection. 

c. Frames Subjected to Pulsating Forces 

1 0 illustrate further the response of multistory building frames, the 
effect of a sinusoidal horizontal force is now investigated. This condi¬ 
tion might be caused by the operation of machinery on one of the floors. 
Although this effect seldom causes major structural damage, cases in 
which the resulting vibration is objectionable for one reason or another 
are fairly common. 

Consider again the frame with flexible girders as in Sec. 3.86 (Fig. 3.22). 
Suppose that a horizontal force F i sin tit were applied to the first floor 
as indicated in Fig. 3.23a. A general solution will be developed which 
will apply to all possible values of ft. The analytical procedure is the 
same as for previous examples except that now there is only one load; i.e., 

Vrn = A„ g< <Ar„(DLF) n (3.52a) 

where A n „ = +" (3.526) 

r = l 

and (DLF)„ is equal to that for a one-degree system subjected to sinus¬ 
oidal force as developed in Sec. 2.5. More specifically, if damping is 
included, the DLF corresponding to maximum steady-state response is 
given by Eq. (2.41) or Fig. 2.18. 

After substitution of the numerical values given in Table 3.6 for this 
structure, Eq. (3.526) yields the following static deflections for the 
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three modes: 

Ft 

39,500 
Ft 

115,000 
Ft 

1,010,000 

If the damping is taken to be 10 percent of critical in each mode, the 
maximum DLF at resonance is 5.0, according to Fig. 2.18. Thus the 
maximum possible modal components of deflection at any point may be 
computed by Eq. (3.52a). For example, these values for the roof are 

y* i.mw = Aut X 1.758 X 5.0 = Fi(22.2 X 10~ 6 ) in. 

2/32,max — Aiit X 1.123 X 5.0 = Fi(4.89 X 10" 6 ) in. 

2 / 33 ,max = Am X 2.075 X 5.0 = F\(1.03 X 10' 5 ) in. 

These maximums occur only when the forcing frequency is equal to the 

frequency of the particular mode. A complete description of possible 
responses is given by Fig. 3.236, which was derived by the use of Eq. 
(3.52a), and Fig. 2.18, which provides DLF as a function of Q/u„. It is 
apparent that the first mode produces by far the largest deflections, but 
these occur over a rather small range of forcing frequency. For higher 
frequencies of the applied force, the second and third modes become 
more important than the first. For a given ft, the total maximum roof 
displacement could be conservatively taken as the numerical sum of 
the modal amplitudes. 

Although the maximum first-mode amplitude is large, it should not 
be implied that the higher modes may be disregarded. In fact, the 
modal acceleration may be more significant than the amplitude since 
the inertia forces applied to the contents of the building are proportional 
to acceleration. Such forces are more likely to cause damage to the 
building or discomfort to persons within the building than is the mere 
occurrence of displacement. Therefore it is of interest to investigate 
maximum modal accelerations, and these are plotted in Fig. 3.23c. 
Since maximum acceleration equals maximum displacement times fre¬ 
quency squared, the ordinates of Fig. 3.23c are merely w n 2 times the 
ordinates of Fig. 3.236. It is immediately apparent that response in 
the first mode is not the most serious with respect to acceleration. 

d. Frames with Flexible Foundations 

In all previous examples it has been assumed that the structure is 
supported on a rigid foundation. If the structure is founded on relatively 


Aut — 

Aut = 

A3 at = 
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figure 3.24 Frame on flexible foundation. Equivalent three- 
degree system. 


soft soil, it may be necessary to include the effects of distortion within 
the earth adjacent to the foundation. For example, suppose a simple 
frame were supported by a foundation mat as shown in Fig. 3.24a. As 
forces are transmitted from the structure to the surrounding soil (or 
vice versa, in the case of ground motions), the stresses and resulting 
deformation in the latter permit the mass of the foundation to move. 
If attention is restricted to horizontal motion (vertical motion would 
usually be an uncoupled phenomenon) and the base mat is assumed rigid, 
the system may be represented as shown in Fig. 3.246. The spring con¬ 
stants fci and k 9 (rotational spring) may be determined at least approxi¬ 
mately, using basic procedures of soil mechanics. 

The system has three degrees of freedom associated with the coordi¬ 
nates y 1 , y%, and d. If changes in column length are negligible, both 
masses rotate by the same amount. As indicated by the equilibrium 
diagrams in Fig. 3.24c, the three equations of motion are as follows. 
The first states the horizontal equilibrium of mass 1, and the second of 
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mass 2, and the third states the overall rotational equilibrium about the 
base: 

M i#i + kiyi — k 2 (y 2 — y x — 6h) = 0 

M 2 y 2 + k 2 {y 2 — yi — 6h) = F(t ) 

/i# + 1 2 $ + M 2 y 2 h + kgd = F{t)h 

where I is the mass moment of inertia. Note that, since the y' s are 
absolute displacements, the distortion of spring 2 is the relative motion 
of the two masses minus 9h, which is that portion of the relative motion 
that does not cause a spring force. Based on these equations, analysis 
may proceed as for any three-degree system. 

The type of analysis indicated above could of course also be made 
for structures on spread footings or pile foundations. For most rigid 
frame structures on typical foundations, the effect of soil distortion is 
not significant and may be safely ignored. Investigations of earthquake 
response have indicated that foundation flexibility has little effect on 
stresses in the building frame, but does affect the acceleration input; 
i.e., the acceleration of the frame foundation is not the same as the free¬ 
hold acceleration away from the structure. 

The support flexibility may have a significant effect on the natural 
frequencies, and if these are in themselves important, e.g., when the 
structure is part of a machine, it should be taken into account. This 
has been found to be true of the supporting structures of certain tracking 
radars controlled by frequency-sensitive servomechanisms. 

3.9 Elasto-plastic Analysis of Multidegree Systems 

Rigorous analysis of inelastic multidegree systems is in most cases not 
practical, and therefore numerical analysis is usually employed. This 
can be done in a straightforward manner, using the procedures presented 
in Chap. X. 

When dealing with building frames which deflect into the plastic 
range, it is prudent to consider the structure to be a shear building; i.e., 
the girder flexibilities are ignored. This is true because the system is 
changed each time a plastic hinge is formed at any point in the structure. 
For example, the stiffness coefficients shown in Fig. 3.22 are correct only 
as long as the complete structure is elastic. If a single hinge is formed, 
the structural system is altered and all coefficients change. These will 
change again when a second hinge appears or when one is eliminated. 
A completely rigorous analysis would therefore require the evaluation 
of many coefficients. Furthermore, the process of keeping track of 
the changing pattern of hinges is exceedingly tedious. The effort 
required for this type of analysis, while not impossible, 18 is seldom worth- 
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figure 3.25 Example. Elasto-plastic 
in Fig. 3.19. 



while. The error introduced by adopting a shear building or close- 
coupled model is, except in rare cases, tolerable. This statement follows 
from the fact that, if the response is elastic, the girder flexibilities are 
of secondary importance (Sec. 3.8b). These flexibilities are even less 
significant after plastic hinges have formed, because the inelastic behavior 
is usually restricted to the columns, and hence the plastic shear resistance 
of a story is not affected by the girder stiffnesses. 

An elasto-plastic analysis of the frame in Fig. 3.19 will be made to 
illustrate the detailed procedure. The applied load functions are shown 
in Fig. 3.25. For generality, the load-time functions, i.e., the durations, 
have been made different for the three loads. The computations are 
shown in Table 3.7, as are the equations of motion. The maximum 
resistance in each story is given by 4 M P /h, where m P is the plastic bend¬ 
ing strength of the column section. The resistance functions are assumed 
to be bilinear, as discussed in Sec. 1.5a. The numerical procedure repre¬ 
sented by Table 3.7 is identical with that used in Chap. 1 and employs 
the lumped-impulse method as indicated by the recurrence formula 
given. Since the smallest natural period is 0.179 sec (Fig. 3.20), a time 
interval of 0.02 sec, or approximately one-tenth of that period, is used. 
If a larger interval had been used, the computations would not properly 
have reflected the participation of the third mode. 




Displacement, in. 
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figure 3.26 Response computed in Table 3.7 for frame shown in 
Fig. 3.25. 


The result of the analysis is plotted in Fig. 3.26, where the relative 
story displacements are shown. In the first story, only the first-mode 
response is apparent, but the effect of the higher modes is evident in 
the upper-story responses. Note that only the top story remains elastic. 
The maximum deflection in the bottom story is about 1.3 times the 
elastic limit. During the time covered by these computations, the effect 
of damping is small, but if a longer period of response were to be investi¬ 
gated, damping should be included. 

3.10 Damping in Multidegree Systems 

The inclusion of damping in multidegree analysis involves some rather 
troublesome problems. This is true because there is little theoretical 
means for determining the nature of the damping. In terms of the 
idealized system, one cannot be sure what arrangement of dampers to 
assume and, if assumed, what coefficients to assign. Experimental 
investigations have thrown little light on the subject. 

If a modal analysis as in Secs. 3.7 and 3.8 is being made, one may 
simply assume a reasonable percentage of critical damping in each mode. 
With this assumption, the analysis merely involves taking that amount 
of damping into account when computing the DLFs for the modes, which 
may then be superimposed as before. This is a satisfactory procedure 
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since the analyst can usually estimate the percentage of critical damping 
better than he can estimate the individual damping coefficients. 

If a numerical analysis as in Sec. 3.9 is to be made, including damping, 
actual coefficients must in some way be determined. In order to be 
sure that the coefficients are reasonable, it is advisable to relate these 
to the percentage of critical damping in each mode. This relation may 
be established by the following procedure. The general equation of 
free motion for the rth mass of a lumped-parameter system may be 
written as 

i i 

MrVr + £ kiyi + 2 CriVi = 0 (3.53) 

i 

where ^ indicates a series in which there is one term for each of the i 
displacements. c ri is the damping coefficient, which applies to the ith 
velocity in the rth equation of motion. Equation (3.53) may be con¬ 
verted into a modal equation for the nth mode by the substitutions 

Vi = Vr and y { = y r ^ 

<Prn <f)r„ 

Thus we obtain 


Mrir + (2 ki If.) Vr + (2 Cri Irl) = o 


Since the last equation is in the same form as the equation of motion 
for a one-degree system, jt is apparent that critical damping in the 
nth mode is defined by [Eq. (2.25)] 


\W <Pm/cr,n 

and that the equation which may be used to compute the c ? s is 

(i>£)^ 2 AW, (3.54) 

where C„ is the ratio of actual to critical damping in the nth mode. 

In a system having N degrees of freedom, there are N 2 damping coeffi¬ 
cients to be computed. These are provided by Eq. (3.54), which repre¬ 
sents N 2 equations; i.e., for each of the N modes, there is one equation 
for each of the N masses. It is not necessary to solve the entire set 
simultaneously, since the N equations written for a particular mass are 
independent and may be solved for the N coefficients associated with 
that mass. Furthermore, the matrix of coefficients is symmetric; that is, 
C 12 = C 21 , etc. 


Table 3.7 Numerical Analysis of Elasto-plastic Three-degree System (Fig. 3.25) 
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figure 3.27 Example. Normal modes of damped two-degree system. 


To illustrate the above procedure, consider the two-degree system 
shown in Fig. 3.27, where the natural frequencies and characteristic 
shapes are given. There are four coefficients to be determined from the 
following four equations, all derived from Eq. (3.54): 

First mode (n = 1): 

Mi (r =l):c,iXl+ciiXK = 2X2X 31.6 X C x 
M 2 (r = 2):c 2 . X ^ + c 22 X 1 = 2 X 1 X 31.6 X Ci 

Second mode (w = 2) : 

Mi(r = 1): Cn X 1 + c 12 X (~M) = 2 X 2 X 63.2 X C 2 
M z (r = 2): c 2 i X (-K) + c 22 X 1 = 2 X 1 X 63.2 X C 2 

Suppose we desire to have 5 percent of critical damping in the first mode 
(Ci = 0.05) and 10 percent in the second (C 2 = 0.1). The last equations 
then become 

Cn + 2ci 2 = 6.32 
) 4 c 2 i + c 22 = 3.16 
Ci i — C 12 = 25.28 
— c 2 i + c 22 — 12.64 

The first and third are solved independently, as are the second and 
fourth, and thus we obtain 

cn = +18.96 c 2i = -6.32 
c 12 —- —6.32 c 22 — +6.32 

all in the units pound-seconds per inch. As expected, c 2 i = Ci 2 . 
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figure 3.28 Three-degree system with absolute 
and relative damping. 



The two equations of motion for the damped system may now be 
written by substituting into Eq. (3.53) the damping coefficients com¬ 
puted above and the other numerical parameters given in Fig. 3.27. 

2 Vi + 6000yx - 2000y 2 + 18.96^ - 6.32 y 2 = 0 
& - 2000 yi + 2000i/ 2 - 6.32y a + 6.32 y 2 = 0 

These provide the desired amount of damping. 

When dealing with a system having many degrees of freedom, the 
above procedure is rather cumbersome. Furthermore, if only a few of 
the lower modes are being considered, it may not be desirable to compute 
all natural frequencies as required by this procedure. 

It is possible to approximate the damping coefficients and thereby 
avoid the difficulties of the more rigorous approach given above. One 
way of doing this is to assume two sets of dampers, one associated with 
the springs and the other with the masses. The former are given coeffi¬ 
cients, each proportional to the corresponding spring stiffness, and the 
latter are given coefficients proportional to the masses. Such a system 
of dampers is shown in Fig. 3.28, where c g and c r are constants common 
to the coefficients in each set. Note that the damping forces are pro¬ 
portional to relative velocity in the first case and absolute velocity in 
the other. Values of c„ and c r may be determined so as to give reasonable 
damping :in each mode. This is accomplished as follows. 
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The general equation of free motion of a mass r in a system damped 
in this manner may be written 


Mrijr + X + X Cffefr + c r M r y r = 0 


(3.55) 


Operating on this equation as was done on Eq. (3.53), we obtain the 
modal equation 

M r y r + ^ fa — 'j y r -f- ^ c g ^ fa y r + c r M r y r = 0 

which may also be written 

Mr Hr + KnVr + (c„/c'n + C r M r )y r = 0 

Since this equation of motion is of the same form as that for a one- 
degree system, it is apparent that critical damping in the nth mode is 
defined by [Eq. (2.25)] 

(cXn + CrM r )cr.n = 2 M 


Dividing both sides by M r and noting that M r /k' rn must be co n 2 , 

(C 0 W„ 2 4- C r )er, n = 2<0„ 

Or (c g o n 2 + c r ) n = C n (2co n ) 


(3.56) 


where C n is the ratio of actual to critical damping. The advantage in 
assuming this particular damping arrangement is now apparent. Equa¬ 
tion (3.56) involves only the natural frequency, and hence relates directly 
the coefficients and the percent of critical damping for each of the modes. 

Since there are two coefficients to be determined, namely, c„ and c r , 
we may control the percentage of critical in two modes, but no more. 
The usual procedure is to adjust the two coefficients until a reasonable 
result is obtained. Note that, if only one form of damping had been 
included (e.g., relative damping), only one mode could have been con¬ 
trolled. In general, c„ is more effective in the higher modes, and c r 
in the lower. 

To illustrate application of the above, suppose that, for the three- 
degree system of Sec. 3.86 (Fig. 3.22), it was desired to have 10 percent 
damping in the first mode and 5 percent in the third. The natural 
frequencies are a>i = 7.75, « 2 = 22.7, and co 3 = 33.6 rad/sec. Writing 
Eq. (3.56) for the first and third modes, 


c„(60) + c r = 0.1(2 X 7.75) 
c 9 (1132) + c, = 0.05(2 X 33.6) 
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When solved, these simultaneous equations yield 

c g — 0.00169 sec c r = 1.45 sec -1 


Substitution of these values into Eq. (3.56) yields the damping ratio 
for the second mode. 


0.00169(513) -f 1.45 
2 X 22.7 


0.051, or 5.1% 


This may well be considered a proper representation of damping in the 
system. If not, the values c 0 and c r can be adjusted until a satisfactory 
result, considering all three modes, is obtained. The equations of 
motion to be used in a numerical analysis of the damped system are 
given directly by Eqs. (3.55). For example, the first of these is 


A/ijh + fcnyi + k 12 yt 4- k n y 9 4- c„(k n yi 4- k n y 2 -f k 19 y 9 ) + c r Miy y = 0 


which, together with the other two equations, can be solved in the usual 
manner. 


Problems 

3.1 A two-degree system (Fig. 3.2) has the following parameters: Af, - 4 lb-aecVft, 
Afj = 2 lb-8ec*/ft, ki ™ 4000 lb/ft, fa =» 2000 lb/ft. Using a direct determination, 
obtain the natural frequencies and characteristic shapes of both modes. Demonstrate 
orthogonality of the modes. 

Answer 

«i ■» 22.3 rad/sec 
* 44.6 rad/sec 
on =* 4-1; On “ +2 

on =* +1; on - -1 

3.2 For the system shown in Fig. 3.29, write the frequency equation in terms of 
Af,, Mt, El, l, and k,. Neglect the mass of the beams. 


figure 3.29 Problem 3.2. 

3J Referring to the massless beam supporting two concentrated weights as shown in 
Fig. 3.5, suppose that the masses are at the points of the span and that l « 200 in., 
El — 0.5 X 10 10 lb-in. 1 , Wt = W 2 — 10,000 lb. Determine the natural frequencies 
and characteristic shapes. 
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Answer 

<A>1 “ 28.0 rad/sec 
t»i — 108.3 rad/sec 

a n — +1; a 2 i = -j-1 
®i* *= +1; a?j =■ — 1 

3 4 For a two-degree system as in Fig. 3.2, AT, - - 1 lb-sec*/®., and it is known 

that, for the first mode, «, - 100 rad/sec, a„ - +1, a„ - +3. Determine the 
characteristic shape and natural frequency of the second mode. 

Answer 

flu * +!; a t t = — 
on — 245 rad /sec 

3.5 A three-story building frame as in Fig. 3.4a is to be considered as a shear budding 
i.e., a close-coupled system as indicated in Fig. 3.46. The following data are given: 

f 1 I klp lf cVft ’ Mt " 2 kip-secVft, *« - 1000 kip /ft, ki - 800 kip/ft, 

- 600 kip/ft. Using the Stodola-Vianello procedure based on stiffness coefficients, 
determine the natural frequencies and characteristic shapes of all modes. 

Answer 

c*>i = 8.41 rad/sec 
oil ~ 21.0 rad/sec 
o) t - 29.2 rad/sec 

3.6 Referring to Prob. 3.5, determine the flexibility coefficients for the system and 
write the equations of motion in these terms. Demonstrate that the Stodola-Vianello 
procedure now converges first on the fundamental mode. 

37 For the system in Prob. 3.5, obtain the fundamental-mode frequency, using the 
Rayleigh method based on the dead-load shape. 

3.8 Continuing Prob. 3.7, refine the fundamental-mode Bhape by additional cycles 
and obtain the higher-mode frequencies and shapes, using the Schmidt orthogonal na¬ 
tion procedure. 

3.9 Demonstrate the validity of the Lagrange equation by using it to write the 
equations of motion for the two-degree system in Fig. 3.6. 

3.1° Write the modal equations of motion (Eq. 3.44) for the system of Prob. 3.1. 

3.11 Write the modal equations of motion (Eq. 3.44) for the system of Prob. 3.3. 

3.12 Consider the two-degree system and the modal parameters shown in Fig. 3.27. 
Usmg modal analysis, derive expressions for the displacements of the two masses as 
functions of time for the following cases: (a) a suddenly applied constant force of 
1 kip applied to mass 2; (6) mass 2 is given a downward displacement of 1 in. (while 
mass 1 is held m place), and both masses are then suddenly released. Evaluate all 
numerical terms. Hint: In (6) the initial displacements may be broken down into 
modal components. 

3.13 The three-story building frame of Prob. 3.5 is subjected to a suddenly applied 
constant horizontal force of 50 kips at the second floor. Make a rigorous modal 
analysis, and plot the deflection of the top floor up to the first peak of response. 

Answer 

^>.mx = 0.242 ft 

J.24 Referring to Prob. 3.13, determine the total shear in the top-story columns 
at the time of maximum roof deflection. 

Answer 

V = 17.5 kips at t = 0.36 sec 
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j' wo_(le R rce system shown in Fig. 3.30 is subjected to the force F, - 100 
sin lit lb. Assume no damping. 

addm^mimrnWll'^I^ 0 ’ UST* 1 * ^ maximum steady-state displacement of M, by 
adding numerically the modal components. 

irf VrfilL" th f "fTi fre ?, uency of the second mode, estimate the displacement 
of after one cycle of load. Hint: See Sec. 2.5a. . 


figure 3.30 Problem 3.15. 



316 A single-story frame on a flexible foundation may be represented by the system 
shown in Fig. 3.31. It is assumed that only rotation (no vertical or horizontal transla¬ 
tion) of the foundation is possible. k e is the rotational spring constant at the base 
and /, aDd /, are the mass moments of inertia. Determine the natural frequencies’ 
and write the modal equations for the case of a horizontal force as shown. 




figure 3.31 Problem 3.16. 


3.17 Rewrite the equations of motion for the three-degree system of Prob. 3.5 so 
as to include damping. The amount of damping is to be 10 percent of critical in the 
first mode and 5 percent in the second and third modes. 
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4 

Structures with Distributed 
Mass and Load 


4.1 Introduction 

All structures are in reality distributed mass systems since massless 
springs as assumed in previous chapters are physically impossible. 
However, some structures may be closely approximated by lumped-mass 
systems if, as in the case of the building frames discussed in Chap. 3, 
the mass of the springs is small compared with the mass concentrations 
at points between springs. For other classes of structures, such as 
beams with mass distributed along the span, it is often easier to solve 
the equations based on the continuous-mass system than to convert the 
member into an equivalent lumped-parameter system. It is the latter 
class which is the subject of this chapter. 

If the mass is continuously distributed, there are an infinite number 
of degrees of freedom, since any small element could be considered as a 
discrete particle connected by springs to all other elements. However, 
only a few of the lower modes have responses of any significance for 
practical purposes, and in some cases only the fundamental mode is of 
importance. Therefore analysis usually begins with the isolation of the 
lower modes and determination of the natural frequencies and charac¬ 
teristic shapes of these modes. The modal responses may then be com¬ 
puted and superimposed in much the same manner as for a lumped-mass 
system. 

With the exception of Sec. 4.8, the treatment in this chapter is restricted 
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to linearly elastic systems. Approximate methods for handling inelastic 
response are given in Chap. 5. 


4*2 Single-span Beams-*—Normal Modes of Vibration 

• 

Consider the beam shown in Fig. 4.1, where m is the mass intensity in 
lb-sec 2 /in. 2 and p is the load intensity in lb/in. The mass is, for the 
present, assumed uniform along the span, but p may be a function of 
both t and x; that is, p varies both with time and position along the span. 
The dynamic equilibrium of an element of length is also depicted in 
Fig. 4.1, where 9TC is bending moment and V is shear, both positive in 
the conventional sense as shown. The net load intensity w on the 
element is 

w = p(t, x) - my 

positive load being in the same direction as positive y. Since moment, 
load, and deflection are related by 


we may write 


3TI 

d 2 9Tl 

dx i 


-El 

dx 2 

-EIP 
dx* 


— w 



+ my 


p(l, x) 


(4.1) 


where LI is the rigidity of the beam, which is assumed constant along 
the span. Partial derivatives are indicated since y is a function of t as 
well as x. Equation (4.1) is the equation of motion governing transverse 
vibration of the beam. If this equation can be solved, the result will 
be the beam deflection as a function of both time and position along 
the span. 

Several noteworthy approximations have been made in the derivation 
of Eq. (4.1). First, shear deformation of the member has been ignored, 
and second, rotation of the element in Fig. 4.1 has not been considered. 



FIGURE 4.1 Simple beam with distributed mass and load. 
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As the beam deflects, such rotation must occur, and this results in rota- 
tational inertia moments which affect the equations of dynamic equilib¬ 
rium. For slender beams, a classification which includes a great majority 
of actual cases, neither shear nor rotational effects are important and no 
further attention is given to them herein. Many investigations of this 
subject have been made and reported in the literature.* 819 
In any normal mode, by definition, 

p(t, x) = 0 and y n (t, x) = f n (t)<t> n (x) 

where f n (t) is a time function, and $„(#) is the characteristic shape with 
some undetermined amplitude. We may also write 

*.-?.«)*.(») and = /•<«) £»*.(*) 

where y n is the second partial derivative of y n with respect to t. Substitu¬ 
tion in Eq. (4.1) provides 


Elf nit) ^ 4>„(z) + m^nixYfnit) = 0 


m$ H (x) dx 4 




Since the left side of Eq. (4.2) varies only with x and the right side only 
with t, each must be equal to a constant, which, as will be seen below, 
is equal to w„ 2 . Thus, by setting each side equal to w„ 2 , we may write 
the two equations 

<«) Ut) + *>»%(*) = 0 


(b) 




mu * 2 

El 


$„(*) = 0 


(4.3) 


The solution for the first of these is 


fn(t) = Ci sin u n t + Ct cos (4.4) 

which merely indicates that the time function is harmonic with natural 
frequency w*, and hence that Eq. (4.2) is valid for normal modes. The 
solution of Eq. (4.36) is 

$ n (x) — et n sin a H x 4- (B„ cos a n x + e„ sinh + £>« cosh o*x (4.5) 
where a,, = 

Equation (4.5) is general in that it may be applied to spans with any 
type of end restraints. The constants may be determined by considera¬ 
tion of the boundary conditions of the particular problem. 
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figure 4.2 Normal modes of simple beam with uniform mass. 

a. Hinged Supports 

At both ends of a beam with simple hinged supports (Fig. 4.2), the 
boundary conditions are y = 0 and 3H = 0 or d 2 y/dx 2 = 0. Since 
y n = /„(04y(x) and /»(<) cannot be zero at all times, it follows from these 
boundary conditions that 

$»(s) =0 at x = 0 and x = l 
d 2 

^2 $»(*) =0 at x — 0 and x - l 

Substituting x — 0 into Eq. (4.5) and into the second derivative of that 
equation, we find 

0 = + £>„ 

0 = -<3W + 3W 

from which it follows that both (B„ and £>„ must be zero. Making use 
of this conclusion and substituting x = l into Eq. (4.5) and its second 
derivative, we obtain 

4> n (i) = 0 = <t n sin a n l + <3„ sinh a n l 
d 2 

*«(9 = 0 = -«„o„ 2 sin a n l + C n On 2 sinh a n l 

Adding and subtracting these two expressions after canceling o„ 2 from 
the second, 

2 C„ sinh a n l = 0 
2 a n sin aj, = 0 

Since sinh aj cannot be zero, G n must be zero. Furthermore, Ct„ =* 0 
is a trivial solution; i.e., it represents no vibration, and therefore the 
frequency equation must be 

sin aj = 0 
nr 


or 


(4.6) 
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where n is any integer between 1 and infinity. Based on this result 
and the fact that = e n = D„ = 0, the natural frequencies and charac¬ 
teristic shapes are determined. From Eq. (4.5), 


Therefore 


_ 7l 2 7T 2 lEI 

3n ~ P V m 


4>„(x) = a n sin 


(4.8a) 


Since Gt„ is arbitrary, we may let it be unity and define the characteristic 
shape as 


<t> n {x) = sin 


(4.8b) 


The fundamental mode is given by n = 1, the second mode by n = 2, 
etc. The natural frequencies vary with n 2 and therefore are in proportion 
to 1, 4, 9, 16, etc. The characteristic shapes are all sine waves, that for 
the fundamental mode being a one-half cycle, for the second mode a full 
cycle, etc. The first three characteristic shapes are shown in Fig. 4.2. 
It is of significance that odd modes are symmetrical and even modes 
antisymmetrical. The total deflection, for any given situation, obtained 
by superimposing modes is simply 


Z, x) = J A n (t) sin 

n — 1 1 


where the it„’s are determined by the loading conditions as discussed 
in Sec. 4.3. 

b. Fixed Supports 

If the beam is fixed against translation and rotation at both ends, the 
boundary conditions are 

y — 0 and = 0 at x = 0, l 


$„(x) = 0 and 


4>„(x) =0 at x = 0, l 


Substitution of the latter and x — 0 into Eq. (4.5) and its derivative 
yields 

*»(0) = 0 =* ©„ + 2> n 2D* = 

^4*n(0) = 0 = «„a„ + e„a„ e„ = 
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Therefore Eq. (4.5) becomes 

*«(*) = Cfc„(sin a n x — sinh a„x) + ®„(cos a„x - cosh a„x) 
and, for x = l, 

4>„(Z) : = 0 = Ct„(sin aj — sinh a n l) + (B„(cos a n l — cosh a n l) 

^ $n(l) : = 0 == Ct»a„(cos a H l — cosh a n l) + ®„a rt (— sin al — sinh a„l) 

For a H and/or ® n to be other than zero, which is a necessary condition 
for vibration, the determinant of the coefficients must be zero. 

(sin aj — sinh aj) (cos aj — cosh aj) 

(cos aj — cosh a n l) ( — sin a n l — sinh a n l) 

When the determinant is expanded, this equation reduces to 

cos a n l cosh a n l — 1 = 0 (4.10) 

which is the frequency equation for a fixed-ended beam. The roots of 
this equation are closely approximated by 

aj = (n + y 2 )r n = 1, 2, 3, . . . 

or a„ = (n + y) y 



and the natural frequencies are given by 


Therefore 


°* 4=s tit - (» + K) 4 j? 
(« + M ) 2 *- 2 Wi 

"" P V m 


(4.11) 


and hence the modal frequencies are in proportion to (1.5) 2 , (2.5) 2 , 
(3.5) 2 , etc. It may be noted that the first-mode frequency is 2.25 times 
that .for a simply supported beam [Eq. (4.7)1. 

The characteristic shapes are more complex in this case. It is apparent 
from the expression for $„(Z) above that 

( ft\ _ cos a„l — cosh a„l 
(B/„ sinh a n l — sin aj 

Therefore the characteristic shapes (after reversing signs for convenience) 
may be expressed by 
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1 st mode 
n =1 



4 y '—^ _ V, 3d mode 

3 ''''—^ v '—' n = 3 


figure 4.3 Normal modes of fixcd-ended beam with uniform mass. 



where A n is an arbitrary amplitude, but (Ct/(B) n is a definite constant 
for each mode. Values of the latter are tabulated in Table 4.1. The 
shapes of the first three modes are indicated in Fig. 4.3. 

c. Fixed-hinged Beam (Fig. 4.4) 

Proceeding in exactly the same manner as before, we introduce the 
boundary conditions 

y = o at X - 0, l 

^ = 0 at £ = 0 and ^ = 0 at x = l 
This leads to the frequency equation 

tan aj = tanh a„l 


The roots are given with sufficient accuracy by 

a n l = (n + M)* n = 1, 2, 3, . . . 
and the natural frequencies are 

w fm 

n P \ro 


(4.13) 


The first mode has a frequency 1.56 times that of a simply supported 
beam. The characteristic shapes may be expressed as 


4>„(s) = A n 
where 



(sinh a n x — sin a n x) + cosh 


a„x — cos a n x 



cos a n l — cosh a n l 
sinh a n l — sin a n l 


(4-14) 


The first three modal shapes are indicated in Fig. 4.4. 
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h~ 


1st mode 
n = 1 


uiwv; m 

l c \J m 


0.691 
0.38 1 


2d mode 
n = 2 


3d mode 
72=3 


figure 4.4 Normal modes of fixed-simply supported beam with uniform mass. 
d. Cantilever Beam 

The boundary conditions for this case are 


?/ = ! = 0 at re = 0 

^==^ = 0 at x-l 
dx 2 dx 8 u at x ” 1 


The third derivative must be zero at the free end since, in a normal 
mode (free vibration without external forces), there can be no shear at 
this point. By introducing these boundary conditions into Eq. (4.5) 
and proceeding as in previous cases, the frequency equation is found to be 

cos a n l cosh a n l + 1 = 0 

The first root of this equation is a„l = 1.875, and the higher roots may 
be closely approximated by 

a„l ~ (n — ^)t n — 2, 3, 4, . . . 

Thus the natural frequencies are 

= (°- 597 t ) 2 IS7 


_ (n - k)v im . . 

— - jz -— n > 1 

l 2 \ m 


(4.15) 


It may be noted that the frequencies for a cantilever are the same as the 
next lower mode of a fixed beam; i.e., the second mode of the cantilever 
has the same frequency as the fundamental mode of a beam fixed at 
both ends. The natural frequency of the first mode is 0.356 times that 
for a simply supported beam. 



158 Introduction to Structural Dynamics 



figure 4.5 Normal modes of cantilever beam with uniform mass. 


1 st mode 


2d mode 
n=2 


3d mode 
n = 3 


The characteristic shapes for a cantilever beam are given by 

(sinh a„x — sin a n x) + cosh a n x — cos a n x j (4.16) 

where / a\ _ cos aj + cosh a l 

\<35/„ sm a n l + sinh a n l 

These are indicated in Fig. 4.5. 




4.3 Forced Vibration of Beams 

To determine the response of beams due to applied dynamic forces, use 
will be made of Lagrange’s equation in the same manner as previously 
for lumped-mass systems. The dynamic deflection may be represented 
by the summation of the modal components: 

n 

y(t, x) = X A n <t>n(x) (4.17) 

where A n is the modal amplitude (which varies with time), and 0„(x) is 
the characteristic shape. The velocity is given by 

n 

y(U x) = X A n <t> n (x) (4.18) 

For use in Lagrange’s equation the kinetic energy of the complete system 
is expressed as 

n 

3C = J g y 2 dx = }4m f* A n 0»(x)] 2 dx 

where m is the uniformly distributed mass, and the integration pro¬ 
vides the summation of all kinetic energy along the length of the beam. 
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Expanding the series, the last equation may be written as 

n 

3C = j4rn m A n 2 4>J(x) ] dx + m f* U»^„(x)I[i m ^ m (x)]} dx 

where the series in the second term indicates the sum* of ail the modal 
cross products. The contribution of one of these cross products may be 
written as 

m J g A n <t> n (x)A m <f> m {x) dx 

or replacing the integral by a summation, 

j 

X [^n0n(av)]Um<£m(£r)]m Ax 

r = 1 

where j is the number of discrete elements into which the beam is divided 
for the purpose of summation. The expression may also be written as 

J 

A n A m X Af r «/> n (x r )<*> m (x r ) (4.19) 

r — 1 

The orthogonality condition as expressed by Eq. (3.13a), 

3 

X M rdrndrm = 0 

r =* 1 

indicates that expression (4.19) must also be zero since <£(x r ) and a T 
are identical in meaning. Thus the entire second term of the expression 
for X is zero and 


Furthermore, 

and 


n 

X = y 2 m f g A u 2 ^„ 2 (x) J dx 

n 

= /4m A n 2 f o 4>J(x) dx 

= mA n f 1 <£ n 2 (x) dx 

dAn Jo 

air = /.'*•’<*> dx 


(4.20) 


The work done by external dynamic forces during an arbitrary distortion 


n 

= f‘ p(t, x) 4„tf>»(x)] dx 

n 

= dx 


(4.21) 
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where f(t) is the load-time function, and pi(s) is the load distribution 
along the span, which may be any function of x. The rate of change 
of external work with respect to A n is therefore 

= f(t) jl Viix)4> n {x) dx 

Writing the Lagrange equation (3.36) with damping omitted and 
substituting from the above, we obtain 

d d3Z a<u _ aw, 
dt dA n + *A n ~ dA n 

mX n J* dx + ~ = f(t) f' pi(x)<f> n (x) dx (4.22) 

It is unnecessary to evaluate the strain energy *li since we know by 
previous experience that, if the last equation is divided by the coefficient 
of A n , the coefficient of A n becomes o»„ 2 . Thus 

v , ,, /(0 f! Pi(x)4>*(x) dx 

A n + o> n M n = -- (4.23) 

m Jo 

which is the equation of motion for the nth mode and completely analo¬ 
gous to Eq. (3.46) for lumped-mass systems. The modal static deflec¬ 
tion is defined by 

f pi(x)<f> n (x) dx 

Anst = ^ - Tl -— (4.24) 

<*n 2 m ^„*(x) dx 

The modal response is given by 

Anit) = A„ t (DLF) n (4.25a) 

and the total response by 

n 

y(x, 0 = 2 A n (t)<t> n (x) (4.256) 


where (DLF)„ is the dynamic load factor for the equivalent one-degree 
system of the nth mode. These equations are analogous to Eqs. (3.47) 
to (3.49) for lumped-mass systems and could, in fact, have been deduced 
directly therefrom. 

Equation (4.23) is completely general and applies to beams with any 
support conditions and with any type of load distribution. If the loads 
are concentrated rather than distributed, the integral in the numerator 
of the right-hand side merely becomes a summation having one term 
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Table 4.1 Integrals of Characteristic Functions for 
Beams with Various Support Conditions 


(sinh a n x — sin a n x) 4- cosh a n x — cos a n x 



for each load. The execution of the integration becomes tedious for 
other than simply supported beams because the characteristic shapes 
are rather complicated functions. Values of the integrals are given in 
Table 4.1 for the first three modes of some commonly encountered beam 
types. 

a. Concentrated Loads 

Consider the simply supported beam shown in Fig. 4.6a, which is 
subjected to a concentrated dynamic load at midspan. The modal 
characteristic shapes [Eq. (4.86)3 are 


<t> n (x) = sin 


mrX 

T 


and the numerator integral in the right side of (4.23) is replaced by 



where c F is the location of the load F. In this particular case, there is 
only one load, and c F = 1/2. Therefore 


162 


Introduction to Structural Dynamics 


f <t> n 2 (x) dx — f l sin 2 ~ dx = ~ 
Jo l 2 


The modal equation of motion obtained by substitution into Eq. (4.23) is 


'i _ f(!)F i sin (m r/2) 

-iln — -rr:- 

ml/2 


(4.26) 


the solution of which may be obtained as for any one-degree system. 
By Eq. (4.24), the modal static deflection is 


Anst ~ 


F i sin (mr/2) 
b) n 2 ml/2 


from the latter it is apparent that all even modes contribute nothing 
to the deflection at any point since sin (nr/2) = 0. This is true because 
such modes are antisymmetrical (Fig. 4.2) and are not excited by'a 
symmetrical load. It may also be stated that there is no response in a 
mode when the load is applied at a node in the characteristic shape of 
that mode. 

To define the example further, let us suppose that the force F x were 
suddenly applied and constant. Then, by Eq. (2.12), 


(DLF)„ = 1 — cos a ) n t 



figure 4.6 Simple beam subjected to various load distributions. 
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and the modal response [Eq. (4.25a)] is 

A Fi sin (nr/2) 

An ~ a> n *ml/2 (1 “ C0S 

The modal deflection at any point along the span is . 

„ _ a , \ Fi sin (rnr/2) . . rnrx 

y n — A n <p n {x) = - 2 , /0 — (1 — cos co n «) sin —=- 


The total deflection at any point and at any time is obtained merely 
by superimposing modes. 


y = Wl t h sin T (1 “ cos 8in V T (4 ' 27) 

To illustrate further, the dynamic deflection at midspan (x = 1/2) equals 

v i x = l ^) = 2 kth 8in! t (1 _ 008 (4 - 28) 

It is also of interest to compare the contributions of the various modes 
to the midspan deflection. This will be done on the basis of maximum 
modal amplitudes without regard to the manner in which the modal 
displacements actually combine. The amplitudes will indicate, in gen¬ 
eral, the relative importance of the modes. 

In Eq. (4.28) the DLFs all have maximum values of 2, and may be 
eliminated from consideration. Furthermore, since the sines are all 
unity for the odd modes, the modal contributions are simply in propor¬ 
tion to 1 /w» 2 . Therefore the maximum modal deflections are in propor¬ 
tion to 1, and 3^25 for the first, third, and fifth modes, respectively. 
It is apparent that, in this example, the higher modes contribute very 
little to the midspan deflection. 

Suppose now that the concentrated load is at the left quarter point 
of the beam, as in Fig. 4.66. The load integral in Eq. (4.23) is, in this 
case, 

£ F+Jic r ) = 0 = Fi sin ~ 

and the total deflection would be given by 

•to -^ith s ' n T (DLF) ” 8in HT (4 - 29) 


which corresponds to Eq. (4.27). In contrast to the previous case, which 
involved a load at midspan, the second mode now makes a contribution 
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to the dynamic deflection. If the maximum DLFs are the same in all 
modes, Eq. (4.29) indicates that the ratio of the first- and second-mode 
amplitudes is 

Thus, even in this case, the major contribution is made by the first mode. 

If the load distribution were antisymmetrical, only the even modes 
would be excited. For example, if equal but opposite loads were applied 
as in Fig. 4.6c, 


F 

X FMcr) - F^c.) - - Cl ) = Fl [sin n ^i - sin n < 1 ~ C|) j 

where the negative sign indicates that the load is upward. This expres¬ 
sion is zero for all odd modes because these are symmetrical and the two 
sine terms are equal. The total dynamic deflection could be expressed by 

»« - 7HT X h T - - CM*). - (4.30) 

b. Distributed Loads 

If the loads are distributed, the integration indicated in the right side 
of Eq. (4.23) must be executed. For example, consider a simply sup¬ 
ported beam with uniform load distribution as in Fig. 4.6d. The load 
integral is 

J 0 Pi(.x)4>n(x) dx = pi sin ^ dx 

= — — (cos TlV — 1) 

Wit 

- AA i 

=- n odd only 

mr 

Thus, as would be expected with a symmetrical loading, only the odd 
modes contribute. The total response as given by Eq. (4.25) is therefore 




1, 3, 5, . . . (4.31) 


where (DLF)„ is simply the DLF for a one-degree system subjected 
to the same load-time function as that for pi. Since n appears in the 
denominator, it is apparent that higher modes are even less important 
here than in the case of concentrated loads. This is true because the 
load distribution is similar to the characteristic shape of the first mode. 
In fact, if the load distribution were the same as that shape, i.e., if 
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p{x) = p x sin (tx/1), only the first mode would be excited and the con¬ 
tributions of all other modes would be exactly zero. 

If the load had been uniformly distributed over one-half the beam 
as in Fig. 4.6e, 

f o pi(x)4>n(x) dx = Pi f° /2 sin da? 

Pll /. tt7r\ 

= — I 1 — COS -JT- ) 

nir \ 2 / 

The total dynamic beam deflection would then be given by 

y(x) = t) (DLF) " sin T (4 ' 32) 

c. Dynamic Stresses 

In order to determine dynamic stresses we need only apply the well- 
known relationships 

arc - -El 

dx 2 

v _ dm 
dx 

for bending moment and shear. Thus the computation involves only 
the differentiation with respect to x of the expressions given above for 
dynamic deflection. For example, in the case of a simply supported 
beam with uniformly distributed load, Eq. (4.31) may be operated on 
to obtain the following: 


»> *3°i5 


n = 1, 3, 5, . . . (4.33) 


Note that, in going from deflection to moment to shear, the higher modes 
become increasingly important, as indicated by the increasing power of n. 
To illustrate, the amplitudes of the first and third modes, neglecting 
possible differences in DLF, are in the following ratios (note that co„ 2 
is proportional to n 4 ): 

- = 3 s = 243 

Vz 

Vi 

ir = 3* = 9 


This tendency is generally true of beam response. 
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Equation (4.336) may be used to obtain the dynamic beam reaction 
by substituting x — 0 or x = l : 

t> 4EIpnr 2 v n 2 

V "° = mV (DLF) “ ™ = 1, 3, 5, . . . (4.34) 

When the first mode dominates the response, it is possible to obtain 
approximate deflections or stresses directly from the static values of these 
quantities. For example, the maximum dynamic bending moment at 
x = 1 /2 for the uniformly loaded beam may be closely approximated by 

3F*-i/2 = (DLF)i 

The corresponding value given by Eq. (4.33a), neglecting higher modes, is 

... = mm. 


™ ‘tTTIhl 'Ul 

= InpJ? (DLF )‘ 


or since an 2 = x 4 El/ml\ 


3Fx_ l/2 = —tPiHDLF)! = 0.129pd 2 (DLF)i 

The close agreement between these two computations is due to the fact 
that static deflections can also be expressed in terms of modal compo¬ 
nents, and for a uniformly loaded beam the first mode dominates both 
static and dynamic response. 

d. Examples 

To illustrate application of the foregoing developments, suppose we 
were interested in the maximum deflection and stresses produced in a 





E = 3000 lb 
EI= 6.1 x10 9 lb-in. 2 
m = 0.2 lb-sec 2 /in. 2 



t, sec 


figure 4.7 Example. Simple beam with concentrated dynamic 
force. 
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simply supported beam by a concentrated force such as shown in Fig. 4.7. 
The mass, which includes the weight of the beam, is assumed to be uni¬ 
formly distributed. The natural frequencies, by Eq. (4.7), are 

_ n 2 x 2 [El nV /6.1 X 10 9 , 

“ ft l 2 \ m (180) 2 \ 0.2 " 53n 

wi = 53 u > 2 = 212 0 J 3 = 477 rad/sec 

and 

Tt = 0.118 T 2 = 0.0296 T 3 = 0.0132 sec 
Higher modes will be neglected. 

It is apparent from the discussion of Sec. 4.3a that the dynamic deflec¬ 
tion is given by 

, , 2F 1 y 1 / . rare A /T ^ TT ^v . n-KX 

v(x) = mi l S? ( Sln —) (DLF) " sm T 

where Ci = 6 ft. Substituting the numerical values given, we obtain 
the modal deflections 


Vi(x) = + 0.0565(DLF)i sin™ in. 

y*(x) = +0.00218(DLF) 2 sin in. 

y»(x) = — 0.00043(DLF) 3 sin in. 


(4.35) 


Restricting attention to maximum modal deflections, the DLFs may be 
obtained from Fig. 2.7 as follows: 


7\ 0.118 

U_ = 0-1 
T 2 00296 
t d _ 0.1 

T z 0.0132 


= 0.85 (DLF)i. m „ = 1.48 


= 3.4 (DLF) 2 , m8X = 1.85 
= 7.6 (DLF) 3 , max = 1.94 


Inserting these into Eqs. (4.35), we obtain the modal deflections (at the 
time of maximum modal response). 


yi = +0.084 sin ~ 

v 

y 2 = +0.0040 sin 

v 

yz = -0.00084 sin 


(4.36) 
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It is apparent that the second mode contributes little and the third mode 
could well be ignored. These maximums could be added numerically 
to obtain an upper bound of deflection. A more exact determination 
would require consideration of the time variation of modal responses 
and could, if necessary, be accomplished by the use of Eqs. (2.176) and 
(2.186), which give DLF as a function of time. 

The maximum (timewise) modal bending moments may be obtained 
by double differentiation of Eqs. (4.36). 


art = -El 

dx 2 

Slti = +0.084 ’—j^— sin ~ = (15.6 X 10*) sin^ 

3H* = +0.0040 sin ^ = (3.0 X 10‘) sin ~ 

3H a = -0.00084 sin = (-1.4 X 10*) sin ^ 


in.-lb 
in.-lb 
in.-lb 


At the point of loading (x = 6 ft), these moments become 

9TCi = 14.8 X 10 4 in.-lb 
3TC* = 1.7 X 10 4 in.-lb 

9TC 3 = 0.8 X 10 4 in.-lb 


The maximum (timewise) modal shears are obtained by 

y _ d91Z 
dx 

V i = 2720 cos ~ lb 
F 2 = 1050 cos lb 

Vz= —740 coslb 

l 


The maximum (spanwise) shears which occur at x = 0 are also the left 
beam reactions and are equal to the coefficients of the cosines just given. 
The second and third modes are in this respect more important, and the 
numerical addition of modal shears or reactions may be too conservative. 
If so, one would have to consider the actual time variation of DLF in 
each mode. 

As a second example, let us consider a prismatic, fixed-ended beam 
subjected to a uniformly distributed dynamic load. Only the first mode 
will be considered. The characteristic shapes are given by Eq. (4.12). 
The general equation of motion is Eq. (4.23). The values of the integrals 


Structures with Distributed Mass and Load 169 

on the right side of the latter equation are given in Table 4.1, and there¬ 
fore the equation becomes 

A, + on 1 At = iM X Of308i _ Pj /M 

m X l m 

♦ 

where pj(t) is the time-varying load and m the mass, both per unit 
length. The modal static deflection as given by Eq. (4.24) is 

A u , = 0.831 

«i 

and the dynamic response is 

Ai(l) = 0.831 (DLF)i 

C0l*Wl 

where (DLF)i depends upon/(f). 

The dynamic deflection at any point along the span is given by 

y(x, t ) == Ai(t)(tn{x) 

~ A i(f)[ — 0.9825(Binh a x x — sin a^x) + cosh aix — cos d\x] 

where a x == 3*-/2Z, and the quantity -0.9825 is a/(B as defined in Sec. 
4.26 and given in Table 4.1. The deflection at midspan, obtained by 
substituting x = 1/2 and the expression given above for Ai(t), is equal to 

WflU = 1.32^ (DLF), 

- dsW < DLF) ‘ 

The dynamic bending moment is found by 

311,(z, t) = -El = -ElAM 

After substituting for Ai(t) and d 2 <fn(x)/dx 2 , this expression may be 
reduced to 

9Hi(x, t) = — 0.0376piZ 2 (DLF)d—0.9825(sinh a\x + sin aix) 

+ cosh (i\X -f cos dix] 

from which the maximum moment in the span is found to be 
[3Tt,(OUo = — 0.075pd 2 (DLF) i 

The responses in higher modes could be obtained in the same manner, 
making use of the numerical values in Table 4.1. 
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4.4 Beams with Variable Cross Section and Mass 

In the preceding sections we have dealt only with prismatic beams. 
If the cross-section properties and/or the mass vary along the span, 
it is usually necessary, or at least advisable, to adopt numerical methods. 
Perhaps the best procedure is to use the modified Rayleigh method 
(Sec. 3.5) to obtain natural frequencies and characteristic shapes. With 
this accomplished, modal analysis of the response may be executed in 
the usual manner. This procedure is illustrated below by the analysis 
of a simply supported, nonprismatic beam. The method is, however, 
perfectly general. It could be applied to single spans with any end con¬ 
ditions and also to continuous beams. 

a. Example 

The simple-span beam of Fig. 4.8 has in its central half a mass intensity 
of m 2 and a stiffness El 2 , while in the outer quarters of the span the 
corresponding quantities are mi and EI X . We desire to obtain the 
response (deflection and bending moment) due to a uniformly distributed 
dynamic load p(t) which has the time function shown. 

In order to obtain the natural frequency and characteristic shape, the 
beam will be converted into a lumped-parameter system. For this 
purpose the span is divided into 20 equal segments, but because of 
symmetiy, only one-half the span need be considered. Each section 
will have a mass M, — m (Ax) and an applied load F r (t) — p(t) (Ax). 
All quantities (deflection, bending moment, etc.) will be computed at 


pit) 



/7i, = 0.05lb-sec 2 /in? 
m 2 = 0.10 lb-sec 2 /in. z 
Ely = 5x10® lb-in. 2 
EI Z = 20x10® lb-in? 



figure 4.8 Example. Analysis of simple beam with variable mass and stiffness. 
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the centers of the segments. The precision of the solution obviously 
increases with the number of segments. 

In Sec. 3.5 the natural frequency is given by Eq. (3.25), or 

l Fr,<f' r ' 

= - ’-=± - 

A" X MM O 1 

r ■= I 

where F ri = M T <f>' n 4>[ is an assumed shape, and is the shape caused by 
the forces F w (normalized so that A"<j>" is the true deflection at r ). In 
this example only the fundamental mode is considered. Higher modes 
could be included by the method given in Sec. 3.56, but it is obvious 
in this case that these would not be important. 

The computations leading to natural frequency are shown in Table 4.2. 
The assumed shape in the first cycle is taken as a sine curve because it is 
expected that the true shape will not be radically different from that 
for a prismatic beam. The deflections due to F H , that is, A are 
calculated by the conjugate-beam method, in which the bending moment 
due to the elastic load is equal to the deflection. Any other procedure 
for computing deflections could have been used. The deflection at 
section 10 is arbitrarily taken to be A", and when all deflections are 
divided by this value, the result is the computed shape <#>''. Comparison 
of <t>r and the assumed shape 4>' r is indicative of the accuracy. For the 
second cycle the shape assumed is that computed in the first cycle. The 
final shape in the second cycle is very close to that obtained in the first, 
and therefore convergence is satisfactory. Based on the summations 
at the end of the second cycle, the natural frequency of the first mode is 

2 _ 5.017 _ oocn 

Wl “ 112,760 X 10-® X 5.030 “ * 
wi = 94.1 rad/sec 7\ = 0.0667 sec 

The equation of motion is obtained by Eq. (3.46), 

m i m: 

Ai + ui 2 Ai = j T 1 - 

2 MM'r'Y 
r—1 

where F r i is the maximum load at segment r and is for all segments equal 
to pi (Ax). The summations are evaluated in Table 4.2. The modal 



Table 4,2 Modified Rayleigh Method for Natural Frequency; Nonprisma tic Beam , 
Computations for Beam in Fig, 4.8 ( Half-span ) 
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static deflection is, by Eq. (3.47), 


(1.66pi)10“* in. 

The maximum DLF for this load-time function (Fig. 4.8) may be 
obtained from Fig. 2.9. Entering this chart with 

t r /T = 0.1/0.0667 = 1.5 

we obtain 

(DLF) max = 1.20 

Thus the maximum dynamic deflection (at section 10 since A" is based 
on this point) is 

(2/io)m„ = A„ ( (DLF) max = (1.87pi)10 -8 in. 

and the deflection at midspan would be only slightly larger. The maxi¬ 
mum dynamic bending moment at midspan may be closely approximated 
by the static moment times the maximum DLF.* 

9F max = \i V ,Z 2 X 1.20 = 0.15piZ 2 

Higher modes do not contribute appreciably to either deflection or bend¬ 
ing moment. As discussed in Sec. 4.3, it might be desirable to include 
the third mode (the second does not contribute in this symmetrical case) 
if shears or reactions were to be computed, although the contribution 
of this mode would not be great. 

The above method is a powerful tool because of its generality. It 
may be used for any variation in stiffness and mass (including concen¬ 
trated masses), any load distribution or time function, and any com¬ 
bination of end conditions. The basic computation is the determination 
of deflected shape, which may be done by any convenient method. If 
important, the effect of shear distortion, elastic supports, or any othe? 
special conditions of the particular problem could be included in the 
deflections, and hence in the dynamic analysis. 

* The bending moment based upon the first mode could be computed from the data 
in Table 4.2 The bending moment due to F ri is the modal moment, and 389.85 is 
the moment at point 10, corresponding to a deflection of 112,760 X 10~ 9 in. Since 
moment is proportional to deflection, the maximum dynamic moment is easily com¬ 
puted for the actual deflection of 1.87pi X 10 3 in. The value given above, based on 
the static moment, is somewhat more accurate since the higher modes are approxi¬ 
mately accounted for. 
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figube 4.9 Continuous beams—notation. 


4.5 Continuous Beams 

The dynamic analysis of continuous beams by any rigorous method is a 
very cumbersome procedure. This is primarily due to the fact that the 
characteristic shapes are rather complicated mathematically and not 
convenient for manipulation. The difficulty is compounded because 
there are usually several natural modes with frequencies that are not 
radically different and ail of which might contribute significantly to the 
response. Although the presentation which follows is rigorous, the 
engineer must in many practical cases resort to approximate solutions 
for response such as discussed in Chap. 5. 

a. General Frequency Equation 

Consider the general case of a continuous beam as shown in Fig. 4.9, 
where it is assumed that each span has uniform mass distribution and 
stiffness. We begin by noting that Eq. (4.5) applies to spans with any 
end conditions, and hence the characteristic shape for the nth mode 
and the s span is defined by 

$n*(x) — & nt sin a^x + (B n * cos a n ,x + C n , sinh a„ g x + 2) n , cosh a nt x 
4 > n»(^) — cos a n ,x — sin dn*x + Q nt a n , cosh dn»X 

fl 4 sinh d n >x 

^n>( x ) — ~~ dnt&nt s i Q Q-n*x — ® n *ct^ a cos d nit x 4 Q n ,a\ s sinh d nt X 

4 cosh dn,X 

where 4>' and < t > " are the first and second derivatives with respect to x and 

d nt = 

It is now convenient to introduce the following boundary conditions for 
two adjacent spans (Fig. 4.9): 

(«) *„,(0) = 0 

(&) *,.&) = 0 

w = *:<. +u (0) 

(d) El .,#"«.) = E/, +I 4>". +1 ,(0) = -snt, 

W *.<.+!) (0) = 0 



(4.37) 
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which state that, in the modal shape, the deflections at the supports are 
zero and that the slopes and bending moments of two adjacent spans 
at the common support must be equal. Substituting the expressions 
for modal shape and derivatives thereof into (a) to (e), we obtain the 
following: 

* 

(/) «„. 4 SD«. = 0 

( 9 ) a», sin l 4 ® n« COS flu, l, 4 Cn. sinh a„,l, 4 SD»« cosh a ne l e = 0 
(h) a n , cos a n ,l, — (B n * sin a nl l B 4 C„, cosh a nt l, 

4 $>n« sinh Onth = - n ^ 1 - ((t„(* + l) 4 C n («+ 1 )) 

On* 

(t) — a„. sin a nt l, — (B„* cos a ns l s 4 e„, sinh a n ,l, 

2 T 

4 ©n» cosh On»lg — ^' l - 2 +1) [ — ®n(«+l) 4 2D„( a+ j)] 

a nt 

( J) ®»<«+I) 4- 3)n(«+l) = 0 

Adding and subtracting ( g ) and (i) and substituting from (j), 


£>».(•+!) — — ®n(«+l) 


(fc) e„. sinh a H ,l. — ®„. cosh a n ,l . = - ® n («+i) ^ 

a n» 1 • 

(1 ) «n» sin a n ,l, + <B na cos a n ,l, = ® n (.+i) ? n 

°n* 1 • 

from which 


(n) = 


_ 4®n« COSh a nt l, — ®n(*+l)(o« 2 («+l)/gn * 2 )(f«+l//») 
sinh a n ,l, 

■ -®»« cos a„,l» 4 ®»( t+ i)(an 2 («+i)/a„,)(/.+i//«) 
sin a n ,l. 


Adding (m) and (n), we may write 

(o) a.. + e„. = - <B n(1+1) H ’ 

where 

(p) G n , — coth a n d, — cot d n ,U 

( q ) H n , = cosech a„*h — cosec a n ,l , 


If all subscripts in Eq. ( 0 ) are raised by 1, and the resulting expression 
for ((tn<*+i) 4 e„(.+n) is substituted into the right side of ( h ), and if (m) 
and (n) along with 3D„, = — ®„, are substituted into the left side, Eq. (h) 
may be written in the form 


(r) «„//.. - <B n( . +1 , ( 44 G n . + ^±2 

\ a n 8 ** / 


««■(*+2)-f*+2 u _ n 

„ T- a »(«+!> — U 


On*«n («+!)/*+! 
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From (d) we may write 

— 3Fn 5 = EI t+ i(~ (B„( a+1 ) -f- £>n(*+i))a n 2 (, + i) 


or since JD b(h .i, = -<B n( , +1) , 


®«(«+D = 


2F/, + iO„ 2 (« + x) 


Finally, substituting (s) and its equivalents with the subscripts raised 
and lowered by 1 into (r) and canceling common terms, 


^ & ~ 


OtJ. 


G n (,+ l)l»+l 

(On(«+l)i«+l)/»4-l 

, _ H n 


+ - ° ^ 


Equation (4.38) is the three-moment equation which may be used to obtain 
the natural frequencies of normal modes. It is equivalent to the three- 
moment equation used in static analysis and also that used in determin¬ 
ing buckling loads. As in those cases, Eq. (4.38) is applied to each pair 
of adjacent spans. If the end of the exterior span is hinged, the moment 
at that point is taken as zero. If the end is fixed, the equation is applied 
in such a way that 9TC„„ is the moment at the fixed end, and in so doing 
the I of the fictitious span outside the exterior support is taken to be 
infinite. 

By the procedure outlined above, one equation is written for each 
support moment and the result is a set of simultaneous equations. The 
Wl’s are moments which occur during free vibration in that mode and 
of course cannot be determined. However, in order for any vibration 
to be possible, the determinant of the coefficients of the arc’s must be 
zero. Expanding this determinant leads to the frequency equation, 
the roots of which are values of a n l, which are directly related to oj„. 
This procedure is illustrated by examples given below. Having obtained 
the frequencies, the characteristic shapes are determined by substituting 
each root in turn into boundary equations such as Eqs. (4.37/) to (4.37/), 
the number of equations required being one less than the number of 
coefficients (Ct„„ etc.) to be computed. 


b. Natural Frequencies for Special Cases 

First we consider a two-span beam as shown in Fig. 4.10. Equation 
(4.38) need only be written once, with 3TC ns taken to be the moment at 
the interior support and fffCnu-n = 3TC«(h-i> = 0. Thus 

— 311 i G n (,+l)lt+l 1 

L (» (fl»(«+l)k+l) J*+l J 


(4.39a) 
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Natural modes of two identical spans: 


Z_£7jt a 


2 £7(3.92 ) 4 


2 £7(2r) 4 


Z £7(7.06) 4 

— n — 
ml 


figure 4.10 Normal modes of two-span beam. 


and the frequency equation is 


G n ih , G n2 l 2 _ „ 

(a»iJi)/i {a n zli)h 


(4.396) 


where G n i = coth a nl h — cot a n ih 
Gn 2 = coth anil 2 — cot Onlh 
„ _ 4 /m 1 o>„ 2 

" ~ \ Eh 

The problem is now to determine values of a n l which satisfy this equation. 
Note that a ni li and a n2 l 2 have a constant relationship for given beam 
properties, and hence one may be replaced by a constant times the 
other. In general, such frequency equations are not easily solved and 
a trial-and-error procedure must be employed. This process may be 
accelerated by the use of published tables giving values of G and H. il 

To illustrate by a specific result, let us take the case of two spans 
identical in stiffness, length, and mass. The frequency equation now 
becomes 

Gnl + G n t — 0 

This equation has two sets of roots, the first corresponding to 

Gnl = Gn 2 = + ® 

and the second to G „i = G„ 2 = 0. The roots are 

anih = a n2 l 2 = r, 2x, 3r, . . . 
and a n ih = Ondi = 3.97, 7.06, 10.2, . . . 
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Natural modes of three identical spans: 



figure 4.11 Normal modes of three-span beam. 


2 £ 7 ( 4 . 30) 4 


The natural frequencies are therefore given by 

= ~ = S (*', 3^2', 2^‘, TM', . . .) 


(4.40) 


The characteristic shapes for the first four modes are shown in Fig. 4.10. 
Note that the first set of roots (the odd modes) are for antisymmetrical 
modes and are the same as the natural modes of a single simply supported 
span.* The second set of roots are for symmetrical modes which cor¬ 
respond to a single span fixed at one end and simply supported at the 
other. This similarity to a single span is obviously correct, since in 
an antisymmetrical mode there is a node at the center support and 
hence one span does not affect the other. On the other hand, in a sym¬ 
metrical mode there can be no rotation at the center support, and the 
situation is the same as if that were a fixed support. 

Second, consider a three-span beam such as in Fig. 4.11. Writing 
Eq. (4.38) twice, 


-STCni 


Gnlll 

(anzli)!^ 


(o. ni l 2 )l 2 

j - 3TCn2 Jj 


+ 9TC«2 


{dnzlzjl 


MW2I 0 

_ Gnzh _ ~ 
(dnzh)Iz 


Expanding the determinant of the coefficients of 911, we obtain the fre¬ 
quency equation 


f Gnlh , _ Gnzlj 1 r G n 2/2 . GntU 1 __ f Hnjlj I 2 _ , . 

l(flnlh)h (a n2 Z 2 )/ 2 J [(a n2 Z 2 )/ 2 ( a n ilz)Is\ |_(On 2 i 2 )/ 2 j 

* Note that Eq. (4.39a) is also satisfied by 311 *, = 0, which indicates that these 
inodes must be the same as for two independent spans. 
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figure 4.12 Normal modes of four-span beam 

For three identical spans this becomes 

4 GJ - H n ' = 0 

or 2G n = ±H n 

where G„ and H„ apply to any of the spans. The three sets of roots 
to this equation are (1) G n = H n — ± 00 : the first root of the set is 
ad = v and the complete set is the same as for the modes of a single, 
simply supported span; (2) 2 G n = —H n : the first root of the set which 
is the second mode of the beam is a ail = 3.55 and all modes of this set 
have a node at the center of the middle span; and (3) 2 G n = +H n : the 
first root of this set, or the third mode of the beam, is a s l = 4.30. These 
first three modes are shown in Fig. 4.11. 

We could proceed in the same manner to investigate & four-span beam , 
but of course the frequency equation is much more complicated. How¬ 
ever, for identical spans it reduces to 21 

V2 G n = ±H n 

Again, there are three sets of roots, the first of which is the same as that 
for a simply supported, single span. The lowest three modes are shown 
in Fig. 4.12. 

It should be apparent from the above discussion that, for any number 
of identical spans with hinges at exterior supports, the fundamental 
mode is the same as for a single, simply supported span. The higher 
modes of the single-span case are also higher modes of the multispan 
case, but these are interspersed with other modes. There is another 
group of symmetrical modes with only small rotations at interior sup¬ 
ports which correspond roughly to a single fixed-ended span. In addi¬ 
tion, there are various combinations of these two types, the number of 
possible combinations increasing with the number of spans. 
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Several investigators have devised ingenious ways of obtaining natural 
frequencies for continuous beams. 20 22 Although these are useful, they 
do not generally provide characteristic shapes, and it is an unfortunate 
fact that the latter are required for complete dynamic analysis. It is 
for this reason that one is usually forced to make approximate analyses. 

c. Example of Response Calculation 

To illustrate a complete dynamic analysis, let us consider a manageable 
problem such as the determination of response for the two-span beam 
shown in Fig. 4.13. Only the first two modes will be considered, since 
for this type of loading (i.e., a concentrated load near one midspan) 
higher modes would not make significant contributions to the response. 
In Sec. 4.56 it was shown that these modes are identified by 


ad — x 

, F/x 4 

0>1 2 = — yr 
ml 4 

ad = 3.92 

, _ E/(3.92) 4 
ml * 


It is also known by deduction that the characteristic shapes are given 
by Eq. (4.8) (single, simply supported span) for the first mode and by 
Eq. (4.14) (single, fixed-hinged span) for the second mode. However, 
to illustrate the procedure that would be used for unequal spans, we shall 
follow a more general approach. 

The characteristic shapes may be derived from the boundary condi¬ 
tions represented by Eqs. (4.37a) to (4.37e). Equations (a), (d), and 
(e) provide 

4>m(0) = 0 = (B„i + £> nl 

— 0 = (Bnl 4“ 2)n1 

4*712(0) = 0 = (B n2 + © n2 

from which we obtain 

®nl ®nl = 0 and 3) n2 = —(Bn 2 

Making use of these relations between (B and fD and noting that, for 
identical spans, a nl = a n2 = a n , we may write 

(a) $„i (l) ~ 0 a„i sin aj + e„i sinh ad = 0 

(&) 4>ni(0 = < 2 (0) a„i cos a n l + e„i cosh aj = «„ 2 + C„ 2 

(c) $Ji(J) = <h" 2 (0) — a„i sin Onl + 6„ x sinh ad = -2(B„ Z (4.42) 

(d) 4»„2(0 — 0 (in 2 sin a„l + ® n2 (cos ad — cosh ad) 

+ e„ 2 sinh ad — 0 
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figure 4.13 Example. Response of two-span beam. 


For any value of ad, these four equations may be solved simultaneously 
to obtain four of the unknown coefficients in terms of the fifth. This 
will define the characteristic shape. 

For the first mode we substitute ad = x and obtain, from Eqs. (4.42), 

Cn = (Bj 2 — Ci 2 = 0 
<in = — a i2 

Letting Ct u = Ai, the arbitrary modal amplitude, and substituting into 
the general expression for 4>„,(x), we obtain the characteristic shape 

$ 11 ( 2 ) = A 1 sin a x x = A \ sin ^ 

4>i 2 (x) = — A x sin y (4.43) 

or <f>u{x) = sin -j~ <f> x 2 (x) = - sin 

These are, as expected, the same shape as that for the first mode of a 
single, simply supported span. 

For the second mode we substitute ad = 3.92 and solve the four 
equations (4.42) simultaneously. This produces the result 

C 22 = -25.30621 a 2 i = +35.60621 

(B 22 — — 25.196 2 j D 22 = +25.196 2 i 

®22 = +25.326 2 i 

where 6 2X has arbitrarily been taken as the reference coefficient. The 
second-mode characteristic shapes for the two spans are therefore 

$21 (z) == e 2i ^35.60 sin + sinh 

•Mx) = 621 ^25.32 sin - 25.19 cos 

, 3.92x . 0 _ , 3.92x\ 

— 25.30 sinh —^-h 25.19 cosh —|—j 


3.92x\ 

« ) 
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Since it is known that this mode is symmetrical, the first of these may 
be used for the second span if for that span the direction of x is reversed 
and the origin taken at the right support. Furthermore, it is a con¬ 
venience to refer 4> to the midspan deflection. If this is done, 


$21(3) = A 2 ^0. 
«•> - ¥ 


975 sin ^ + 0.0274 sinh ^ 


. 92x\ 

l ) 


(4.44) 


where A 2 is the modal displacement at either midspan. 

The modal equations of motion may now be obtained by the direct 
application of Eq. (4.23), with the load integral replaced by one term, 
since we are dealing with a single concentrated load. 


1. + 

m l / Jo dx 


(4.45) 


The summation in the right-side denominator indicates that the integra¬ 
tion must include both spans. For the first mode, using Eq. (4.43), 

=Fi ( sin i) = Fi 

m ^ f Q l 4>i 2 ( x ) dx = 2 m f* sin 2 ^ dx - ml 

In the last computation the sum for the two spans is twice the value of 
the integral for one span since the shapes differ only in sign. Thus the 
equation of motion for the first mode is 


a, + 

ml 

and the modal static deflection by Eq. (4.24) is 


(4.46) 


Aut — 


(4.47) 


for the second mode, and using Eq. (4.44), 

Ei[ 0 21 ]*-t /2 = Fx(0.975 sin 1.96 -f 0.0274 sinh 1.96) = F x 

m 2 f! dx = 2m f! (° 975 sin + 0 0274 sinh dx 

= 0.95 ml 
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In the last computation the symmetry of the mode has been recognized 
and advantage has been taken of the fact that the value of the integral 
must be the same for both spans. 

The equation of motion for the second mode is therefore 

A, + o,,’A, = (4.48) 

and the modal static deflection is 

A2,1 = (0.95mJ)«2 2 (4,49) 

Combining the two modes and using Eq. (4.25), we finally obtain the 
total midspan dynamic deflection. 


y(0 = A w (DLF)i + A 2 . t (DLF) 2 

= a TJmi (DLF)l + w 2 2 (0.95mZ) (DLF)s 
_ F 1 | (DLF)x (DLF), ] 

ml [ a>i 2 0.95w 2 2 J 


(4.50) 


where the DLFs depend on the load-time function f(t) and are evaluated 
in the usual way as for a one-degree system. Equation (4.50) gives 
the deflection at the center of the left span since the A’s were taken as 
the characteristic amplitude at that point. The dynamic deflection at 
the center of the right span would be 



(DLF), (DLF),] 
wx 2 " ^ 0.95w/ 


It may be noted that, in this case, the contributions of the modes are 
roughly (neglecting possible differences in DLF) in proportion to 1 /oj 2 . 
Therefore the second-mode contribution is (ir/3.92) 4 , or 0.41 of the first. 
It may also be observed that, if a symmetric (downward) load had also 
been applied to the right span, the first mode would have contributed 
nothing and the second-mode displacement would have been twice 
that indicated above. 


4.6 Beam-girder Systems 

The analysis of floor systems or other structures consisting of combina¬ 
tions of beams or girders is obviously rather involved. Not only is 
each element a complex system, as we have seen in previous sections, 
but the interaction of elements creates the possibility of many significant 




*b ybo 


figure 4.14 Beam-girder system—notation. 

modal shapes. What follows is approximate in that only the most 
important of these shapes are included. The procedure is sufficiently 
accurate, however, for structures of the type discussed, namely, those 
which are essentially symmetrical with respect to both structural prop¬ 
erties and loading. 

We shall consider the simple system shown in Fig. 4.14, which consists 
of one floor beam supported by two identical girders. All elements are 
considered to be simply supported, and the dynamic load is applied at 
midspan of the beam. For this analysis it will be assumed that there 
is only one possible deflected shape for each member and that this is the 
same as the fundamental mode of a simply supported, independently 
acting beam. By this assumption the system has three degrees of 
freedom. However, since the structure and loading are both symmetri¬ 
cal, one of these will not be excited and need not be considered in the 
analysis. The deflections of the two girders will always be identical. 
The assumed shapes are given by 


(a) 

(b) 


Vo = Vao sin 


Vb = y 00 + Vbo sin -j- 


(4.51) 


where ybo and y go are the midspan ordinates. Since the two latter ordi¬ 
nates are unrelated, they completely define the two-degree dynamic 
model. 
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The equations of motion may be derived by use of the Lagrangian 
equation (3.36). The total kinetic energy is given by 

3C = J* b (ybo sin ^ -f dx b + 2 X sin dx„ 


= H™* (vio | ~ + yl 0 Cj + m„yl 0 1 

The strain energy may be obtained by the following: 


(4.52) 


fh /d 2 y b \ 8 
Jo \dxb 2 / 


dxb + 2 X 


f 1 ’ ( d *y° V 

Jo \dx g 2 / 


After substitution of the second derivatives of Eqs. (4.51), this becomes 


EI b fh/ v 2 . irx&\ 2 , . 

h sm x) dXb + EI ’ I ( -!/ ‘" 


t 2 . irzA 2 j 
IJ sm 17 ) dx ° 


= Ehylx* EI„yiy 
W 2 l g * 


(4.53) 


The general expression for external work by the load at midspan of the 
beam is 

W. = F{t){ybo + y 00 ) (4.54) 

Into Lagrange’s equation 


d_ /aac\ ant ^ <w e 

dt \dq,) + dqi dq. 


we substitute the necessary derivatives, first taking g, = y go and then 
g, = Vbo, to obtain 


m b lb (- 


^ Vbo + Voo'j + rn g l 0 y 0O + y a „ = F(t ) 


mbl b (yybo + ^ = ^(0 


(4.55) 


These an; the equations of motion for the two-degree system. 

For convenience, we now assign the following numerical values: 

m b = rn a = 0.1 lb-sec 2 /in. 2 
Eh = EI„ = 2 X 10 10 lb-in. 2 
l b = l g ~ 200 in. 

Substituting these values into Eqs. (4.55) and rearranging, 


0.636ft* + 2 y go + 12,180ft* = 0.05F(0 
0.500ft* + 0.636ft* + 6090 = 0.05 F(t) 
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To determine the natural frequencies, we substitute y = a„(sin c»„t), 
V ~ — a„co„ 2 sin u„t, and F(t) = 0, to obtain 

(-0.636wn 2 )a6on + (-2a>„ 2 + 12,180)a ff<m = 0 
(—0.500u„ 2 + 6090)a^ + (-0.636co n 2 )<Vn = 0 { ^ 7) 

Setting the determinant of the coefficients equal to zero, expanding the 
determinant, and solving the resulting equation leads to 

on 2 = 4810 a> 2 2 = 25,890 

Substituting these into either one of Eqs. (4.57) gives the characteristic 
shapes 

(tbo i = +0.835a„ 1? i 
Q-bo 2 ~ 2.40a ffO 2 

Thus, in the first mode, all beams vibrate in phase, while in the second, 
they are 180° out of phase, the beam distortion being considerably 
greater. It must be remembered that a*™ is the beam amplitude relative 
to the girder, and thus the total deflection is the algebraic sum of a&o„ 
and a gon . 

To obtain the modal equations, we first rewrite the energy expressions 
in modal terms. We shall arbitrarily take the girder deflection y go as 
the modal amplitude. Therefore, for the first mode, we substitute 
y go = A i and y^ — 0.8354i into Eqs. (4.52) to (4.54) and insert numeri¬ 
cal values for the parameters to obtain 

X = 34.104, 2 
01 = 164,00041 2 
W e = 1.8354 ,F(<) 

For the second mode we substitute y go = A 2 and y bo = — 2.404 2 . Thus 

X - 18.224 2 2 
01 = 472,0004 2 2 
W, = -1.404 2 F(0 

We now write the Lagrangian equation for each mode separately to 
obtain the modal equations of motion: 


Ai + 481041 = 0.0269F(0 
A 2 + 25,8904 2 « -0.0384F(0 


Denoting the applied load by F(t) — F\[f{t)\ and referring back to 
Eqs. (4.23) and (4.24) (the equation of motion in general form), we see 
that the modal static deflections are merely the right sides of Eqs. (4.58), 
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with the time function removed and divided by <u„ 2 . Therefore 


_ 0.0269F, 
4810 


+5.58 X 10~ 6 Fi 


—0.0384Fi 
25,890 


-1.48 X 10- fl Fi 


Furthermore:, since 4 is the modal value of y go , the dynamic deflections 
are given by 


Vgoit) — 4 u «(DLF)i + 4 2 ,<(DLF) 2 

= +5.58 X lO-oFADLF)! - 1.48 X 10- 6 F 1 (DLF) 2 
y ho {t) = 0.8354 i #( (DLF)! + (-2.40)4 2 .<(DLF )2 

= +4.65 X 10 _8 Fi(DLF)i + 3.55 X 10- 6 Fi(DLF) 2 

Returning now to the actual pulsating force, let us say that Fi = 5000 lb 
and fi = 45 rad/sec. If we are interested in the steady-state response, 
assuming that the free part has been removed by damping, the maximum 
DLF is given byEq. (2.36): 

(DLF) n , m „* = l — ^ 2/ ^ 2 

which, for the first and second modes, is +1.72 and +1.08, respectively. 
Insertion of these values into (4.59) gives the maximum deflections to 
be expected. 

(ygo) max = +0.040 in. (y^o) max +0.059 in. 

These are the amplitudes of harmonic motion, which, because the free 
vibration has been removed by damping, has the same frequency as 
the applied force. The positive signs indicate that the motion is in 
phase with that force. A negative sign would indicate a motion 180° 
out of phase. The total amplitude at the beam midspan is the sum, or 
+0.099 in. 

The bending moments in the members are of course directly related 
to the midspan deflections, in accordance with the assumed shapes. 
Using Eqs. (4.51), we find 


and 


3 Kg « -El, 


d 2 |/g EI g y go r 2 . TTX g 

dx 0 2 l g > l. 


31tt. = 


EI g yboir 2 TXb 

It 2 8m k 


The procedure given above could be extended to include systems with 
more than one floor beam. If the loading distribution were not sym¬ 
metrical, it would be necessary to treat the two girders individually. 
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Furthermore, the analysis could be refined by including additional sine 
terms in the assumed shapes [Eq. (4.51)]. All this could be accomplished 
without changing the basic procedure. However, each such modifica¬ 
tion increases the number of degrees of freedom, and hence the difficulty 
of solution. 11 

4.7 Plates or Slabs Subjected to Normal Loads 

In this section we shall investigate the dynamic behavior of rectangular 
plates or slabs. This is a three-dimensional problem and obviously 
somewhat more complex than analysis of the two-dimensional elements 
previously considered. Although the analysis which follows is for a 
homogeneous and isotropic material, it is commonly used for reinforced 
concrete slabs. 

Consider the slab shown in Fig. 4.15, which is rectangular (a X b) 
in plan, uniform in thickness h and mass m, simply supported on all 
edges, and subjected to a uniformly distributed dynamic load p(t). 
The deflected shape may be taken as 

V = ^ X A * sin lf sin X ( 4 -60) 

where A,-,- is the modal ordinate at the center of the plate. Equation 
(4.60) obviously satisfies the boundary conditions y = 0, d*y/dx 2 = 0, 
and d 2 y/dz 2 = 0 at all four edges. Each possible combination of integer 
values of j and i defines a modal shape. In the following, only the first 
mode will be considered, that is, j = i = 1, but the method of extension 



/ 


figure 4.15 Simply supported rectangular slab. 
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to higher modes will be apparent. Thus we shall deal with the shape 

y — A\ sin — sin^ (4.61) 

(X 0 

and use the Lagrahgian equation 

d. /dX\ . dot dVK 
dt\dAj^ dAi dA 1 

to obtain the modal equation of motion. 

Since the kinetic energy of any element is given by 

d3 C = y&ny 2 dx dz 

where m is the mass per unit area, the total kinetic energy obtained by 
integrating over the slab area is 

3C = Y^m j 6 J* ^A i sin ” sin dx dz 
= ymAi 2 ab 

Therefore T*(—r\ ~ HmabXi (4.62) 

dt VIA i/ 

The total strain energy by conventional plate theory is 24 

■’■““"'(Sb)']" 

where E == modulus of elasticity 
h ~ plate thickness 

v — Poisson’s ratio for the homogeneous material 
Operating on Eq. (4.61), we obtain 


d 2 y 
dx 2 
d 2 y 
dz 2 
d 2 y 
dx dz 


. x 2 . XX . irz 
Ai—„ sm — sm T 
a 1 a o 


. X 2 . ffl i « 

-A lp8 m-sm T 


, , X 2 TTX X2 
+ A i -s- COS — COS -r- 

ab a o 


Substituting these expressions and integrating as indicated above, we 
find that the strain energy is given by 


EhH*ab 
96(1 - v 2 ) 


A, 2 



(4.63) 
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The external work by a uniformly distributed load is 


= p(t) f f a Ai sin— sin^ dx dz 

jo jo a b 

= V( l ) (^r) A ' (4.64) 

Finally, substitution of Eq. (4.62) and the derivatives of Eqs. (4.63) and 
(4.64) into the Lagrange equation yields the modal equation of motion 


w , v , EhWab (1 , 1V , /4o6\ 

H mab A ‘ + m- »’) \a> + v) ^ = 

V , Eh*** ( 1 . 1V , ft \ / 16 \ 

1 + 12(1 - v 2 )m (a 2 + b 2 ) Al p(t) (mx*) 


(4.65) 


From the last, it is apparent that the natural frequency of the first mode 
is given by 


(466) 


If the general expression for deflected shape [Eq. (4.60)] had been used 
throughout the above development, it would have been found that the 
natural frequencies of all modes were given by 8 



The higher modes are obtained by taking various integer combinations of 
j and i. The correspondence between these integers and the modes in 
the order of increasing frequency depends upon the ratio of a to b. In 
the case of a square slab, taking j or i equal to 2 and the other equal to 
1 provides two modes having the same frequency but different shapes. 

Formulation of the analysis for other than simply supported plates, 
while not impossible, is rather cumbersome. Approximate methods are 
discussed in Chap. 5. 


a. Example 

It is desired to determine the maximum dynamic bending stress in a 
flat, simply supported, rectangular steel plate having the following 
dimensions and parameters: 

a = 60 in. 
b = 40 in. 

E — 30 X 10® psi 
v = 0.25 

h = 1 in. (m ~ 0.00073 lb-sec 2 /in. 3 ) 
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figure 4.16 Flat-plate example—pressure¬ 
time function. 


The plate is subjected to a uniformly distributed blast pressure, with the 
time variation shown in Fig. 4.16. Substitution of the numerical values 
into Eq. (4.65) provides 


Therefore 


A x + 290,000A i = 2,220p(<) 

o)i = \/290,000 = 539 rad/sec 


(4.68) 


T\ = — = 0.0117 sec 

O) 


Proceeding as in Sec. 4.3 and noting that p(t) = 40/(0, we recognize that 
the modal static deflection is the right side of Eq. (4.68), with the time 
function removed and divided by on 2 . 


A i„( = 


2220 X 40 
290,000 


= 0.306 in. 


The maximum DLF for the load function specified is given by Fig. 2.7. 
Entering this figure with t d /Tx = 0.05/0.0117 = 4.3, we read 

(DLF) m „ = 1.88 

The maximum dynamic deflection at the center of the plate is therefore 
2 /iubx = (Ai) max = A i*i(DLF)max = 0.306 X 1.88 = 0.575 in. 

The bending stress in the z direction may be computed by 


Eh 

~~ 2(1 - v 2 ) 


From Eq. (4.61), 


Therefore 


\dz 2 ^ dx 2 ) 


d 2 y . . xx . ?rz 

dz 2 b 2 a b 

. v 2 . vx . xz 

-r—^ = — Ai —= sm — sm 
dx 2 a 2 a b 


. . Ehx 2 /1 . v \ . xx . 

“ (Al) 2(1^3) (ft 5 + a>) 81D T SI 


irx . rz 

— sm -r- 

a b 
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m 


The maximum bending stress occurring at the center of the plate 
(x = a/2, z = 6/2) is therefore 



(-4- l)max 


Eh** 

2(1 - v*) 



Substituting (Ai) mRX = 0.575 in. and the other parameters as given, we 
find the maximum bending stress in the z direction to be 63,000 psi. 
The maximum dynamic stress in the x direction obtained by inter¬ 
changing a and b is 39,500 psi. 

An alternative method for computing the dynamic stresses would be 
that based on the classical solution for static loads. In the above 
example, the dynamic stress would equal the static stress due to a pres¬ 
sure of 40 psi multiplied by the DLF, or 1.88. A slight difference would 
be found between this result and that given above. Neither would be 
exact since, in the original analysis, we neglected the higher modes and, 
in the alternative approach, we assumed in effect that all modes have the 
same DLF as the first mode. In this example the first mode dominates 
both dynamic and static responses; therefore there is little error in either 
method. 


4.8 Elasto-plastic Analysis of Beams 

The determination of inelastic response for beams or other elements 
having distributed mass and load is extremely difficult. One possible 
approach is to conduct the usual elastic analysis up to the time when the 
ultimate bending capacity is attained at some point along the beam and 
then to assume that an idealized hinge has formed at this point, thus 
creating a new elastic system. The analysis would then be continued 
until a second hinge is formed or the rotation of the first hinge reverses in 
direction, thus indicating that elastic behavior should be restored at this 
point. This type of analysis is extremely cumbersome, because the 
system may change several times during the response and is still not exact 
since the plastic behavior is really not concentrated at a point as assumed. 

An alternative approach is to replace the member by a lumped- 
parameter system as indicated in Fig. 4.176. The mass and load are 
both considered to be concentrated at discrete points along the span, and 
it is assumed that plastic hinges may form only at these points. For the 
elastic range the stiffness coefficients would be determined in the usual 
manner by introducing unit deflections at each point. When a plastic 
hinge forms at a particular point, a new set of stiffness coefficients may be 
computed for the beam, with a pin inserted at that point. Although 
more practical than the first method mentioned, this approach is also 


p (£) 




figure 4.17 Finite-difference formulation of elasto-plastic 
beam analysis. 


very cumbersome, because of the large number of potential hinge 
arrangements. 

A simplification of the lumped-parameter approach is possible if use is 
made of finite-difference techniques. Consider a simple beam (Fig. 4.17) 
with uniform load p(t), uniformly distributed mass m per unit length, 
and constant rigidity EL The beam is divided into equal segments, so 
that the lumped parameters are 


M = m (Ax) F(t) = (Ax) p(t) 
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The curvature at point r may be approximately expressed in terms of the 
second central difference as follows: 

{d 2 y\ _ Vy r 1 , , 

V^V*. (Ax) 2 (Ax) 2 ^ r+l 2tfr + Vr - l) 

where y r is the deflection at point r. The bending moment at this point 
is therefore 

— El 

~ (Ax) 2 ^ r+1 “ 2yr + y *-d (4-69) 

If we now consider the equilibrium of a segment of beam (assumed to be 
massless) as shown in Fig. 4.17c, the shear in that segment is obviously 
given by 

9TC r — 9Tt r _i 


Next consider the dynamic equilibrium of mass r as indicated in Fig. 
4.17d. The equation of motion for this mass is 

MrVr + Vr-l,r ~ V r ,r+l + Cy r = F r (t) 


Mffr - 


0R r _! - 291 l r + 91t r+1 


+ cy r = Frit) 


(4.70) 


where c is the damping coefficient and it is assumed that the damping 
force is proportional to the velocity at this point. At any time and for a 
given distortion of the system, Eq. (4.69) provides the bending moments 
at all points and Eq. (4.70) permits computation of the accelerations at 
these points. Thus numerical analysis may be executed in the usual 
manner for lumped-mass multidegree systems (Sec. 3.9). 

When one of the moments reaches the ultimate bending capacity 9Rp, 
the moment is held constant at that value in subsequent computations. 
However, it is necessary to continue evaluation of Eq. (4.69) until a peak 
is reached and the hypothetical 9TZ r begins to decrease. This reversal 
indicates that the point has returned to elastic behavior, and sub¬ 
sequently the moment could be computed by 

El 

STOr = 9Tle ~ (y r+l - 2 y r + y^) - W (4.71) 

where 9TC r ? ’ is the hypothetical peak previously computed. Equation 
(4.71) is based on the idealized moment-curvature relationship shown in 
Fig. 4.17e. 

It should be apparent that the equations given above can easily be 
modified so as to be applicable to beams with nonuniform distributions 
of mass, rigidity, and loading. 25 
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In order to obtain acceptable accuracy by the method just outlined, a 
fairly large number of mass points must be used. The number depends 
upon the tyrpe of loading, but in a typical case it might be necessary to 
divide a simple beam span into 10 segments. Thus the lumped system 
would have nine degrees of freedom, and the time interval for the numeri¬ 
cal analysis would have to be taken as a fraction of the smallest natural 
period of the elastic system. It is apparent that this type of analysis is 
not feasible for hand computation. However, it is ideally suited to 
electronic computation, and systems consisting of many lumped masses 
can be handled with relative ease. 

If the loading on the beam is such that the hinge locations are known 
in advance and only one or two hinge arrangements occur, the procedure 
given above is unnecessarily complex. The much simpler procedures 
presented in Chap. 5 are quite adequate for such cases. 

Problems 

In Probs. 4.1 to 4.6 the beam is prismatic and has the following properties: 
m = 30 lb-aec*/ft per foot of span 
El m 1.5 X 10* Ib-ft* 
l « 12 ft 

4.1 Determine the maximum dynamic values (in terms of pi) of midspan deflection, 
midspan bending moment, and end shear for the beam of Fig. 4.18a due to a suddenly 
applied constant pressure of magnitude pi lb/ft. 

Answer 

y = 2.82 X 10-* pi ft 
3K - 29.1 p, lb-ft 
V - 7.63p, lb 



figure 4.18 Problems 4.1 to 4.4. 
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4.2 a. Write the series (in terms of p 1 and DLF) for the dynamic midspan bending 
moment in the beam of Fig. 4.18b. 

b. For the first two modes only, determine the maximum modal components of the 
midspan bending moment and end shear for the load-time function of Fig. 4.19. 
(Note: Figure 2.9 may be used.) 

Answer 

3U, - 12.3j»i lb-ft 
3TZ, - 0 
Vi - 3.21p, lb 
Vt = 1.25pi lb 


figure 4.19 Problems 4.2 and 4.4. Load¬ 
time function. 

4.3 Assuming that the static-deflection curve is the same as the first-mode shape and 
including only that mode, compute the maximum dynamic bending moment in the 
beam of Fig. 4.18c due to the load-time function of Fig. 4.20. (Note: Figure 2.7 may 
be used.) 

Answer 
17.8Fi ft-lb 


*** 

k 


figure 4.20 Problem 4.3. Load-time 
function. 

4.4 a. Write the series expression (in terms of F i and DLF) for the deflection at each 
of the two load points on the beam of Fig. 4.18d. 

b. For each of the first two modes, compute separately the maximum dynamic 
deflection at each load point due to the load-time function of Fig. 4.19, with p\ replaced 
by Fi lb. 

Answer 

At right load: y, ■= 5.6 X 10 -7 Fi 

Vt =» 3.5 X 10- 9 F, ft 
At left load: y x = 4.6 X 10 -7 F i 

Vt - 6.8 X 10-* F, ft 

c. Repeat ( b ) for the left beam reaction. 

Answer 

V , - 1.56Fi 
Vt = 0.15Fi lb 




Structures with Distributed Mass and Load 197 

4.5 A simply supported beam is subjected to a uniformly distributed static load pi 
which is suddenly released. Write the series expression for the resulting free vibra¬ 
tions, and determine the amplitude of the first mode in terms of pj. 

4.6 A concentrated force given by F, sin 400* lb is applied to the quarter point of the 
simply supported span. If there is 10 percent of critical damping, what is the ampli¬ 
tude (in terms of Fi) of steady-state deflection at the loaded quarter-point in each 
of the first two modes? 

Answer 

A, - 2.0 X 10-*F, ft 
At - 2.5 X 10-»F, ft 

4.7 Using the Rayleigh method, derive an approximate expression for the funda¬ 
mental natural frequency in terms of El, l, and m for the haunched beam in Fig. 4.21. 
Both El and m vary linearly between midspan and support. Divide the beam into 
10 equal segments. 


figure 4.21 Problem 4.7. Haunched beam. 

4.8 Determine the fundamental natural frequency of a two-span continuous beam 
in terms of El, l, and m. The exterior supports are hinged, and the beam is prismatic 
over both spans, but one span is twice as long as the other. 

4.9 Derive the frequency equation for a continuous beam of two identical spans with 
complete fixity at the exterior supports. By comparison with results given for single 
spanB, write expressions for the natural frequencies of the first five modes. 

4.10 Consider the two-span beam shown in Fig. 4.13. Suppose that, in addition to 
the concentrated force FiJ/(t))» there is a uniformly distributed force of pi\f(t)] on the 
right span anil that f(t) is the same for both forces. Derive expressions similar to 
Eq. (4.50) for the two midspan deflections. 

4.11 a. Write the equations of motion for the three-beam system of Fig. 4.22, assum¬ 
ing the following shapes: y e - y to [ 1 - cos (jtx,/ 2Z,)] and y b = y 90 + y bo sin (*x b /l b ). 
y 90 is the deflection at the end of the cantilever girder, and y bo is the midspan beam 
deflection relative to the end of the girder. 

b. Determine the natural frequencies of the two modes for the following parameters: 
nib ” 2m„ =0.1 lb-secVin.* 

EI b - XBI, - 10>° lb-in.* 

L - 2 l e « 200 in. 

c. Write the modal equations of motion. 




figure 4.22 Problem 4.11. Beam-girder system. 




198 


Introduction to Structural Dynamics 


4.12 A reinforced concrete slab simply supported on all edges is subjected to a pres¬ 
sure uniformly distributed over the central region indicated by the shaded area in 
Fig. 4.23. The pressure has the time function shown. Considering only the first 
mode, determine the maximum dynamic deflection at the middle of the slab. The 
thickness of the slab iB 6 in., and the rigidity may be taken as 


£!h 3 

—r~ -- = 3 X 10’ lb-in. s per inch of width 

12(1 — v l ) 


Answer 


= 0.476 in. 


* PM 


10 psi 
0 

0 0.1 0.2 /.sec 


figure 4.23 Problem 4.12. Two-way slab. 

4.13 Consider the simply supported beam with uniformly distributed dynamic load 
as shown in Fig. 4.24. An elastic analysis is to be made, using the finite-difference 
technique, with three lumped masses as indicated. 

a. Write the two equations of motion (the third is eliminated by symmetry) in 
terms of y t and y t . 

b. Using these equations, derive expressions for the natural frequencies and com¬ 
pare with the exact expressions for the first and third modes of the real beam. 


pit) 



figure 4.24 Problem 4.13. Finite-difference 
analysis. 
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5.1 Introduction 

We must conclude from the developments in previous chapters that exact 
or rigorous dynamic analysis is possible only for relatively simple struc¬ 
tures. This is particularly true of structures with continuous-mass dis¬ 
tribution, the analysis of which is extremely complex for all but the most 
simple boundary conditions. We have also seen that rigorous solution is 
possible only when the load-time and the resistance-displacement varia¬ 
tions are convenient mathematical functions. For these reasons it is 
often prudent, at least for practical design purposes, to adopt approxi¬ 
mate methods which permit rapid analysis of even complex structures 
with reasonable accuracy. These methods usually require that both the 
structure and the loading be idealized in some degree. This chapter 
deals with methods by which the idealization may be accomplished. 

It is frequently possible to reduce the system to one degree of freedom. 
For example, all three of the structural elements shown in Fig. 5.1 can, 
for practical purposes, be represented by an equivalent one-degree 
system having the parameters F e , m e , and k c . Even though such elements 
are parts of a complete structure, it is often permissible to treat them 
independently. 

One method of simplifying an analysis in the elastic range is to include 
only one or a few of the normal modes. For example, it was seen in the 
previous chapter that satisfactory solutions for simply supported, single- 
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figure 5.1 Equivalent one-degree systems. 


span beams could be obtained by considering only the fundamental mode. 
This procedure is, in effect, an idealization of the actual dynamic system. 
However, for many structural elements this approach cannot be used, 
because it is too difficult to determine the modal shapes. Therefore even 
the fundamental mode must be approximated. 

The approximate procedures developed herein are not based on the 
fundamental mode, even though the shape of that mode may be known. 
The methods presented are somewhat more accurate and are more general 
since the characteristic shape is not required. 

Nonlinear resistance or nonmathematical load-time functions can be 
dealt with by numerical analysis. However, this is tedious and often 
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figure 5.2 Stages of beam response. Plastic hinges 


not justified because of other uncertainties in the formulation of the 
problem which cannot be removed. This chapter deals primarily with 
direct, or closed, solutions based on approximate mathematical models. 

Of particular importance is the difficulty in handling plastic behavior of 
structural elements. Rigorous solutions for such cases are not practical 
for design purposes. This difficulty is illustrated by the beam of Fig. 
5.2, which goes through three stages of deformation. The first stage is 
purely elastic; the second, occurring after hinges have been formed at the 
supports, is a combination of elastic and plastic; and the third might be 
classified as purely plastic. Each stage has different characteristic 
shapes, and it is not possible to identify modal shapes which are meaning¬ 
ful throughout the response. The approximation used herein is to treat 
each stage as completely independent; e.g., the incremental distortions 
in the second stage of Fig. 5.2 are assumed to have the characteristic 
shapes of a simply supported beam. 

From the viewpoint of practical design, the approximate methods pre¬ 
sented here are extremely important. They should not be regarded as 
merely crude approximations, to be used for rough or preliminary analysis, 
nor should they be regarded as methods to be used only by engineers who 
lack the training or intellect to employ more sophisticated techniques. 
Problems in structural dynamics typically involve significant uncertain¬ 
ties, particularly with regard to loading characteristics. Such being the 
case, complex methods of analysis are often not justified. It is a waste 
of time to employ methods having precision much greater than that of the 
input of the analysis. 
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5.2 Idealized System 

In order to define an equivalent one-degree system, it is necessary to 
evaluate the parameters of that system, namely, M„ k e , and F e , as shown 
in Fig. 5.1. In addition, the load-time function/(t) must be established 
in order to analyze the system. These parameters and loading are dis¬ 
cussed below. With this representation of the actual structure and 
loading, the dynamic analysis becomes relatively simple by use of the 
methods for one-degree systems presented in Chaps. 1 and 2. 

The equivalent system is usually selected so that the deflection of the 
concentrated mass is the same as that for some significant point on the 
structure, e.g., the midspan of a beam. It should be noted that stresses 
and forces in the idealized system are not directly equivalent to the same 
quantities in the structure. However, knowing the deflection, the stresses 
in the real structure may be readily computed. Since the time scale is 
not altered, the response of the equivalent system, defined in terms of 
displacement and time, is exactly the same as that of the significant point 
on the structure. 

The constants of the equivalent system are evaluated on the basis of an 
assumed shape of the actual structure. This shape will be taken to be 
the same as that resulting from the static application of the dynamic 
loads. This concept is not quite the same as that using the first-mode 
shape, and for the types of elements considered here is somewhat more 
accurate, particularly with regard to stress computation. Furthermore, 
we are here dealing primarily with cases in which the modal shapes can¬ 
not be easily determined or, if determined, are expressible only by 
unmanageable mathematical functions. 

It is convenient to introduce below certain transformation factors. 
These factors, denoted by K, are used to convert the real system into the 
equivalent system. When the total load, mass, resistance, and stiffness 
of the real structure are multiplied by the corresponding transformation 
factors, we obtain those parameters for the equivalent one-degree system. 

a. Mass 

As developed in Sec. 3.7a, the equivalent mass of a mode or, in the 
present case, of the equivalent one-degree system, is given by 

i 

M t = 2 M r <t>* (5.1a) 

r-1 

for a lumped-mass system or 


M, — jm<f> 2 (z) dx 


(5.16) 
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for a structure with continuous mass. In Eqs. (5.1), <f> r or <f>(x) is the 
assumed-shape function on which the equivalent system is based. For 
convenience, we now introduce the mass factor K M , which is defined as 
the ratio of equivalent mass to the actual total mass of the structure. 


K m = 


Me 

Mi 


(5.2) 


For example, in the case of the beam shown in Fig. 5.1, M t = mL, where 
L is the span, and M, is as given by Eq. (5.16). 


b. Load Distribution 

As shown in Sec. 3.7a, the equivalent force on the idealized system is 
given by 

3 

F t = X Fr<t> r (5.3a) 

r = 1 


for a structure with concentrated forces or 

Fe = f p(x)<t>(x) dx (5.36) 

for distributed loads. The load factor Kl is defined as the ratio of 
equivalent to actual total force. 

Kl - £ (5-4) 


For the beam of Fig. 5.1, F t — pL and F e is given by Eq. (5.36). The 
above applies to magnitude of force, and both equivalent and real loads 
have the same time function. 


c. Resistance Function 

The resistance functions for actual structures may have a variety of 
forms. Three possible shapes are shown in Fig. 5.3a. Curve A corre¬ 
sponds to a structure of brittle material. Curve B would apply to a 
structure made of a ductile material with marked yielding such as steel 
or reinforced concrete. Curve C represents a situation in which resist¬ 
ance decreases above a certain deflection but before complete failure. 
The latter might occur in a structure of plain concrete or one in which 
failure results from instability. In order to simplify analysis, these 
resistance functions must be idealized. For most structures it is per¬ 
missible to employ a bilinear function as indicated in Fig. 5.36. The 
analyses discussed herein will be made on this basis. 

The resistance of an element is the internal force tending to restore the 
element to its unloaded static position. For our present purpose we 
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figure 5.3 Resistance functions. 


define resistance in terms of the load distribution for which the analysis 
is being made. Thus the maximum resistance is the total load having the 
given distribution which the element could support statically. The 
stiffness is numerically equal to the total load of the same distribution 
which would cause a unit deflection at the point where the deflection is 
equal to that of the equivalent system. By these definitions it is apparent 
that the resistance factor K R must always equal the load factor K h . 
Therefore 

K r = — K l (5.5a) 

Km 

and = (5.5 b) 

where K h is given by Eq. (5.4), together with Eq. (5.3). Referring to the 
beam of Fig. 5.1 and to Fig. 5.36, we see that R m is the maximum value of 
pL, or the plastic-limit load which the beam could support statically, 
and k is the value of pL which would cause a unit elastic deflection at 
midspan. Resistance and deflection are related in the elastic range by 
R ~ ky for the real structure and R e = k e y for the equivalent system. 

For the fixed-ended beam of Fig. 5.1, as well as in other cases, the 
resistance function is not bilinear even if ideal hinge formation is assumed. 
This is true because hinges first form at the supports and further deflec¬ 
tion is required to form the midspan hinge and hence attain maximum 
resistance (Fig. 5.2). The result is the resistance function indicated by 
the solid line in Fig. 5.4. Since we require, for simplified analysis, a 
bilinear function, this solid line will be replaced by the dashed line shown 
in Fig. 5.4. The “effective” spring constant kg will be selected so that 
the areas under the two curves are equal. Thus the energy absorbed will 
remain constant, and there will be little error in the maximum dynamic 
displacement computed. This concept is applied to an example in 
Sec. 5.6c. 



figure 5.4 Effective bilinear resistance function. 


d. Load-t ime Function 

Any reasonable load-time function can be handled by numerical 
analysis. However, if a closed solution is desired, it is usually necessary 
to idealize the actual function by some simple mathematical shape. This 
can often be done without appreciable error in the final result. Further¬ 
more, the actual function is usually not so well known that precision in 
its representation is justified. 

Examples of this type of idealization are shown in Fig. 5.5. In each 
case the actual function (solid line) has been reduced to one of those for 
which solutions were given in Chap. 2 (Figs. 2.7 to 2.9 and 2.23 to 2.26). 
Thus the maximum response can be determined very easily by use of the 
charts provided. 

The selection of the idealized load-time function requires judgment by 
the analyst. It is important to note that the actual and idealized func¬ 
tions need be similar only in the time range of interest. For example, in 
Fig. 5.5 d, for the determination of maximum response, function A might 
be used if ti were the time of maximum response; but B might be used if 
that time were t 2 . It is for this purpose that the times of maximum 
response given in Figs. 2.7 to 2.9 and 2.23 to 2.26 are particularly useful. 

5.3 Transformation Factors 

In this section transformation factors are tabulated for beams and slabs 
having various types of support conditions. These tables contain all 
information necessary to convert actual structural elements of these 
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figure 5.5 Idealized load-tirae functions. 


types into equivalent one-degree systems for the purpose of approximate 
analysis. 9 ' 10 

a. Beams and One-way Slabs 

Table 5.1 is applicable to beams or one-way slabs having simple 
(hinged) supports. Factors are given for three different load distribu¬ 
tions. As previously explained, these are based on the static deflected 
shape corresponding to the particular load distribution. These shapes 
are indicated in Fig. 5.6 and expressed by the following: 


Uniform load: 



<t>{x) = (L 3 X ~ 2 Lx 3 + X*) 


elastic 

* (x) = r 

x< \ 

plastic 


Concentrated load at midspan: 

*(*) = p “ 4x 2 ) x < ^ elastic 

. / N 2x 

*(*> = L 


plastic 


Approximate Design Methods 


207 



Concentrated loads at third points: 


,, >. 36x 

^ 23L 3 

(2U - Zx 2 ) 

x< \ 

elastic 

, 36 

^ 23L 2 

(zLx - Zx 2 - ^ 

±<x<%L 

elastic 

m = T 


►-3 !co 
V 

plastic 

m = i 


~<x<%L 

plastic 


The magnitude of these functions is set by the requirement that 

<t(L/ 2) = 1 

Note that, in the plastic range, <f>(x) is not the actual shape, but rather 
the shape of the incremental deflection after the fully plastic state has 
been attained. Use of this function implies a sudden change in the 
characteristics of the dynamic system. Although, clearly, this is not 
correct, the error resulting from this approximation is tolerable, and is in 
fact necessary if we are to obtain a practical solution. 

According to Eqs. (5.1) and (5.2), the mass factors in Table 5.1 have 
been computed by evaluating 

[ L m<t>*(x) dx 
K m = J - - , - 

7711 j 

where m is the mass per unit length, and the integration includes the 
entire span, using the appropriate expressions for 4>{x) in each portion of 
the span. Also given in the table are factors for concentrated masses at 








T 
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the load points which frequently occur in practice. These are given by 


K m = 


_ ZM r <t>r 


where <t> T is the ordinate of the assumed shape at mass r. To obtain the 
equivalent mass corresponding to these concentrations, K M is multiplied 
by the sum of all concentrated masses. If both concentrated and dis¬ 
tributed masses are being considered, the total equivalent value is simply 
the sum of those corresponding to the two types of masses. 

The load factors in Table 5.1 have been computed by Eqs. (5.3) and 
(5.4). Thus 

/ ptj>(x) dx 

K l = J - -,- 

pL 

for the distributed load and 

lr. 

for concentrated loads. 

Also given in Table 5.1 is the load-mass factor, which is merely the ratio 
of the mass and load factors. This is a convenience since the equation of 
motion may be written in terms of that factor alone. Furthermore, the 
natural frequency of both the real and idealized systems is given by 


for the distributed load and 


Wfe-VSw. 


I k 
K LM M t 


The maximum resistances and spring constants tabulated are for the 
real system and are merely the conventional expressions for these quanti¬ 
ties. When multiplied by the load factor, these become the correspond¬ 
ing quantities of the equivalent system. The term Slip is the ultimate, 
or plastic, bending strength of the element. The resistances given are 
based upon flexure, and it is assumed herein that the element is designed 
so that shear failure is not critical. 

The dynamic reactions given in Table 5.1 are discussed in Sec. 5.4. 

Tables 5.2 and 5.3 contain transformation factors for fixed-ended 
beams and for beams with one end fixed and the other simply supported. 
These were derived in exactly the same manner as were those for simply 
supported beams, the only difference being in the assumed shapes. In 
these cases three ranges of behavior must be considered since the system 
changes but does not become fully plastic when the hinge is formed at the 
support. By the assumptions of the procedure being presented, the 
middle range, which we shall call elastic-plastic, is associated with the 


Table 5.1 Transformation Factors for Beams and One-way Slabs Simply-supported 
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* Equal parts of the concentrated mass are lumped at each concentrated load. 

/Source: “Design of Structures to Resist the Effects of Atomic Weapons,” U.S. Army Corps of Engineers Manual EM 1110-345-415, 




Table 5.3 Transformation Factors for Beams and One-way Slabs 



* Equal parts of the concentrated mass are lumped at each concentrated load, 
t See Fig. 5.4. 

Source: “Design of Structures to Resist the Effects of Atomic Weapons,” TJ.S. Army Corps of Engineers Manual EM 1110-345-415, 1057. 
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same shape as that of an elastic, simply supported beam, and therefore 
the factors are identical. Furthermore, in the plastic range, the shape is 
independent of the original support condition and therefore all beams 
have the same factors. 

The maximum resistances given in Tables 5.2 and 5.3 are those which 
occur at the upper limit of each range. In addition to the spring con¬ 
stants associated with each range, the “effective” spring constant encom¬ 
passing all ranges is also given. This concept was discussed in connection 
with Fig. 5.4. 

b. Two-way and Flat Slabs 

Transformation factors, as well as the constants defining the resistance 
function, are given in Tables 5.4 and 5.5, for two-way slabs with simple 
and fixed supports, respectively. These were obtained in the same 
manner as were those for beams. Values are given for several ratios of 
the lengths of the two sides. 

After the deflected shapes for a slab have been assumed, the transforma¬ 
tion factors are obtained by integration over the slab surface. The 
factors given were based upon approximations to the classical plate 
theory for deflection in the elastic range and yield-line theory in the plastic 
range. In the latter range the shape was assumed to be planar between 
yield lines. In the simply supported case there is obviously an elastic- 
plastic, or transition, range, but the behavior is exceedingly complex, 
and in order to simplify the procedure this range has been ignored. In 
the case of fixed supports, the elastic range has been terminated when the 
moment along most of the long edge has reached ultimate. This transi¬ 
tion point cannot be determined precisely, and the limiting resistances 
given are estimates. For the elastic-plastic range, it has been assumed 
that the shape (but not the resistance), and hence the factors, are the 
same as those for a simply supported slab. 

In Tables 5.4 and 5.5, the moment notation is as follows: 

SDIiVo = total positive ultimate moment capacity along midspan sec¬ 
tion parallel to short edge 

3Tlp >0 = total negative ultimate moment capacity along short edge 

= negative ultimate moment capacity per unit width at cencer of 
long edge 

In the expressions for spring constant, I a is the moment of inertia per unit 
width. Note that both maximum resistance and spring constant refer 
to the total load on the slab. 

Transformation factors and resistance functions for square, interior 
flat slabs are given in Table 5.6. Various sizes of column capital are 
considered. These factors were based on approximate deflected shapes, 



Table 5.5 Transformation Factors for Two-way Slabs: Fixed Four Sides, Uniform Load 
Va = total dynamic reaction along short edge; Vs = total dynamic reaction along long edge. _ 
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Table 5.6 Transformation Factors for Flat Slabs: Square 
Interior, Uniform Load 

d — width of column capital 
a » column spacing, in. 

E — compressive modulus of elasticity of concrete, kai 
J„ = averags of gross and transformed moments of inertia per unit width, equal in both directions, 


in.Vin. (Sec. 5.6a) 

F = total lead on one slab panel, excluding capitals 
R = total resistance.of one slab panel, excluding capitals 
£3Rp *= 9HPm F + 3R>m* 4- 31Z Pc, + 9Hr„ in.-kips/in. 


Strain 


Load 

Maes 

Load-mass 

Spring 

Maximum 

Dynamic 

d/a 

factor 

factor 

factor 

constant k 

resistance R » 

column load V, 



Kl 

Km 

Klm 

kips fin. 

kips 

kips 


0 05 

He 

0.34 

0.64 

208E/ a /a» 

4.2X311P 



0 10 

He 

0.34 

0.64 

230 El,fa* 

4.423Hf 

0.16F ■+ 0.84 R 

Elastic 

0 15 

He 

0.34 

0.64 

252 El,/at 

4.623HP 

+ load on capital 


0 20 

He 

0.34 

0.64 

276JS/./a* 

4.823H> 


0.25 

He 

0.34 

0.64 

302 EIc/o* 

S.OZOTCp 



0.05 

H 

mm 

mm 

an 

4,22011/. 



0.10 

H 

mm 

mSm 


4,4Z0Tt> 

0.14/'’ + 0.88ft„ 

Plastic 

0.15 

0.20 

H 

M 

m 

wm 

Hfl 

4.azgn> 

4.8Z0ft/> 

+ load on capital 


HI 

H 

He 

mm 

■H 

5,020111. 



Source: "Design of Structures to Resist the Effects of Atomic Weapons," U.S. Army Corps of 
Engineers Manual EM 1110-345-415, 1057. 


as in the case of two-way slabs. Because of the complexity of the 
behavior, the elastic-plastic transition range has been ignored. Note 
that both load and resistance are for the surface area outside the column 
capital. Load applied directly to the column capital is assumed to be 
carried by the column and not to affect the slab response. In Table 5.6 
the following notation is used: 

9Tlpmp, = positive and negative ultimate moment capacity per 

unit width in middle strip of width a/2 

311Pep, yfCpcn — positive and negative ultimate moment capacity per 
unit width in column strip of width a/2 

The data given for slabs in Tables 5.4 to 5.6 are obviously approximate. 
The transformation factors are based on assumed shapes, and the ulti¬ 
mate resistance on yield-line theory. More refined data could probably 
be developed, but in view of the many uncertainties in the dynamic 
analysis of slabs, it is doubtful that this would be warranted for design 
purposes. 

c. Frames 

Consider now the simple rigid frame shown in Fig. 5.7. The mass is 
distributed along both the roof and the sides, and the dynamic load 
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figure 5.7 Equivalent one-degree system for rigid frame. 


consists of a concentrated force at roof level plus a distributed load on 
one wall surface. Only horizontal motion is considered. We wish to 
define the equivalent one-degree system. The displacement of this 
system y is taken to be that at the top of the frame. 

It will be assumed that the walls remain straight; that is, y x = xy/h, 
where y x is the displacement of a point at a distance x from the base, and 
y is that at the top of the frame. Although the columns of the frame and 
probably the walls of the building do not in fact remain straight, this is 
an acceptable approximation. 

For the assumption stated above, the equivalent mass is given by 
[Eq. (5.1)] 

M e - md + 2 f w 2 dx 

= m\l + (5.6) 

where mi and m 2 are the masses per unit length (along the frame) of the 
roof and walls, respectively. 

The equivalent load is [Eq. (5.3)] 

F.(t) = F(t) + f\(t) fydx 

= m + pw \ ( 5 . 7 ) 

Since we have taken the deflection of the equivalent system to be the same 
as that at roof level, the equivalent stiffness k e is equal to the actual 
stiffness of the frame referred to a horizontal load at the top. This 
stiffness may be computed by conventional frame analysis and is merely 
the concentrated force required to produce a unit horizontal deflection of 
the roof. 

The maximum resistance of both the real and idealized systems is 
simply the maximum horizontal force which can be carried by the frame. 
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If the columns have less bending strength than the girder (the usual case), 



where 317 p c is the ultimate column bending strength. 

On the basis of the foregoing, the equivalent system is established and 
then analyzed in the usual manner. The analysis yields the frame 
deflection, and stresses within the frame are directly related to this 
quantity. If a closed solution is to be made, both F(t) and p(t) must 
have the same time variation. Otherwise numerical analysis is necessary. 

For multistory frames with mass and load distributed over the walls, 
it is in most cases sufficiently accurate to lump the mass and load at floor 
levels on the basis of tributary wall area. 


d. Other Structural Elements 

Transformation and resistance factors such as those discussed above 
could be derived for a wide assortment of structural elements. The only 
requirements are assumed shapes in the possible strain ranges and the 
maximum resistance for each range. Following the principles developed 
above, the general procedure should be apparent. 

In some cases shear distortion may be important, and should be con¬ 
sidered when determining the deflected shape, spring constant, and maxi¬ 
mum resistance. For example, the shear effect may be significant in 
deep beams of reinforced concrete. 

Trusses may be handled in the same manner as beams either by express¬ 
ing the properties in terms of equivalent beam parameters or by comput¬ 
ing the deflected shape on the basis of truss analysis. Because of insta¬ 
bility of individual compression members, it may not be possible to 
design for plastic behavior of trusses. 

Analysis of continuous, reinforced concrete T beams or continuous, 
composite steel beams involves special problems because the effective 
rigidity El varies along the span and depends upon the magnitude and 
sign of the bending moment. However, approximations can obviously 
be developed. Analysis of beams supporting two-way slabs presents 
similar problems, since both the load intensity and the mass vary along 
the span because of the nature of the slab behavior. 10 


5.4 Dynamic Reactions 

It is important to recognize that the dynamic reactions of the real struc¬ 
tural element have no direct counterpart in the equivalent one-degree 
system. In other words, the reaction of the equivalent system, i.e., the 
spring force, is not the same as the real reaction. This is true because the 
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(a) lb) 


figure 5.8 Determination of dynamic reactions. 

simplified system was deliberately selected so as to have the same dynamic 
deflection as the real element, rather than the same force or stress charac¬ 
teristics. We are of course very much interested in the reactions, since 
these are usually related to the maximum shear in the element and also 
because they are necessary for the design of the supporting structure. 

Expressions for the real reactions may be obtained by considering the 
dynamic equilibrium of the complete element. For example, consider 
the elastic, simply supported beam with uniformly distributed load and 
mass as shown in Fig. 5.8. For dynamic equilibrium we must include the 
inertia force, which at all times has a distribution identical with the 
assumed deflected shape of the beam. This distribution exists because 
the shape is constant and at any point along the span 

y(x) = A</>(z) 

where A is a constant. Thus, at any point, the intensity of the mertia 
force is proportional to the ordinate of the deflected shape. It is apparent 
(Fig. 5.8) that the dynamic reaction V(t) depends upon both the load 

F(t) and the total inertia force I(t). 

Consider now the dynamic equilibrium of the left half of the beam as 
indicated in Fig. 5.86. By symmetry, it is known that the shear 5 at 
midspan must be zero. Furthermore, the location of the resultant inertia 
force (for the half-span) may be computed from the assumed shape, which 
for this case is 

t(x) = (L*x - 2Lx 3 + x<) 

Thus Fig. 5.86 represents a set of forces in equilibrium. It is convenient 
to take moments about the resultant inertia force, thus obtaining the 
following equation: 

V( 6 M«2)£ - 9K. “ Hf ( # M92£ - KL) = 0 
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where 3TC C is the dynamic bending moment at midspan. Consistent with 
our definition of resistance, we have 


where R is the resistance which varies with time. Substituting for 9Tl c in 
the equilibrium equation and solving for V, we obtain 

V = 0.39 R -f 0.11F (5.8) 

Thus the dynamic reaction is a function of load and resistance, both of 
which are functions of time. Since this equation must also hold for 
static loading, and since in that case R — F, the sum of the two coeffi¬ 
cients must equal Note that all terms in Eq. (5.8) are for the real, 
rather than the equivalent, system. 

For the plastic range or for beams with other loading or support condi¬ 
tions, the same procedure as above is followed, the only difference being 
in the assumed deflected shape. On this basis the expressions given for 
dynamic reaction in Tables 5.1 to 5.3 were obtained. Edge reactions for 
two-way slabs and dynamic column loads for flat slabs are given in Tables 
5.4 to 5.6. 


5.5 Response Calculations 

Having established the equivalent one-degree system by the procedures 
outlined above and with the aid of the factors given in the tables pre¬ 
sented, we may write the equation of motion 

M t y + Ky = F e (t) (5* 9 ) 

or in terms of the real system, 

K M M t y + K L ky = K L F(t) (5-10) 

where M t is the total mass of the beam, slab, or other element. Equation 
(5.10) may also be written as 

KlmMu + ky = F(t) (5-11) 

indicating that it is possible to use only one factor, K Lir , modifying one 
parameter of the real system, rather than three. The natural period of 

the system is given by _ 

T = 2t yj KL ^ Ml (5.12) 


Since the transformation factors change as the element progresses 
through the different stress ranges, i.e., elastic, elastic-plastic, and 
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plastic, a complete solution requires that each range be treated separately. 
For example, if a closed solution were being obtained, the response in 
each range would be computed, using the factors for that range and 
beginning with initial conditions equal to the final conditions in the 
preceding range. However, such refinements are probably not justified 
in the majority of practical cases. It is therefore suggested that, when 
the response is expected to extend beyond the elastic range, an approxi¬ 
mate weighted average of the various factors be employed. This approxi¬ 
mation would permit the use of charts for maximum response such as 
those given in Chap. 2. If a numerical analysis is being made, no diffi¬ 
culty exists since the factors may simply be changed at the appropriate 
time. 

a. Combined Load-time Functions 

As discussed in Sec. 5.2 d, it is often possible to idealize the real load¬ 
time function by a simple relationship, thus making possible the use of 
available charts for maximum response. For example, in Fig. 5.5c, the 
real function is replaced by a triangular load pulse. If this is deemed to 
be excessively crude, it may be desirable to replace the load function by 
the superposition of two (or more) triangles as shown in Fig. 5.9. An 
approximate solution for this case, based upon the response due to each 
triangle separately, has been developed by Newmark. 26 This method is 
expressed by the empirical relationship 

^ C,( M ) + ^ C,M = 1 (5.13) 


where Ci(y) and C 2 (y) are values of the ratio R m /F\ corresponding to a 
certain value of the ductility ratio y and the ratios of duration to period 
tdi/T and tdi/T, respectively. Ci(y) and C 2 (y) may be taken directly from 
Fig. 2.24, the inelastic response curve for triangular pulses of this type. 
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This procedure is restricted to systems undergoing plastic response and 
cannot be extended to other types of load-time functions. 

Equation. (5.13) provides an upper bound of response; i.e., it over¬ 
estimates the maximum deflection or the required strength for a desired 
deflection. The maximum error in required strength ^hich occurs when 
one load duration is very short and the other very long is of the order of 
20 percent. Any number of triangles may be combined in this way by 
adding terms to the left side of the equation. 

Equation (5.13) must be solved by trial and error. For analysis, i.e., 
when the natural period and maximum resistance are given, values of y 
must be assumed, C\{y) and C 2 (y) read from Fig. 2.24, and the process 
repeated until a y value satisfying Eq. (5.13) is found. For design, in 
which case the required y is given, a natural period is assumed, so that 
Ci(y) and Cj(ju) may be obtained and the required R m is then computed. 
However, selection of the structural properties for this R m will result in a 
new natural period, and hence the process must be repeated until R m and 
T are consistent. 

To illustrate application of the above to analysis, consider a given 
system and loading for which 

1.2 = 0.5 


We desire the maximum deflection in terms of the ductility ratio y. The 
trial-and-error procedure is demonstrated in the following table, where 
CM and C 2 (y) are read from Fig. 2.24 for each assumed y. 


Assumed 

v 

Ci(y) 

Cr(y) 

*7 Ci(m) 

~r 

2 

7 

0.37 

0.59 

0.44 

0.47 

0.91 

6 

0.39 

0.63 

0.47 

0.50 

0.97 

5 

0.43 

0.67 

0.52 i 

0.54 

1.06 


Since, for the correct solution, the summation would be unity, y is 
between 5 and 6; i.e., the maximum deflection is between five and six 
times the elastic-limit deflection. This should not be regarded as an 
accurate solution, since deflections in the plastic range are always difficult 
to compute and the approximation in the method may lead to sizable 
error. From the more important design viewpoint, however, the corre¬ 
sponding error in required strength is not great. 


(Fih 

Rm 

(Jjh 

Rm 
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figure 5.10 Long-duration loading and bilinear resistance. 

6. Limiting Cases of Inelastic Response 

For competence in design, one must have an intuitive feeling for the 
dynamic response of structural elements. To aid in the development of 
this intuition, it may be useful to consider two limiting cases of inelastic 
response: (1) the maximum deflection of a system subjected to a long- 
duration loading relative to the natural period, and (2) the deflection due 
to a load of very short duration. 

The first case is indicated in Fig. 5.10, where the force Fi changes so 
slowly that the variation up to the time of maximum response, y n , is 
negligible. Such being the case, the work done by the force, and hence 
the total energy imparted to the system, is 

= F lVm 

If the resistance function is bilinear as indicated in Fig. 5.10, the strain 
energy at maximum deflection, or the total energy absorbed by the system, 
is 

'll = R m (y m - Ava) 

The latter expression is merely the area under the resistance curve. Since 
the work done by the force must equal the energy absorbed at maximum 
deflection {y *= 0), we may write 

F l2/rn Rm (?/m AlVel) 

Introducing the ductility ratio, y = y m /y e i, and rearranging, 

Required ft. ~ F, _\/2^) 

fi = WT- Fl/Rm) 

Equation (5.15) may be used for the analysis of a given system, and 
(5.14) for the design of an element given the required ductility ratio. 
The equations are of course valid only if response extends beyond the 
elastic limit. 


(5.14) 

(5.15) 
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l d t y el y m y 

figure 5.11 Short-duration loading and bilinear resistance. 


Equation (5.14) indicates that, if y is permitted to be very large, R m 
may be made equal to F t . However, for purely elastic response (y = 1), 
R m must be twice F i. Thus, by allowing large plastic deformation, the 
designer may reduce the strength of the structure by almost one-half. 
It should be noted that, in this limiting case of long load duration, the 
natural period is not a factor in the design. 

The other extreme case, that involving a short-duration load, is shown 
in Fig. 5.11. In this situation it is convenient to consider the loading to 
be a pure impulse (i.e., the load duration is small compared with the time 
of maximum response; see Sec. 2.3a), denoted by 

i - impulse = F\U 

This impulse gives the mass of the system an initial velocity y = i/M, 
and the resulting kinetic energy is 

i 2 

At maximum deflection this energy is completely absorbed by the spring 
(since the kinetic energy is zero), and hence we may write 

= Rm(Um — Ay el) = (y — A) 

Noting that w 2 = k/M, we rearrange to obtain 

Required R m = (5.16) 

V2y - 1 

or " “ * (g? + 0 ^ 

In this case we may observe that, if y = 1 (elastic response), R m must 
equal iw, but as y becomes very large, the required strength approaches 
zero. Tie potential design economy associated with large permitted 
deflection is apparent. Equations (5.16) and (5.17) may be used with- 
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out appreciable error if the natural period is five or more times the load 
duration. In such cases, the actual shape of the load pulse is of no 
importance, because the load effect is expressed entirely by impulse, or 
the area under the load-time curve. 

Equations (5.14) and (5.16) are useful for design purposes because, 
even for load durations which are not extremely long or short, one or the 
other of these equations provides a good basis for preliminary design. 
This statement does not apply if the load begins near zero and increases 
slowly to its peak value. 

5.6 Design Examples 

This section contains several very simple examples of the dynamic design 
of beams and slabs, based on the approximate methods described above. 
In each case the dynamic load is given as a simple linear time function, 
with the implication that these may be idealized forms of the actual time 
variation. 

It must be recognized that dynamic design can seldom be direct since 
the response depends upon mass and stiffness, which are both related to 
strength. Therefore we must apply the technique of trial and error. 

In most of these examples the design criterion is given in terms of the 
ductility ratio y. This is often done in practice because in some respects y 
is a better indication of structural damage than is the actual deflection. 
A proper y value for design depends upon the function of the element and 
the amount of damage that can be tolerated. It also depends upon how 
many times the design load is expected to occur. If the purpose of design 
is merely to prevent collapse under one load application, y values as high 
as 20 may be permissible. On the other hand, if there are to be many 
load applications or if no damage can be tolerated, the element must 
remain elastic; that is, /j = 1. A commonly used criterion for moderate 
damage is y ~ 3, which implies considerable yielding of steel or cracking 
of concrete but no significant impairment of the resistance to future 
loading. 

a. Reinforced Concrete Beam 

Consider the problem of designing a simply supported, reinforced 
concrete beam as shown in Fig. 5.12. It is subjected to a uniformly dis¬ 
tributed load, having the magnitude and time function shown. In addi¬ 
tion to the weight of the beam itself, there is an attached dead weight 
(perhaps a slab) of 1200 lb/ft. We are required to design a beam which 
will remain elastic; i.e., the response will attain, but not exceed, the elastic 
limit. 
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figure 5.12 Design example. Reinforced concrete beam. 


The material properties are specified as follows: 

Dynamic yield strength of steel = 50,000 psi = <r dy 
Dynamic concrete compressive strength = 4000 psi = a' dc 
Steel ratio = p, = 0.015 

With regal'd to the material strengths, it should be noted that these are 
time-sensitive; i.e., the strength increases with rate of strain.® Although 
the amount of increase varies, for the type of elements and loading con¬ 
sidered herein, the dynamic strengths are approximately 25 per cent 
greater than static values. The steel ratio is specified for this example to 
simplify the problem by reducing the number of variables. 

1 he ultimate bending strength of the beam will be taken as that given 
by the well-known formula 

art,. = p.Mv*, (l - ^ ) 

where b and d are the width and effective depth, respectively. For the 
material properties given, this may be written 

— 666 bd 2 in.-lb 

The maximum resistance of the beam (Table 5.1) is 


0 _ SW P 8 X 6666d 2 
L 15 X 12 


29.66d 2 


lb 


By previous experience it is known that the natural period of such ele¬ 
ments is usually of the order of 0.05 sec. Therefore it may be expected 
that td/T will be about 3, since t d — 0.15 sec. Reference to Fig. 2.7 leads 
us to estimate that the maximum DLF will’be approximately 1.8. The 
estimated required strength of the beam is therefore 


Required R m = 1.8 X 20,000 X 15 + 2,000(±) X 15 
= 570,000 lb 
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where 2000 lb/ft is the dead weight, including an estimate for the beam 
itself. The dead load must be added, because this part of the resistance 
is not available to oppose the dynamic load. Since 

Required bd 2 = = 19,300 in. 3 

zy.o 

the trial beam size will be taken as b = 18 in. and d = 32.8 in. We now 
proceed to analyze this particular beam. 

In order to determine the stiffness of a reinforced concrete beam, an 
estimate must be made of the effective moment of inertia. This is diffi¬ 
cult to accomplish because the amount of cracking, which has a very 
appreciable effect, varies along the span and depends upon the amount of 
deflection due to loading, as well as other phenomena such as shrinkage, 
creep, etc. Some designers have used the fully cracked transformed 
section for computing moment of inertia. It has also been suggested 
that, as an approximation, the average of the uncracked and cracked 
transformed sections be used. 2 The latter appears reasonable, and the 
result can be closely approximated by the expression 

bd 3 

= ~ (5.5 p. + 0.083) 

which will be used below for the sake of simplicity. Therefore 
I a - 18 ^' 8)3 (5.5 X 0.015 + 0.083) = 52,500 in. 4 


and, from Table 5.1, 


384 El _ 384(3 X 10«) 52,500 
5L 3 5(15 X 12) s 


= 2.08 X 10« lb/in. 


With an allowance for steel cover, the total weight of the beam selected 
is 660 lb/ft and the total weight and mass of the system are 

Weight = (660 + 1200)15 = 28,000 lb 
M t = 28,000/386 = 72.3 lb-sec 2 /in. 

From Table 5.1, Klm = 0.78, and hence the natural period is 



E: 78 X 72,3 _ 

2.08 X 10 6 U,i * W sec 
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The required resistance is obtained with the aid of Fig. 2.7. 

U _ 0.15 
T 0.033 

Therefore (DLF) m « = 1.89 

and 

Required R m = 1.89 X 20,000 X 15 + 28,000 

= 567,000 -I- 28,000 = 595,000 lb 

The actual strength is 570,000 lb, and therefore the beam is slightly 
underdesigned. If desired, a second cycle of design would be executed in 
exactly the same manner as demonstrated above. 

In order to determine the maximum shear, we compute the dynamic 
reaction, using the expression given in Table 5.1. However, the load at 
the time of maximum response must first be determined. From Fig. 
2-7 b we obtain tj T — 0.487, or t m = 0.016 sec. At this time the dynamic 
load is 17.9 kips/ft (Fig. 5.12) and the dynamic reaction, or maximum 
beam shear, is 

V = 0.39 R m (live) + 0.11F + dead 
= 0.39 X 567,000 + 0.11 X 17,900 X 15 + K X 28,000 
= 264,000 lb 

The web reinforcement of the beam (stirrups) would be designed for this 
value. 

As an example of elasto-plastic design, consider the same problem as 
above, except that now the design criterion is to be y = 3; that is, the 
desired maximum deflection is three times the elastic limit. 

Since the load duration in this example is relatively long, we use Eq. 
(5.14) to obtain a first trial value of required resistance. Thus 

Required R m = Ft = 20 >°°0 X 15 X 1.2 

= 360,000 lb 

This is, of course, an upper bound [since Eq. (5.14) is based on an infinite 
duration], so we might arbitrarily reduce this value, say, to 300,000 lb. 
If the beam weight is estimated to be 300 lb/ft, 

Required R m = 300,000 + 1500 X 15 = 322,000 lb 

and 

Required bd 2 = 322,000/29.6 = 10,900 in. 3 

Let us try 

b — 15 in. and d = 27.0 in. 
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Therefore 



Beam weight = 450 lb/ft 
Total weight = (450 + 1200)15 = 25,000 lb 
M t — 25,000/386 = 64.0 lb-sec 2 /in. 

= ( 5 - 5 P* + 0 083) = - y - (5.5 X 0.015 + 0.083) 

= 24,400 in. 4 


384 EI a _ 384(3 X 10 6 )24,400 
5 h 3 5(15 X 12) 3 


= 0.96 X 10 6 Ib/in. 


By Table 5.1, the load-mass factors are 0.78 and 0.66 for the elastic and 
plastic ranges, respectively. Since the behavior is to be more plastic 
than elastic (m = 3), we estimate that the proper Klm is 0.70. Thus 




70 X 64.0 
.96 X 10 8 


0.043 sec 


U _ 0.15 _ 

T 0.043 ~~ 

Rrn (net) __ 300,000 

Fi 20,000 X 15 ~ 10 


Using the last two values computed, we obtain from Fig. 2.24 y = 3.7. 
This is somewhat more than desired, and the beam should be slightly 
strengthened to obtain y = 3. However, inspection of Fig. 2.24 indicates 
that an increase of less than 10 percent would be required, and this step 
will not be included here. 

In order to determine accurately the maximum beam shear, or end 
reaction, a more complete analysis would be required. The maximum 
shear occurs at the end of the elastic range (since at later times R is 
constant and b decreases), but there is no convenient way to obtain the 
corresponding time without making a rigorous analysis of the elastic 
range. As a slightly conservative estimate, we may combine the maxi¬ 
mum load with the maximum resistance, using the expression for dynamic 
reaction given in Table 5.1. Thus 


U max *= 0.39 R m (net) -f- 0.1 IF -f- dead 

* 0.39 X 300,000 + 0.11 X 20,000 X 15 + y 2 X 25,000 

* 162,000 lb 


The error in this value is small, since the elastic limit is attained in some¬ 
thing less than half the natural period, at which time there has been little 
decrease in the applied load. 
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figuhe 5.13 Design example. Steel beam. 


b. Steel Beam 

The fixed-ended beam shown in Fig. 5.13 is to be designed using a 
standard steel section. It is required that the bending stress in the beam 
not exceed 30,000 psi. For simplicity, it will be assumed that the dead 
load of 1 kip/ft includes an allowance for beam weight. It will also be 
assumed that the beam is so braced that the possibility of buckling is 
eliminated. 

Inspection of the appropriate response chart, Fig. 2.9, indicates that 
the DLF will probably not exceed 1.4, since t r /T will probably not be less 
than about Adopting this value of (DLF) m „ and combining dead 
and dynamic effects, we estimate the maximum moment at the support 
to be 


w - WdL2 _i_ FdL i F ' L /r»T T?\ 

'JTCmax 12 ' g • g 

Q () 2 

= 1 x 12 + 20 x 3 % + 5° x 3 % X L4 
= 75 + 75 + 262 = 412 kip-ft 

criT 41 o v 12 

Required section modulus = — = ——;-= 165 in. 3 

o- 30 

Most economical section, 24WF76 
1 = 2096 in. 4 


S = 175.4 in. 3 


Table 5.2: 


_ 192F7 _ 192(30 X 10 3 )2096 
L 3 (30 X 12) 3 

= 258 kips/in. 


In order to establish the equivalent system, the concentrated and dis¬ 
tributed masses must be dealt with separately, using the factors given in 
Table 5.2. A dead load must of course represent a mass which is part of 
the system. The computations leading to the actual stress intensity are 
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as follows: 

Kl =1.0 K m = 1.0 concentrated mass 
Km = 0.37 distributed mass 
M. = IK„,M = 30X0.37 _ ^ k - 

k e = Kl k = 258 X 1.0 = 258 kips/in. 


= 0.081 kip-sec 2 /in. 




T 0.111 


= 0.72 


Fig. 2.9: 


(DLF) max = 1.35 


= 1 X j2 + 20 X 3 % + 50 X X 1.35 
= 403 kip-ft 

m ax. = f = ™ = 2 7.6 k8 i 

Thus a slightly smaller beam size could be used, but we shall not consider 
further trials here. 

To determine the maximum beam shear we first observe, in Fig. 2.96, 
that t m /t r is always greater than unity, which indicates that, under any 
circumstances, the maximum load, 50 kips, would be acting at the time 
of maximum response. At this same time, that part of the beam resist¬ 
ance associated with the dynamic load is 1.35 X 50 = 67.5 kips. There¬ 
fore, using the expression for dynamic reaction in Table 5.2, the maximum 
shear, or reaction, is found to be 

V max = 0.71 X 67.5 - 0.21 X 50 + dead 

= 48.0 - 10.5 + Yz X 20 + 1 X 30 X M = 62.5 kips 


c. Reinforced Concrete Slab 


The two-way slab shown in Fig. 5.14 is fixed on all four edges and sub¬ 
jected to a uniformly distributed pressure, having the triangular time 
function indicated. The design is to be based on an allowable deflection 
of 6 in. at the center of the slab. Although this is a very large deflection, 
it would be an appropriate criterion if the aim of the design were merely 
to prevent collapse under a rare loading condition. Deflection, rather 
than ductility ratio, is specified, presumably because clearance or some 
other functional consideration, rather than structural damage, controls 
the design. 

The design factors for this case are given in Table 5.5. In order to 
simplify the procedure, we shall make use of the “effective” resistance 
function as indicated in Fig. 5.4. To simplify further, let us assume 
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FIGURE! 5.14 Design example. Two-way reinforced concrete slab. 


that the total bending strength of the slab is the same along each edge 
and also along the two midspan axes. Thus, by the notation of Sec. 
5.36 and Table 5.5, 

SfFp/o = 3Ttp,o = 9TZp/& = = 63T£p,j ) 

According to Table 5.5 for a/6 = 12/15 = 0.8 and with the notation of 
Fig. 5.4, 

fti = 26 . 43 TC °, 6 

R m = l [12(£fRp /o + 9Tlp«a) + io.3(snip /b + snip*)] 

OL 

= y 12 [12(2) + 10.3(2)1 15OTJ* = 55.83 Xl° Plb 
, 705 EI a 

Kl = -r- 

a 2 

, 212 EIa 


(*-)■ - 1 - °- 0375 ¥ 

(*.). = (»-). + R " k2 R ' “ 0.176 5^ 


Referring to Fig. 5.4, if we equate the area under the trilinear resistance 
curve up to (y e i )2 to the area under the bilinear (dashed) curve up to the 
same point, we obtain 

(V-)* = 0.130 

, R n 430 Eh 


which define the “effective” bilinear resistance function. 

Referring to Table 5.5, the load-mass factors for the three ranges of 
behavior are found to be 0.69, 0.71, and 0.54. Since, in this case, the 
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behavior is primarily plastic, we select a value near that for the plastic 
range, say, K Lii = 0.57. 

As a first trial, let us investigate a slab with a resistance just equal to 
the peak value of the applied load; i.e., 


R n = 20 psi X 144 X 12 X 15 = 5.2 X 10 6 lb 


Therefore 


Required 311$,^ = 


5.2 X 10 5 


= 9300 lb-in./in. 


where the dead weight has been neglected. 

If the dynamic material strengths are <j Ay = 50,000 psi and = 4000 
psi and if we arbitrarily set the steel ratio as p. = 0.01, the bending 
strength per inch of slab width is 

(l - = 464rf 2 lb-in./in. 

The required effective depth of slab is therefore 

Required d = ^ - /J® = 4.5 in. 

and the total depth might be 6 in. Using the empirical expression for 
moment of inertia, and neglecting differences in the two directions, 


A, = ~ (5.5 p, -i- 0.083) = (5.5 x 0.01 + 0.083) 

= 6.30 in. 4 /in. 


we compute the parameters of the equivalent system. 

, _ 430E/ a __ 430(3 X 10«)6.30 

kB -55-( 1 2 x 12)* = 392,000 lb/m - 

a, _ 150 XH 2 X 12 X 15 

Mt = --= 35.0 lb-sec yin. 

7T_o_ lK L uM t 0 10.57 X 35.0 

t ~ 2t Vnc- = 2,r yJ~ W2 ,o oo “ 0 045 sec 


t d ^ 0.20 
T 0.045 


= 4.4 


Entering Fig. 2.24 with this value of t d /T and with RJF X = 1, we read 
M — 4.3. Since 

/„ \ _ R m _ 5.2 X 10* , 00 

(V " )E ~ki -39 2,0 00 = 1 33 ln ' 
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the maximum deflection at midslab is 

i 

i 

j 

2/m« = n(y.i)B = 4.3 X 1.33 = 5.7 in. 

This deflection is close to the value desired (6 in.), and the design is 
therefore deemed satisfactory. 

5.7 Approximate Design of Multidegree Systems 

Thus far in this chapter, we have dealt with the analysis and design of 
single elements with distributed mass which could be analyzed on the 
basis of an equivalent one-degree system. Of course, most structures 
consist of combinations of such elements. However, in many cases it is 
permissible to assume that the individual elements act independently of 
the others. For example, if we consider a beam supported by girders, it 
may be possible to analyze the former as though it were on rigid supports 
and to design the girders for the dynamic reactions of the beam so deter¬ 
mined. This is permissible provided that the natural periods of the ele¬ 
ments are sufficiently different. If the girders have a much longer 
period, they will respond slowly and the inertia forces along the beam 
due to the girder motion will be small compared with those due to the 
vibration, of the beam itself, and hence will have little effect on beam 
response. On the other hand, if the girder period is short compared 
with that of the beam, the girder deflection will be small relative to beam 
deflection, and again there will be little effect on beam response. As an 
approximate rule of thumb, it may be said that two such elements may 
be treated separately if the periods differ by a factor of 2 or more. An 
example of this type of uncoupled system is given in Sec. 5.7a. 

If the periods of the elements are not sufficiently different, it is neces¬ 
sary to analyze the multidegree system as such. Generally, this can be 
done by assuming a single shape for each element. Thus the number of 
degrees of freedom equals the number of elements. This procedure was 
demonstrated for a beam-girder system in Sec. 4.6 and is further demon¬ 
strated in Sec. 5.7(6), using the methods of this chapter. 

a. Rigid Frame with Vertical Load 

Suppose it is required to determine the maximum dynamic stresses in 
the frame of Fig. 5.15a. The analysis of such a rigid frame involves con¬ 
sideration of two separable effects of the applied load: (1) the flexural 
stresses in the girder and columns, and (2) the axial stresses in the 
columns. The periods of the natural modes associated with the first 
effect are: much larger than those associated with the second. Stated 
differently, the vertical displacements due to change in column length 



* 4 = 300 Ib/ft 
£7* = 30x10* lb-in® 
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are too small to affect the flexural response. Furthermore, the girder 
response develops so slowly that the load on the column may be con¬ 
sidered static. Therefore our procedure will be to analyze the flexural 
response, ignoring the change in column length, and then to design the 
column for the maximum girder reaction applied statically. 

It will be sufficiently accurate to base the flexural analysis on an equiv¬ 
alent one-degree system. As in previous cases, the deflected shape asso¬ 
ciated with the predominant mode will be taken as that due to static 
application of the load. In Fig. 5.156 are shown the moments due to 
this load obtained by conventional frame analysis. The deflections cor¬ 
responding to these moments as obtained by the moment-area method or 
some other standard procedure are given by 


Vb = U 2 + 2Zz 6 — 4x b 2 ) 


*<2 


FI 

Ve 482?/. 


(-■ - ¥) 


for which the coordinates are defined in Fig. 5.15c. The midspan girder 
deflection is given by 

FI 3 

yb0 96 Eh 

If we select this deflection as the modal coordinate, the characteristic 
shape is defined as follows: 


Mx„) =~(l + 2x i -i 3 ^) x < J 

*(*) -p^-t) 


(5.18) 


since, by definition, 

Vb = yboMxb) and y c = y^ e (x c ) 

Referring to Eq. (5.1), we see that the equivalent mass of the system is 

= 2 J o mb[<t>b(xb)Y dxb T- 2 J g m e [^ 9 {x e ) ] 2 dx c 

where m b and m e are the mass per unit length of the girder and column, 
respectively. Executing the integrations, we obtain 


M e — 0.443mfrZ + 0.076m e 6 


/W\ 

V 4 '- 1 / 


(5.19) 


and substituting the numerical values given in Fig. 5.15a, 


Me = 5.74 + 0.02 = 5.76 lb-sec 2 /in. 




1 


236 Introduction to Structural Dynamics 

It may be observed that the contribution of the column mass (0.02) is 
very small and might well have been ignored. Furthermore, the mass 
factor for the girder (0.443) lies between that for a simply supported 
beam (0.49) and that for a fixed beam (0.37) as given by Tables 5.1 and 5.2. 

The latter observation suggests that we might have estimated the mass 
factor by approximate interpolation between these two extremes without 
introducing appreciable error. 

Since we have selected the deflection of the load point ybo to be the 
deflection of the equivalent system, the load factor Kl is unity. Thus 

k = K = — = = 360,000 lb/in. 

ybo l 3 

and F e (t) = F(t) = F,[/(01 

The natural period of the system is 

r - 2 *ylj? “ ~ 00251 860 j 

For the given load-time function shown in Fig. 5.15e, the maximum DLF 
is given by Fig. 2.8a. 

t - e§iii - 159 < DLF) -“ - 123 

The time of maximum response is given by Fig. 2.86. 

| 

~ = 0.55 t m = 0.55 X 0.04 = 0.022 sec 

U | 

The maximum dynamic girder deflection is therefore 

(ybo ) m »x = (yb 0 )*<(DLF) max = Y (DLF) max 

- mm x 123 " (3 - 42 x 10 " )F ' in - 

and the maximum bending moment is ! 

^ (DLF) max = Fl * 200 X 1.23 = 41F x lb-in. 

In order to obtain the maximum column load, we must first derive the 
expression for the dynamic girder reaction. Following the procedure of 
Sec. 5.4, we consider the dynamic equilibrium of the half girder span as 
indicated in Fig. 5.15d. The location of the resultant inertia force is the 
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centroid of the area under the characteristic shape defined by Eq. (5.18a). 
Taking moments about this point and noting that the girder end moment 
is always one-half the midspan moment, we obtain the equation 

v X + £ X Wol - = 0 

R is by definition the static load of the type applied corresponding to a 

given deformation or stress condition of the frame, and it follows that 
Site = Rif 6. Using this expression to eliminate 3fTC a from the last equation 
and solving, we obtain 

V = 0.76 R - 0.26 F (5.20) 

which is also the dynamic column load. Comparison with the corre¬ 
sponding expressions in Tables 5.1 and 5.2 indicates that the coefficients 
in Eq. (5.20) lie between those for pinned and fixed-ended beams, as 
would be expected. 

In the present case, the maximum resistance occurs at t — 0.022 sec at 
which time F = 0.9Fi and R — 1.23Fi. Thus the maximum column load is 

V = 0.76(1.23^0 - 0.26(0.9FO = 0.70Fi 

As far as column axial stress is concerned, the load is applied very slowly 
relative to the period of the mode corresponding to this stress. Therefore 
the column may be designed as though the load just computed were 
applied statically. The maximum column bending moment which occurs 
simultaneously is equal to (F\lf 12)1.23. 


b. Elasto-plastic Beam-girder System 

In this section the analysis of the beam-girder system and loading 
shown in Fig. 5.16 is considered. It is known from preliminary considera¬ 
tions that the girders and/or beam will deflect into the plastic range. The 
maximum deflections of both beam and girders are desired. 

In order to determine whether or not the beam and girders may be 
treated as uncoupled, the natural periods of the separate elements should 
be compared. Using the elastic factors in Table 5.1, we get for the beam 


Mb, — KbtbMb = 0.50(200 X 0.1) = 10 lb-sec 2 /in. 


kb, K L bkb — Ki 


384 EI b 


= 0.64 


384 X 2 X 10 10 


r * = Wl? - WlWKH) - °' 057 


5(200) ; 


= 123,000 lb/in. 


For one of the girders, the effective mass is that of the girder itself plus 
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m q , 

V2 I V2 


h 


m 9 = mb = 0.1 lb-sec 2 /in. 2 
lg = lb = 200 in. 

Elg = Elb = 2 x 10 10 lb-in. 2 

c 

0n>,-9Jl/to«t.6 x10 6 lb-in. 

\420 

£ 


** 






0.024 0.052 

/.see 


figure 5.16 Example. Elasto-plastic analysis of beam-girder system. 

one-half the beam mass (since this “rides” along with the girder) with a 
mass factor of unity. 

M oe = Kjif g Mg + %M b = 0.49(200 X 0.1) + ^(200 X 0.1) 


- UglVl g -T X2 m >> = 

= 19.8 lb-sec*/in. 
b — K k — K 

n> 0 e rv [jQrvg — l\. Lg -■ ^ J— 

= 120,000 Ib/in. 


= 1.0 


48(2 X 10 10 ) 


“ ^ l 0 3 ( 200) 3 

= 120,000 lb/in. 

= 2 ^iS = 0081 - 


The two periods differ by less than a factor of 2, and therefore we must 
consider the dynamic interaction; i.e., we must analyze as a two-degree 
system. The symmetry of structure and loading eliminates participation 
of the third mode. 

In writing the equation of motion for the beam, we must include as 
additional load the inertia forces due to the rigid-body acceleration asso¬ 
ciated with the support motion as indicated in Fig. 5.17a. Thus 

KjabMbyb + KnJcbyb = Ku,[p(t) l b — mdby g \ 

where y b and y g are the relative beam midspan deflection and the midspan 
girder deflection, respectively. In this equation hy b is the resistance R b} 
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figure 5.17 Example. Force distributions. 

which is limited by = 83T l Pb /l b = 64,000 lb. With the load and mass 
factors given for the elastic range in Table 5.1 (Ku, = 0.64, K Mh = 0.50) 
and the numerical properties given in Fig. 5.16, the equation of motion 
becomes 

10 yb + (123,000yt or 41,000) = 128p(fl - 12.8 y. (5.21) 

The beam reaction, which is the dynamic load on the girder, is simply 
one-half the total net force (including inertia effects) on the beam, as 
indicated in Fig. 5.176. This is given by 

Vb = M[p(t)lb — md b y 0 — Q.M.mdbijb] 

= 100p«) - 10y ff - 6.4y b (5.22) 

The factor 0.64 is derived from the condition that the distribution curve 
of relative inertia force is the deflected shape. The equation of motion for 
the girder is therefore (Fig. 5.17c) 


K-MgM g y g -f- K Le k a y 0 — Klq V b 
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The girder resistance is k 0 y„, and when the girder is in the plastic range, 
this term is replaced by the constant R om = 43Rp fl /i„ = 32,000 lb. 
With the insertion of the elastic load and mass factors for a beam with 
concentrated load at midspan (Table 5.1: Kl„ = 1.0, K Ma = 0.49) and 
the numerical values of the girder properties (Fig. 5.16), the girder equa¬ 
tion of motion becomes 

9.8 y 0 + (120,000?/, or 32,000) = 100p(f) - 10 y 0 - &Ay b (5.23) 

Equations (5.21) and (5.23) will form the basis for analysis, which must 
be done by numerical integration, since we anticipate plastic behavior. 
The student may wish to compare the elastic equations given above with 
those derived for the same beam-girder system in Sec. 4.6. It will be 
found that they are practically identical, there being only slight differ¬ 
ences in the numerical coefficients, which result from differences in the 
assumed shapes. In Sec. 4.6 the assumed shapes were sine waves (i.e., 
the fundamental-mode shapes), while here they are the static-load- 
deflection curves upon which Table 5.1 is based. 

Strictly speaking, Eqs. (5.21) and (5.23) should be altered in the plastic 
range by changing the load and mass factors to reflect the change in 
deflected shape. However, if this were done, four conditions would have 
to be considered: both elements elastic, both plastic, girder elastic/beam 
plastic, and girder plastic/beam elastic. Thus four sets of equations 
would have to be used. This greatly complicates the analysis, and the 
increased accuracy is probably not enough to warrant the effort. 

As the equations of motion now stand, each step in the analysis would 
have to be done by trial, since both accelerations appear in each equation. 
To avoid this, we may solve Eqs. (5.21) and (5.23) simultaneously to 
obtain two new equations, each involving only one acceleration. The 
result is 

(a) y b = 10.8p(t) + (13,200 y„ or 3,530) — (21,000j/* or 6,990) , , 

(b) y„ = 1.56p(0 + (6,790?/,, or 2,260) - (10,3002/, or 2,760) V ‘ ' 

The alternative constant terms within the parentheses are merely upper 
limits of the resistance. For example, in Eq. (5.24a), 3,530 should be 
used in place of 13,200 y„ if the latter exceeds the former. Rebound into 
the elastic range is handled in the usual way (Sec. 1.5). 

The natural periods of the two-degree system may be derived from the 
elastic equations of motion. This was done in Sec. 4.6 with the result 
Ti = 0.090 and T 2 = 0.039 sec. The time interval for the numerical 
analysis is taken as approximately one-tenth of the shorter period, or 
0.004 sec. The computations leading to maximum displacements are 
shown in Table 5.7. Reference is made to Chap. 1 for the details of the 
numerical procedure. 
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With reference to the computations, the beam deflection exceeds the 
elastic limit at 0.028 sec and the girder goes plastic at 0.036 sec. The 
beam rebounds elastically after 0.048 sec. The maximum beam deflec¬ 
tion (relative to the girder) is 0.61 in., or 1.8 times the elastic limit, and the 
maximum girder deflection is 0.77 in., or 2.9 times its elastic limit. 


Problems 

5.1 a. Determine the transformation factors Kl and K u for a cantilever beam under 
uniformly distributed load. Use the elastic-static-deflection curve as the assumed 
shape. 

6. Compare the natural frequency based on these factors with the exact expression 
for the first normal mode. 

c. Derive the expressions for dynamic reactions (shear and moment at the fixed 
end). 

Answer 

a. Kl - 0.40; K u = 0.257 
c. V = 0.3 F + 0.7ft; 3TI = Rl/2 

5.2 A simply supported beam has a uniformly distributed mass m and, in addition, 
lumped masses equal to ml at the third points of the span. It is subjected to a uni¬ 
formly distributed dynamic load p(t). Compute the mass, stiffness, and load of the 
equivalent one-degree system. 

5.3 Determine the transformation factors for a square, uniformly loaded plate fixed 
on two adjacent edges and free at the other edges. The shape may be assumed to be 
y = A[ 1 — cos (ira:/2J)j[l — cos (irz/2£)J, where l is the length of the sides and x and z 
are perpendicular coordinates with origin at the intersection of the fixed edges. 
Answer 

K u m 0.0515 
Kl - 0.1325 

5.4 A fixed-ended beam with concentrated load at midspan has a negative moment 
capacity equal to one-half the positive moment capacity. Plot the trilinear resistance 
function, and determine the effective stiffness of the equivalent bilinear function. 

5.5 A one-degree system defined by the parameters given in Pig. 5.18 is subjected to 
the load-time function shown. Using the approximate method of analysis for multi¬ 
ple triangles (Sec. 5.5a): 

a. Compute the maximum deflection. 

b. Compute the value of ft m which would result in p = 2. 



Answer 

a. n = 2.5 

b. R m — 22.2 kips 

5.6 A triangular load pulse with zero rise time is applied to a one-degree system. If 
the load duration is sufficiently long, Eq. (5.14) gives the required resistance with only 
slight error. To investigate the range in which Eq. (5.14) might be used, plot the 
ratio of ft m given thereby to the correct value versus t d /T for p = 3. How would the 
value of m affect your conclusion? 

5.7 Referring to Prob. 5.6, Eq. (5.16) gives the required resistance with only slight 
error if the load duration is sufficiently short. To investigate the range in which 
Eq. (5.16) might be used, plot the ratio of R m given thereby to the correct value 
versus td/T for p = 3. How would the value of p affect your conclusion? 

5.8 A square two-way slab is fixed on all edges and loaded by a uniformly distributed 
pressure which is applied suddenly with an intensity of 1 kip/ft* and which then decays 
linearly to zero at 0.2 sec. The slab properties are: 

Span = 20 ft 
Weight =• 100 lb/ft* 

/„ = 40 in.*/ft 
E e = 3 X 10" lb/in.* 

3H/*/a = SlRp/i, = 9TC/>,« = 3Hp«& = 2000 kip-in. 

Using the appropriate transformation factors, compute the maximum central deflec¬ 
tion: 

a. By the response chart (Fig. 2.24), based on an average load-mass factor and an 
effective stiffness. 

b. By numerical integration, taking into account all three stress ranges. 

5.9 A reinforced concrete beam is fixed at one end, simply supported at the other, 
and subjected to a uniformly distributed load, with the time function shown in Fig. 
5.19. The beam properties are: 

Span = 20 ft 
b = 12 in. 

d = 24 in. (total depth = 26 in.) 
p. = 0.015 

= 60,000 psi, <r' dc = 5000 psi 
£ ( = 4X 10 6 psi 


figure 5.19 Problem 5.9. 



The steel ratio given applies to both positive and negative moment capacities. Com¬ 
pute by approximate methods the maximum dynamic deflection. Assume no 
appreciable shear distortion. 

Answer 

3 /max — 2.9 in. 


figure 5.18 Problem 5.5. 
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5.10 Design a fixed-ended one-way slab to resist a suddenly applied constant pres¬ 
sure of 5 psi with duration of 0.3 sec. The following properties are given: 

Span — 15 ft 

p, = 0.01 

<?d V = 50,000 psi, <rj c = 5000 psi 
Design for p * 10. 

5.11 A simply supported 24WF94 steel beam has a span of 20 ft, a total dead weight 
of 2000 lb/ft, and a dynamic yield strength of 45,000 psi. Determine the maximum 
dynamic deflection due to loads at the third points of the span, each having a rise 
time of 0.04 sec and a constant value thereafter of 125 kips. What is the maximum 
dynamic beam reaction? 

5.12 Select the most economical steel WF beam which will resist elastically a rec¬ 
tangular-pulse load of magnitude 100 kips and duration 0.1 sec. The load is concen¬ 
trated at midspan, and there is a uniformly distributed weight (in addition to the 
beam itself) of 3000 lb/ft. The span is 18 ft. It may be assumed that buckling is 
prevented, but the shear capacity of the beam selected should be checked. tr iv - 
60,000 psi. 

5.13 Referring to Prob. 4.11, make an elasto-plastic numerical analysis (two degrees 
of freedom) to determine maximum beam and girder deflections for the following 
additional data: p(l) is a triangular pulse with zero rise time, an initial value of 400 
lb/in., and a duration of 0.25 sec, and the ultimate bending capacities are 200 kip-ft 
for the beam and 350 kip-ft for the cantilever girder. 
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6.1 Introduction 

The problems associated with the design of structures to withstand 
earthquakes have long been of great interest to engineers. This is due 
not only to the catastrophic nature of the possible failure but also to the 
fact that the difficulties encountered are technically intriguing. The 
literature on the subject is voluminous and is increasing rapidly. Con¬ 
siderable progress is being made, but in spite of this fact, a really satis¬ 
factory method of design still does not exist. 27-29 

The major difficulty lies in the prediction of the character and intensity 
of the earthquakes to which a structure might be subjected during its life. 
Strong earthquakes are rare events, and the number of actual measure¬ 
ments which have been made is in a statistical sense very small. Design 
must therefore be based on rather crude estimates of the expected ground 
motion. 

Another major difficulty lies in the fact that a realistic analysis for 
earthquake should account for inelastic behavior of the structure. Very 
few structures could withstand a strong earthquake without some plastic 
deformation. In fact, it would be uneconomical to design a structure so 
that it would remain completely elastic. The inherent difficulty of 
inelastic analysis of multidegree systems, coupled with the irregular and 
uncertain nature of the ground motion, makes a rigorous solution to the 
problem impractical. 81 
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It is obvious that in this brief chapter only an introduction to the sub¬ 
ject can be offered. Attention will be restricted to a few basic concepts 
which will provide a foundation for further study. 

6.2 Response of Multidegree Systems to Support Motion 

In Sec. 2.6 the response to support motion of one-degree systems such as 
that shown in Fig. 6.1 was investigated. It was found there that the 
equation of motion could be written as 

Mu + ku + cu — -MyMt) 

or ii *4* o) 2 u + 2/3w = —y, 0 fa{t) (6.1) 

and the response could be expressed by 

u(t) = - ^ (DLF). (6.2) 

where u(t) = relative displacement of the mass with respect to the support, 
or 

u(t) = y - y* 

and (DLF) a = to f* /a(r)e _<J(t_r) sin u{t — t) dr 

y»„ = maximum support acceleration 
f a (t) = time function for support acceleration 
y. = y, 0 f a (t) 

/3 = damping coefficient = c/2M 

(DLF)„ is the dynamic load factor as previously defined, except that, in 
this case, it is based on the time function for the support acceleration. 
Any of the DLF expressions developed in Chap. 2 for a specific time func¬ 
tion could therefore be used if this function represented the variation in 
ground acceleration. It should be noted that the expression given above 
for (DLF) 0 is valid only if the initial ground velocity is zero. 
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It is a significant fact that the maximum relative displacement u m and 
the maximum absolute acceleration y m are directly related. To demon¬ 
strate, we consider the equation of motion (Fig. 6.1) 

My + cu + ku = 0 

which, at maximum relative displacement (u = 0), becomes 

My m + ku m = 0 

Observe that y m and u m must occur simultaneously. Therefore 

y m = ~ Jf Um = -oj2Wm = #«<»( DLF )«.m ax (6.3) 

which indicates that the maximum values of absolute acceleration and 
relative displacement are related in the same way as the corresponding 
terms for a pure harmonic motion. This is in the nature of a coincidence, 
and it should not be concluded that the response due to support motion is 
harmonic. The fictitious velocity associated with this apparent harmonic 
motion is sometimes called the s-pectral velocity, and its maximum value is 
given by 

f.„ = ^ (DLF)., m „ (6.4) 

CO 

In the analysis of multidegree systems with support motion, we may 
apply the modal method as developed in Sec. 3.7.* The modal equation 
of motion (Eq. 3.46) for a lumped-mass system with external forces is 

m iF r ^ rn 

A'„ + .,'J. + 2/J „A, = —- 

S M r *;„ 

r = 1 

where the applied force at mass r is F ri f(t). It was shown in Sec. 2.6 that 
the response due to support motion is equivalent to the response due to 
applied forces equal to —My,. For the multidegree case, the equivalent 
force at mass r would therefore be — M r y. = — M T y so J a {t), and if this is 
used to replace F r if(t) in the above, the resulting modal equation for 
support motion is 

fa(t)y,o J Mr<t>rn 

An + 2 A n + 2/3„A„ --- (6.5) 

i M,4>U 

r = 1 

* The equations which follow are also presented in matrix form in the Appendix. 
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It must be remembered that A„ is the relative modal displacement with 
respect to the support. Comparison of this equation with Eq. (6.1) for a 
one-degree system reveals that the only difference is the presence of the 
two summations in the right side of Eq. (6.5). Since these are constants 
for a mode and merely modify the input acceleration, the same modifica¬ 
tion may be applied to the response of the one-degree system to obtain 
the modal response. If we define the modal 'participation factor by 

X M r * n 

r. = -- (6.6) 

X 

r -1 

then the modal displacement is given by 

A n (t) = r nWn °(<) (6.7) 

where u„°(t) is the response of the one-degree system having circular fre¬ 
quency and is given by Eq. (6.2), or 

Un"(() = - ^ (DLF)„„ (6.8) 

where (DLF)„ a is the dynamic load factor in the usual sense, associated 
with the frequency «„ and the time function f a (t). The modal displace¬ 
ment at mass r is 

Urn(t) = r„U„ 0 (0*rn (6.9) 

and the total relative displacement is 

U T (t) = J r„-Un°(0<Kn (6-10) 

If the ground motion had been given in terms of displacement rather 
than acceleration, the absolute response of the one-degree system could 
be obtained by (Sec. 2.6a) 


y»°(0 = y.*(DLF) n 

and the relative response by 

u n °(t) = y, 0 (DLF)„ - y.(t) (6.11) 

where y»(t) = y, 0 f(l), and (DLF)„ is based on the time function f(t) rather 
than/ a (0- In the analysis of a multidegree system, Eq. (6.11) would be 
used in place of Eq. (6.8) if y, rather than y, were specified as input. 


= 4000 in. 4 
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6.3 Multistory-building Analysis 


To illustrate application of the modal analysis developed in the preceding 
section, we consider the two-story steel frame shown in Fig. 6.2. The 
weights of the roof, first floor, and walls are indicated in Fig. 6.2a, as are 
the moments of inertia of the structural elements. The lumped masses at 
the floor levels which are given in Fig. 6.2 & have been computed on the 
basis of the floor weights plus that of the tributary wall areas. The 
elastic-stiffness coefficients shown in Fig. 6.2c have been computed by 
conventional frame analysis. If there were no support motion, the condi¬ 
tion of dynamic equilibrium would be as indicated in Fig. 6.2 d. 

Before considering the actual input, we shall establish the normal modes 
of the system. Based on Fig. 6.2 d, the equations of motion are 

M 2 y 2 + 48y 2 — 52.8yi = 0 
Miy\ — 52.8t/2 + 106.8yi = 0 

When computing normal modes no ground motion is considered, and 
therefore the u’a in Fig. 6.2d are both absolute displacements and those 
relative to the ground. Operating on these equations in the usual way, 
we find that the natural frequencies are 

wi = 9.0 rad/sec o 2 = 23.5 rad/sec 
and that the characteristic shapes may be defined by 
First mode: 

0n = +1.00 

0 2i = +1-57 

Second mode: 

0i2 — +1.00 

022 = —1.06 


We now wish to make an analysis of the building frame for the ground 
motion given in Fig. 6.3. This sinusoidal motion is not intended to be 



figure 6.3 Example. Assumed support motion. 
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typical of earthquakes, but will serve to illustrate analysis for ground 
motion. We shall first make a completely elastic analysis and then obtain 
an inelastic solution for the case in which the column strengths are limited 
so as to cause such behavior. A comparison of these two solutions will 
serve to demonstrate the significance of plastic behavior in earthquake 
design. 


a. Elastic Solution 

Making use of Eq. (6.6), the modal participation factors are computed 
as follows: 

_ Jd/ r 0 r , t 

In - y- 

j AT**. 

0.294(1.00) + 0.177(1.5 7) _ . 

0.294(1.00) 2 + 0.177(1.57)* ~ * 

0.294(1.00) + 0.177(-1.06) 

0.294(1.00)* + 0.177(~ 1.06) 2 ” +U ' 215 

The dynamic load factor (ignoring damping) is given by 
(DLF)„ = w n f g /(r) sin o> n (t - r) dr 
where /(r) = sin Or. Integration yields 


r, = 
r 2 = 


(DLF)„ = 



( sin tit -— sin 

/ 


which is the same as Eq. (2.346). The modal values of this quantity are 


(DLF)i = —1.05(sin 4 vt — 1.40 sin 9.00 
(DLF) 2 = +1.40(sin 4 irt - 0.535 sin 23.50 


By Eq. (6.11), we have for the two modes 


»i°(0 = 0.5(DLF)i — 0.5 sin Airt 

= —1.025 sin 4 rt + 0.735 sin 9.0i 
W2°(0 — 0.5(DLF) 2 — 0.5 sin 4 irt 

= 0.2 sin Avt — 0.375 sin 23.5< 


Finally, the relative displacements of the two masses as given by Eq. 
(6.10) are 

»i(0 = (0.784) [w i° (01 (1 • 00) + (0.215) [W>(0](1.00) 

= 0.784[«i°(0] + 0.215[«*°(0] 
u 2 (0 = 0.784[tti’(0](1.57) + (0.215)[«*°(0](-1.06) 

= 1.230[«! o (03 - 0.228[u 2 °(0] 
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figure 6.4 Example. Response of two-story frame. 


The first of these is also the first-story distortion, i.e., the motion of the 
floor above relative to the floor below. The second-story distortion would 
be given by 

«*(<) “ tti(0 = 0.446[iti°(0] - 0.443 [m 2 °(0] 

The story shears which determine the magnitude of column bending 
would be computed by (Fig. 6.2d) 

Ri = 48 ui{t) — 52.8«i(0 
Ri = 54wi(i) — 4.8 Ui(t) 

The magnitude of these shears, computed after evaluating the above 
expressions for u n °(t) and u n (t) at various times, are plotted in Fig. 6.4 
through two cycles of ground motion. 

The story shears computed above are very large; e.g., the maximum 
in the top story is about 0.6 of the roof weight and that in the bottom 
story is about one-third of the total building weight. These are much 
larger than would normally be used for earthquake design, even though 
the assumed ground motion is not particularly severe as compared with 
actual earthquakes. There are several reasons for this difference: 
(1) earthquake motions are not perfectly harmonic; (2) damping was 
ignored in the analysis; and (3) some plastic deformation of the columns is 
permissible, and the column strengths need not be as great as the shears 
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|--/z 



figure 6.5 Idealized two-story frame. 

computed above indicate. The validity of the last point will now be 
demonstrated. 

b. Elasto-plastic Solution 

Suppose that the definition of the problem is now modified by setting 
elastic; limits for the story shears. It will arbitrarily be assumed that 
these values are approximately one-half of the maximum shears computed 
in the elastic analysis above. Thus the maximum plastic story resistances 
are taken to be 

Rmi = 29.5 kips R mZ = 21 kips 

In all other respects, including column stiffness, the structure remains as 
shown in Fig. 6.2a and the ground motion remains as shown in Fig. 6.3. 

As discussed in Sec. 3.9, it is difficult, and probably not worthwhile, to 
include the effect of girder flexibility in an elasto-plastic analysis of a 
building frame. We shall therefore assume the girders to be rigid, with 
the result that there are only two springs in the idealized system. The 
stiffness of each spring corresponding to a story is 

7 . _ 12E(2I) 
k - hT~ 

where h is the story height, and I is the moment of inertia of one column 
in the story. Thus the idealized dynamic system is as shown in Fig. 6.5. 
The resistance function for each story is assumed to be bilinear. 
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Table 6.1 Inelastic Analysis of Two-story Building Frame (Fig. 6.5 ) 


= 2y<*> — + y<*> (A*)* 


t 

Vi 

yi - y. 

Ri 

(Eq. 

e.isd) 

V« - vi 

(Eq. 

6.1 Sc ) 

Vi 

(Eq. 

6.1 Sb) 

VI 

Vi 

(Eq. 

6.1£a) 

V> 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0.025 

+ 0.154 

-0.151 

-8.4 

-0.003 

-0.2 

+ 27.9 

+0.003* 

+ 1.1 

0* 

0.050 

+ 0.294 

-0.270 

-15.0 

-0.023 

-1.3 

+46.6 

+0.024 

+ 7.3 

+0.001 

0.075 

+ 0.405 

-0.331 

-18.4 

-0.067 

-3.9 

+49.3 

+0.074 

+22 0 

+0.007 

0.100 

+ 0.476 

-0.320 

-17.8 

-0.128 

-7.4 

+36.4 

+0.155 

+41 .8 

+0.027 

0.125 

+ 0.500 

-0.242 

-13.5 

-0.185 

-10.7 

+ 9.6 

+0.258 

+60.4 

+0.073 

0.150 

+ 0.475 

-0.108 

-6.0 

-0.210 

-12.2 

-21.1 

+0.367 

+ 69.0 

+0.157 

0.176 

+ 0.405 

+0.058 

+ 3.2 

-0.179 

-10.4 

-46.2 

+0.463 

+58.7 

+0.284 

0.200 

+ 0.294 

+ 0.236 

+ 13.1 

-0.082 

-4.8 

-60.9 

+0.530 

+ 27.2 

+0.448 

0.225 

+ 0.154 

+ 0.405 

+ 22.5 

+0.070 

+ 4.1 

-62.5 

+0.559 

-23.2 

+0.629 

0.250 

0 

+ 0.549 

+29.5 

+0.247 

+ 14.3 

-51.6 

+0.549 

-80.6 

+0.796 

0.275 

-0.154 

+0.601 

+29.5 

+0.406 

+ 21.0 

-28.9 

+0.507 

-118 7 

+0.913 

0.300 

-0.294 

+0.741 

+29.5 

+0.509 

+ 21.0 

-28.9 

+ 0.447 

-118.7 

+0.956 


•At ( = 0.025, y - }fi (i7 at t - 0.025) (A/)« (established by trial). 


The equations of motion in terms of absolute displacements, as derived 
from the condition of dynamic equilibrium shown in Fig. 6.5b, are 

(a) M 2 y 2 + R 2 = 0 

(b) Mijji + R\ — Ri = 0 

where (6.12) 

(c) R 2 — k 2 (y 2 — y i), or 21 max 

(d) R i = ki(yi — y„), or 29.5 max 

Since the system is nonlinear, numerical analysis provides the easiest 
method of solution, and the first few steps are shown in Table 6.1. Since 
the smaller natural period is 0.27 sec (2ir/w 2 ), the time interval is taken as 
0.025 sec. Analyses such as this can be executed with the aid of a com¬ 
puter for buildings of many stories. For very tall buildings, it may be 
desirable to lump the masses at every second or third floor rather than at 
each floor in order to reduce machine time. 

The result of the inelastic analysis is plotted in Fig. 6.6 in the form of 
story distortions. Also shown are the elastic responses computed in 
Sec. 6.3a. The important point to be noted is that the distortions of the 
inelastic structure are actually smaller, even though the maximum story 
resistances are only one-half of the resistances developed in the elastic 
case. This is true primarily because the plastic deformation tends to 
eliminate the resonant effect of the sinusoidal input. Even though earth¬ 
quake motions are not harmonic, such resonant effects do occur, and the 
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general conclusion reached here is still valid. Since the cost of the 
structural frame is related to the resistances provided, the economic 
advantage of permitting plastic deformation is apparent. This does, of 
course, result in some permanent distortion, but if kept within reasonable 
limits, does not imply serious damage. 
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figure 6.7 Typical response spectrum. 




figure 6.8 Response spectra for given support motion. 


6.4 Response Spectra 

Before proceeding to the actual earthquake problem, it will be useful to 
introduce the concept of a response spectrum. This is a plot giving the 
maximum responses (in terms of displacement or stress or acceleration, 
etc.) of all possible linear one-degree systems due to a given input, which 
in the present case is a ground motion. The abscissa of the spectrum is 
the natural frequency (or period) of the system, and the ordinate is the 
maximum response. Such a plot is shown in Fig. 6.7. Thus, in order to 
determine response for the particular input, we need know only the 
natural frequency of the responding system. 80 82 

To illustrate the construction of a response spectrum, consider the 
ground acceleration shown in Fig. 6.8a, which corresponds to the ground 
displacement shown in Fig. 6.86. We wish to plot spectra for maximum 
relative displacement and maximum absolute acceleration of undamped 




figure 6.8 ( Continued ) 
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linear systems. According to Eqs. (6.2) and (6.3), the desired values are 
given by 

(°) l«m«| 

C b ) 

The time function for the acceleration is 

/-(*) = 1 - ^ t < 2t d 
fait) =0 t > 2t d 

and the dynamic load factor is 

(DLF). 1 - i 

which, when integrated, gives 

(DLF). = 1 - cos at + ^ -1 t £ 2t d (6.14) 

lOtd Id 

After time 2t&, we may express the DLF as 

(DLF). = (DLF)i_k. cob «(J - 2« + (DLF),.,,. jf j) . (6 .i 5) 

CO 

which is based upon consideration of the DLF and its derivative at 
t = 2t d as an initial displacement and velocity for the following motion. 
The maximum value of (DLF)„ which may be obtained from Eqs. (6.14) 
and (6.15) depends only on the ratio t d /T. This is plotted in Fig. 6.8c. 

We may now determine the maximum responses by Eqs. (6.13). To 
take a numerical example, let y te = g (the acceleration of gravity) and 
td = 0.1 sec. For these input parameters the spectrum for the absolute 
value of maximum relative displacement is as shown in Fig. 6.8d and that 
for maximum acceleration, in Fig. 6.8e. In connection with the use of 
Eq. (6.13a) for relative displacement, it should be noted that, as w—> 0,. 
(DLF)a,mu also approaches zero and the value of u mmx is indeterminate. 
However, it may be shown that, as w —» 0, w max approaches the maximum 
ground motion. In fact, the ordinates to the spectra at the extremes of 
natural frequency are intuitively obvious. For example, if w is very 
large, i.e., the structure is very stiff, the acceleration is applied suddenly 
with a corresponding DLF of 2, and hence the maximum acceleration of 
the mass is twice the initial ground acceleration. At the same time the 
spring distortion is negligible (since the stiffness is great), and hence the 


^ sin o)(t — 


t ^ 2 td 
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f , cps 

figure 6.9 Log-log reeponse spectra. 

motion of the mass is the same as that of the ground; i.e., the relative 
motion is very small. On the other hand, if w is very small, the spring is 
flexible, and hence the mass remains stationary while the ground moves 
beneath it. Thus the relative displacement equals the ground displace¬ 
ment, and the acceleration of the mass is zero. 

An alternative representation of the response spectrum is the log-log 
plot in Fig. 6.9, where the result of the preceding example is repeated. 
This type of plot has the advantage that all spectra for the kinds of input 
considered herein consist essentially of two straight lines, except that there 
is some distortion near the intersection. This is true because, regardless 
of the details of the input, the displacement response in the small- 
frequency range is a constant equal to the maximum ground displacement, 
and, at large frequencies, the response acceleration is a constant equal to 
a multiple of the maximum ground acceleration. In the latter frequency 
range the maximum relative displacement is given by 
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figure 6.10 Response spectra for sinusoidal input. 



where a is a constant which depends on the type of input (a = 2 in the 
example of Fig. 6.8). The last equation is, of course, a straight line on the 
log-log plot. The fact that all spectra have the same general form on a 
log-log plot makes the estimation of a spectrum for a poorly defined input 
somewhat easier. If the spectrum gives relative displacement as in 
Fig. 6.8, the absolute acceleration of the response can be computed 
directly therefrom and a second plot is not really necessary. 

As a second example we consider the spectrum for a sinusoidal variation 
of ground motion. The acceleration is shown in Fig. 6.10a, and the corre¬ 
sponding ground displacement is shown in Fig. 6.106, with the assump¬ 
tion that there is an initial velocity of —y ao /U. The maximum DLF for 
the damped steady-state response (which does not depend on the initial 
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figure 6.10 ( Continued ) 


conditions) was developed for this input in Sec. 2.56 and is given by 
Eq. (2.41): 

(DLI) 0 , m „ - y'tj _ + 4(/3Sl/w 2 ) 2 

This is plotted in Fig. 6.10c for 20 percent of critical damping; that is, 
/3/« = 0.2. The separate response spectra for relative displacement and 
absolute acceleration, computed by Eqs. (6.13), are plotted in Figs. 6.10d 
and e for the specific parameters y, 0 = g and 0 = 2x rad/sec. Both 
curves display the expected peak near the point of resonance. At small 
frequency the maximum relative displacement equals the maximum 
ground displacement, and at large frequency u approaches zero as the 
maximum acceleration response approaches the maximum ground 
acceleration. In the latter case, the mass of the system simply “rides” 
along with the ground and the two motions are identical. The log-log 
plot of the spectrum for the sinusoidal input with 20 per cent damping is 
also shown in Fig. 6.9, where the two straight lines mentioned previously 











262 


Introduction to Structural Dynamics 



m = 0.2 lb-sec 2 /in. 2 
£ = 30 xIO 6 psi 
£7 = 10'° lb-in? 

figure 6.11 Example. Beam with support motion. 

correspond exactly to the maximum ground displacement and the 
maximum ground acceleration; that is, a = 1. 

To illustrate the application of the response-spectrum technique to an 
actual structural element, consider the simple beam shown in Fig. 6.11. 
Suppose that both supports move vertically in the manner indicated in 
Fig. 6,8a. We wish to determine the maximum bending stress in the 
beam resulting from this support motion. Only the fundamental mode 
will be considered since higher modes are of little importance. 

In order to use the response spectrum, we first compute the natural 
frequency by Eq. (4.7). 

x x /lO 15 

J 2 l*\m 2(240) 2 \ 0.2 °* A CpS 

Reading either Fig. 6.9 or 6.8 d, we find the maximum relative displace¬ 
ment of the equivalent one-degree system to be 

wLx = 0.44 in. 

This is not the beam deflection we seek, since the motion of the beam 
support is not directly equivalent to the motion of the support of the 
equivalent system. For the present example involving distributed mass, 
it is apparent that Eq. (6.6), which gives the modal participation factor, 
should be written 

/ m<t>{x) dx 

p _ J o _ 

/; m[<j>(x)] 2 dx 

Substituting 4>{x) = sin (tx/1) for the fundamental mode and evaluating 
the integrals, *we find 



x 


* Values of these integrals are given in Table 4.1 for beams with various support 
conditions and uniform mass. 
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Therefore, by Eq. (6.7), we obtain 


A max = rw“ „ x = - x 0.44 = 0.56 in. 

7T 

where .4 max is the maximum displacement of the begun at midspan relative 
to the supports. 

Since we are considering only the first mode, the bending moment is 
computed as follows: 


where 


Therefore 


3Tl = ~EI~ 
dx 2 

U = A BSD.-f- 
l 

d 2 u . x 2 . xx 

to* = ~ A P 8m T 


an = EI * 2 A 


atx=. g 


The maximum bending stress is 


— cm C £ CX 2 a 

J — 

where c is half the beam depth. Therefore 
^ (3°X10«)(7 )x 2 


X 0.56 = 20,100 psi 


which is the desired result. 


6.5 Earthquake Ground Motions 

The motions of the ground during an earthquake are essentially random; 
i.e., the peaks of acceleration, both positive and negative, have various 
amplitudes and occur at various time intervals without any regular 
pattern. These occur in all directions, but our attention will be restricted 
to horizontal motions, which are the most damaging. Up to the present 
time (i.964) very few records of actual strong-motion earthquakes have 
been obtained, and there is therefore little statistical basis for the predic¬ 
tion of future earthquakes. In any event, we shall never be able to pre¬ 
dict the exact nature of the earthquake for which a given structure should 
be designed. 

There are two possible solutions to the problem of defining the input. 
First, we could adopt a "standard” earthquake, with a certain amplitude 
of acceleration and time variation. This would be comparable with the 
approach commonly used with other types of loads (e.g., standard design 
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truck loads), but would make even less sense in the case of earthquake, 
because not only the magnitude of the input, but also the time variation, 
has an important effect on structural response. A second and more 
promising approach is to treat the ground motion as a random variable. 
By this method the motion could be envisaged as the superposition of 
many sine waves of various frequencies, the amplitudes of which have 
certain probability distributions. Alternatively, the motion could be 
represented by a series of random impulses. If the intensity, or “power,” 
of the random input is selected so as to be equivalent to that of actual 
measured earthquakes, the structural response should be similar. This 
type of analysis produces a probabilistic result; e.g., it would give the 
probabilities that the relative displacement of the structure would not 
exceed certain values. Such an approach has not been developed suffi¬ 
ciently for direct application, and further discussion is beyond the scope 
of this text. 38 34 

The most practical approach to the problem involves the use of response 
spectra such as discussed in Sec. 6.4. Although this method is perhaps an 
oversimplification and certainly approximate, it appears justified, in view 
of the limited data available on earthquake motions. Many investigators 
have computed spectra from actual earthquake records. This is accom¬ 
plished by the direct application of Eq. (6.2). The DLF may be com¬ 
puted by numerical integration of the measured acceleration time function 
f a (t). The input is normally in the form of acceleration rather than dis¬ 
placement, because field instruments measure the former. Response 
spectra derived in this way are of course limited in usefulness since they 
apply only to the particular earthquake which happens to have been 
recorded. However, they are very useful in establishing the general 
nature of response to earthquake. 

Based upon spectra computed for actual earthquakes, it is possible to 
estimate a proper spectrum for general purposes. It is here that the log- 
log plot for spectra (Fig. 6.9) is particularly useful. It was noted in Sec. 6.4 
that the general forms of all spectra are similar, and this fact is helpful in 
estimating the earthquake response spectrum. Blume, Newmark, and 
Corning 29 have suggested that the spectrum can be approximated by 
three straight lines as follows: (1) a line of constant acceleration equal to 
twice the maximum ground acceleration, (2) a line of constant spectral 
velocity equal to 1.5 times the maximum ground velocity, and (3) a line of 
constant displacement equal to the maximum ground displacement. A 
spectrum constructed in this way is shown in Fig. 6.12 as curve a. It is 
based on the May 18,1940, El Centro, Calif., earthquake (N-Scomponent), 
for which the recorded maximum quantities were 0.33gr, 13.7 in./sec, and 
8.3 in. It is intended to apply to elastic systems having between 5 and 10 
percent of critical damping. For the El Centro input given above, the 
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f, cps 

figure 6.12 Idealized response spectrum for El Centro 
earthquake, May 18, 1940, N-S component and SEAOC 
recommendation. 

three straight lines are defined by 

(1) Mmai = (yto)max = 8.3 in. small/ 

(2) w max = ^ in. intermediate / 

/o\ 2(ji <( ,) max 6.6. j e 

(3) M max = in. large/ 

The simplified spectrum thus defined and shown in Fig. 6.12 is based on a 
particular earthquake and may not be appropriate for general design 
purposes. Additional data which will become available in the future may 
indicate that the amplitudes of ground motion and the multiplying coeffi¬ 
cients should be altered. 

6.6 Earthquake Spectrum Analysis of Multidegree Systems 

In Sec. 6.2 we developed a procedure of modal analysis for structures sub¬ 
jected to ground motion, and in Sec. 6.5 we discussed response spectra for 
earthquake. We now combine these two concepts in order to make an 
approximate elastic multidegree analysis for earthquake. 

Since the response spectra give only maximum response, we shall obtain 
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the maximum values for each mode, which must then be superimposed to 
give total response. The actual time variation of the design earthquake 
motion is unknown, and therefore it is impossible to compute the time 
variation of response either for a modal component or for the total. A 
conservative upper bound for the total response may be obtained by add¬ 
ing numerically the maximum modal components. However, this is 
excessively conservative, and it has been suggested that the “probable” 
value of the maximum response is approximately the square root of the 
sum of the squares (root mean square) of the modal maxima. 38 This is 
based on the assumption that the modal components are random varia¬ 
bles, which is consistent with the random nature of the input. The accu¬ 
racy of this approach increases with the number of degrees of freedom. 

The elastic analysis demonstrated below is not intended to represent a 
proper method for earthquake design. A design on this basis would be 
too conservative and inconsistent with the observed behavior of structures 
during earthquake. The primary reason for this discrepancy is that most 
structures can undergo some plastic deformation without excessive 
damage. As demonstrated in Sec. 6.3, this capability results in a con¬ 
siderable decrease in the required strength and stiffness of the structure. 
Unfortunately, inelastic analysis of multidegree systems subjected to 
random earthquake motion cannot easily be accomplished. Considerable 
research is being conducted on the problem (1964), and in time satis¬ 
factory methods will probably be developed. In the meantime, the 
empirical approach as discussed in Sec. 6.7 is the most practical design 
procedure. The example of elastic analysis given below is presented to 
give the student a better insight into the general problem and to demon¬ 
strate a method which would be applicable to those special cases in which 
a truly elastic response is desired. 

a. Building-frame Example 

To illustrate modal spectrum analysis, we consider the three-story 
building frame shown in Fig. 6.13a. If this is considered to be a “shear 
building” (Sec. 3.8), it may be represented by the close-coupled system 
shown in Fig. 6.136. Assuming the masses and stiffnesses shown, the 
natural frequencies and characteristic shapes have been computed, with 
the results tabulated in Fig. 6.13c (Sec. 3.4). 

The next step is to compute the modal participation factors as given by 
Eq. (6.6). These computations are shown in Table 6.2. 

It will be assumed that the input can be represented by the response 
spectrum shown in Fig. 6.12 (curve a). It will be recalled that this is an 
empirical representation of a particular earthquake and assumes a 
moderate amount of damping in the system. Its validity for general 
design purposes has not been proved. The responses of the equivalent 
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figure 6.13 Example. Three-story shear building. 


Table 6.2 Modal Participation Factors (Structure Shown in Fig. 6.13) 


Mass 

Mr 

First mode 

Second mode 

Third mode 

M r <f>T 1 

Mr& 

M r <t>r 2 


M r <t>rl 


1 

8 

2.51 



2.09 

25.4 


2 

8 

5.49 

3.77 

-3.91 

1.91 

-17.4 


3 

4 




4.00 

4.0 



2 


8.56 




122.9 


2,Mr<^ n 

r " = vnriY Tl " + 1 - 40 r ’ = —0.50 r 3 - +0.098 

rtrn. _ 


one-degree systems in terms of relative displacement are read 

directly from Fig. 6.12 and depend only on natural frequency. The 
modal responses A„, max are simply those values multiplied by the corre¬ 
sponding participation factor [Eq. (6.7)]. 
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Having the maximum modal amplitudes, any other function such as 
displacement or acceleration at a point or a certain force or stress may be 
computed by Eq. (6.9). For example, the maximum modal components 
of first-floor deflection (relative to the ground) are obtained by multiply¬ 
ing the modal amplitude by the characteristic-shape factor for that floor: 


Mode 



1 

0.314 

1.44 in. 

2 


0.36 

3 

3.18 

0.21 


Of course, signs should not be attached to these modal deflections, since 
each could be in either direction. The upper bound for the maximum 
deflection of this floor is the numerical sum of the modal components, or 
2.01 in. The “probable” maximum, or root mean square, is 1.50 in. 
The latter may not be appropriate in this case since there are only three 
degrees of freedom. In fact, the maximum may be expected to lie some¬ 
where between the two values computed. 

Of primary interest in earthquake design are the maximum values of 
the story shears. To obtain these, we first multiply the modal amplitudes 
A n , mt >x by the relative story displacements corresponding to the modal 
shapes, <t>6. This provides the maximum story displacement A„ of the 
response, which, when multiplied by the spring constant, gives the story 
shear. The computations leading to these values are shown in Table 6.3. 


Table 6.3 Maximum Story Shears by Spectrum Analysis; System in Fig. 6.13 



Fir it story 

Second story 

Third story 


= 4n« 

Ain = An 4 > Al 

*A« “ ^Jn ~ *1» 


$Ai ~ *•« — 

A «* “ A,**, 

l 

— 

1.44 

0.372 

1.71 

0.314 

1.44 

2 

mXSm 

0.36 

0.022 

0.02 

1.489 

1.04 

3 

■Bl 

0.21 

5.36 

0.35 

3.18 

0.21 


Absolute max story 


displacement 

2.01 in. 

2 08 in. 

2.69 in. 

"Probable” max 
story displace¬ 
ment 

1.50 in. 

1.74 in. 

1.79 in. 

Absolute max story 
shear 

3020 kips 

2080 kips 

1345 kips 

"Probable” max 
story shear 

2250 kips 

1740 kips 

895 kips 
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It may be observed that the first mode makes the major contribution in all 
cases, although in the top story the second-mode effect is also significant. 

It may a,Iso be of interest to compute the maximum expected horizontal 
acceleration of a floor. In any mode the maximum absolute acceleration 
of a mass is simply the maximum displacement times the square of the 
natural frequency; that is, (0r*)max = A„, max <^ rn « n 2 . For example, the 
acceleration of the top floor is computed as follows: 


Mode 

D 

IB 


(Vin) max 

1 

39.2 

4.6 

+ 1.00 

180 in./aec 2 

2 

188 

0.70 

+ 1.00 

132 

3 

398 

0.065 

+ 1.00 

26 


Third floor absolute maximum acceleration, 338 in./sec 2 
Third floor “probable” maximum acceleration, 225 in./sec 2 


As would be expected, the higher modes are relatively more important 
in the case of acceleration. The “probable” value computed above is 
about 0 . 60 , which is very severe with regard to nonstructural damage to 
the building and its contents. 

6.7 Practical Design for Earthquake 

As discussed in the foregoing sections, we are not presently capable of 
applying rigorous methods of analysis to the design of actual structures to 
withstand earthquake. This is not meant to imply that we are unable to 
execute satisfactory designs. Although the detailed behavior of a given 
structure cannot be accurately predicted, we can ensure with reasonable 
confidence that it will survive. Survival requires that the structure be 
able to withstand a moderate earthquake, such as might occur several 
times during its life, with only slight damage. It should also be able to 
withstand the most severe earthquake without collapse. The latter 
requirement can be met if advantage is taken of the ability of most struc¬ 
tures to absorb energy by inelastic response. It is apparent that, in 
earthquakti-resistant design, the structure should be proportioned and 
detailed so as to ensure the ductility necessary for inelastic behavior. 

Current practice in earthquake design is embodied in design codes, one 
of which is discussed below. Ideally, these are based on experience gained 
by the observation of structures which have undergone earthquake condi¬ 
tions, coupled with an understanding of the nature of dynamic response 
to support motion. Although special structures may justify more 
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V = KCW figure 6.14 Seismic coefficients. 


thorough investigation, the better codes provide a simple yet adequate 
method of design. 


a. Design Codes 

As an example of a commonly used code, we shall consider the Recom¬ 
mended Lateral Force Requirements (1959) of the Structural Engineers 
Association of California (SEAOC). Essentially, the procedure specified 
therein is based on only the first mode of the structure, which is justified 
by the belief that the higher modes are of secondary importance. By 
assuming a characteristic shape for the first mode, it is possible to convert 
the maximum condition of response into a set of equivalent static forces. 
The actual design may then be executed on the basis of static analysis. 

The basic concept of the SEAOC recommendation is contained in the 
two formulas 


V = KCW 

( ' t h 


(6.16) 

(6.17) 


where V = total dynamic base shear 
W = total weight of building 
T = natural period of first mode 
K = coefficient, varying between 0.67 and 1.50 
In the above, C, the seismic coefficient, is equivalent to the maximum 
acceleration expressed as a fraction of g, since, when multiplied by the 
weight, it gives the maximum horizontal inertia force (Fig. 6.14). The 
coefficient K is intended to reflect the ability of the structure to deform 
into the plastic range. For example, the smallest value (0.67) applies to 
moment-resisting frames which are relatively ductile, while higher values 
apply to less ductile arrangements such as those making use of concrete 
shear walls (K — 1.33). 

The expression for C may be interpreted in the light of the discussion of 
Sec. 6.5. By reference to Fig. 6.14 and with K = 1, it is apparent that 
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figure 6.15 SEAOC recommendation 
for earthquake forces on buildings. 



Y=lF r =XClW r 


the spring distortion and the seismic coefficient are related by 


Therefore 


^Wtnax — V — CgM 
u max = Cg~=-~ f 


Substituting Eq. (6.17) for C, 1// for T, and 2irf for a>, we obtain 


Umax — in. 


(6.18) 


where / is in cycles per second. This equation represents a response 
spectrum as plotted in Fig. 6.12 (curve 6), where it appears as a straight 
line. When compared with the idealized elastic spectrum previously 
used, Eq. (6.18) indicates a less severe response over most of the frequency 
range. This is to be expected, since, as discussed previously, the elastic 
spectrum is unduly conservative. The important point being demon¬ 
strated is that Eq. (6.17), and hence (6.18), takes into account the effect 
of the natural period in a rational manner. 

The response spectrum represented by Eq. (6.18) could of course not be 
used for elastic modal analysis as in Sec. 6.6 because it implies inelastic 
response. However, the question should not arise, since the code con¬ 
siders only one mode of response. In the mode considered, the maximum 
inertia force on mass r of a lumped-mass system is given by 

F r = M r 'Am<t>r 

where A m is the maximum modal acceleration, and <f> r is the coordinate of 
the characteristic shape at mass r. Furthermore, for dynamic equi¬ 
librium, the sum of all inertia forces on a building must equal the base 
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shear. Thus 

A m ^M r <t>r = V 


Eliminating A m from the last two equations, we obtain, for the inertia 
force on mass r, 


F r 


M r <t>r y 

lUA. 


The SEAOC recommendation implies that <f> T = K/H, where h r is the 
height aboveground of the rth mass and H is the total height of the struc¬ 
ture. By this assumption 

Fr = M r(hr/H) y 

X mak/h) 

or F r = V (6.19) 


which is the SEAOC recommendation for the distribution of lateral force. 
The resulting set of forces in dynamic equilibrium is shown in Fig. 6.15. 
For design purposes the building may be analyzed as though these forces 
were applied statically. 

As indicated above, Eq. (6.19) is based on the assumption that the 
characteristic shape of the fundamental mode is a straight line from the 
foundation to the top of the building. This is of course an approximation, 
but is reasonable for typical buildings. The justification for the assump¬ 
tion may be understood if it is recognized that the total distortion of a 
typical building is the sum of two effects: (1) the shear distortion in the 
stories of the frame, and (2) the change in length of the columns due to 
overall bending of the building. The former tends to produce a deflected 
shape which is concave to the left, and the latter a shape concave to the 
right. The combined effect results in a shape which approaches a straight 
line. 

To illustrate application of the SEAOC code, we consider again the 
three-story frame shown in Fig. 6.13, which was analyzed in Sec. 6.6, 
using the elastic response spectrum. The weights of the three floors are 
Wi = W 2 — 3090 kips and W 3 = 1545 kips, and the total weight is 
7725 kips. The fundamental mode has a natural frequency of 1.00 cps, 
or a period of 1.00 sec. Using Eq. (6.17), we find C = 0.05, and if K is 
taken to be 0.67 (moment-resisting frame), the total base shear is 


V = KCW = 0.67 X 0.05 X 7725 = 259 kips 
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According to Eq. (6.19), the floor forces are 

9.6 X 10* ro , . 
1 66,700 = 58 fa P s 


Thus the design values of the story shears are: 

First story, 259 kips 

Second story, 201 kips 

Third story, 86 kips 

Comparison of these values with those tabulated in Table 6.3 reveals that 
they are approximately in the same proportion but that the code values 
are roughly one-tenth of those given by the elastic analysis. The fact 
that the relation between the three story shears is similar in the two cases 
indicates that the SEAOC recommendations are a reasonable representa¬ 
tion of the dynamic response. The fact that the code values are very 
much smaller should not be alarming because the elastic analysis is known 
to be excessively conservative. The response spectrum on which the 
latter analysis was based (Fig. 6.12, curve a) is an approximation for a 
rather strong earthquake, and a structure should be expected to undergo 
considerable plastic distortion under that condition. Furthermore, the 
two sets of shears are not exactly comparable because the code values 
would be used with allowable design stresses rather than yield values. 


3090 X 12 

3090 X 12 + 3090 X 24 + 1545 X 36 X 259 “ 
3090 X 24 0 _ Q _ , t 

166,700 X 259 U5klps 

X259 = 86 ki p S 


Problems 

6.1 The following data are given for an undamped one-degree system with sinusoidal 
support motion (Fig. 6.16): k = 100 kips/in., M = 0.50 kip-sec*/m., and y,„ «= 125 
in/sec*. Determine the maximum relative motion of the mass with respect to the 

r 

y s 


r 

figure 6.16 Problem 6.1. I 




support and the maximum absolute acceleration of the mass for the following two 
cases: a. Q — 20 rad/sec; 6. ft =• w, the natural circular frequency. Note that the 
support acceleration continues for only one cycle (Sec. 2.5). 
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Answer 

a. u mu = 0.88 in. 

2?max = 177 in./sec* 

b. Umax “ 1.96 in. 

Vmax = 392 in./sec* 

6.2 A cantilever beam is described by El = 5 X 10 10 lb-in.*, m =* 0.1 lb-sec*/m.*, 
and l = 200 in. If the support motion (transverse to the beam) is the same as in 
Prob. 6.1, what is the maximum relative motion of the end of the beam when ft = 
50 rad/sec? Consider only the first beam mode and assume the shape of that mode 
to be the same as the static dead-weight deflected shape. 

Answer 

Umax = 0.17 in. 

6.3 The support of the one-degree system in Prob. 6.1 moves as indicated in Fig. 
6.17. What are the maximum relative displacement and the maximum absolute 
acceleration? 



6.4 The support of the two-degree system shown in Fig. 6.18 moves as indicated. 
Plot the relative deflection of M 2 up to t - 0.2 sec. The natural frequencies of this 
system were determined in Prob. 3.1. 

6.5 Referring to Prob. 6.4, compute the maximum values of the modal components 
of the absolute deflection of M t . 

Answer 

-4i.ro.* = 0.196 ft 
A 2 ,max = 0.044 ft 

6.6 If the strengths of the springs in Prob. 6.4 are R ml =80 lb and R m2 = 40 lb, the 
response will reach the plastic range. Using a numerical analysis, compute the 
permanent distortion caused in each spring. 

6.7 Plot an elastic response spectrum as in Fig. 6.9 for the ground motion shown in 
Fig. 6.18. 



figure 6.18 Problem 6.4. 
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6.8 Using the idealized earthquake response spectrum of Fig. 6.12, determine the 
maximum modal amplitudes for the two-degree system of Prob. 6.4. Assuming that 
the modes may be added numerically, what would be the maximum relative displace¬ 
ment of Mi? The maximum force in spring 1? 

Answer 

A i,max — 0.35 in. * 

-4 2 .max — 0.042 in. 

U 2 ,max = 0.74 in. 
ftl.max - 130 lb 

6.9 Repeat Prob. 6.8 for the three-story building frame of Prob. 3.5. 

6.10 Determine the design story shears according to the SEAOC recommendation 
for the building frame of Prob. 3.5. 


7 

Blast-resistant Design 


7.1 Introduction 

Since the end of World War II a great deal of research has been conducted 
on the response of structures to the effects of nuclear weapons. This 
effort has not only resulted in the development of techniques by which 
structures may be designed to resist nuclear attack, but has also con¬ 
tributed very appreciably to the field of structural dynamics in general. 

The methods of dynamic analysis which will be used in this chap¬ 
ter have been presented previously. The problem discussed herein 
differs from earlier examples, primarily in the nature of the loading. 
Unfortunately, the loading effects of nuclear explosions cannot be pre¬ 
cisely specified. The data commonly used and presented below are 
empirical and based on a mixture of theoretical results for ideal conditions 
and actual field observations. The methods of analysis used in this 
chapter are generally approximate with regard to both loading and struc¬ 
tural response. An approximate approach has been adopted, not only 
to simplify this introductory presentation, but also because precise 
methods are probably not justified in view of the uncertainties in the 
loading. Where approximations have been made, they are generally con¬ 
servative from a design viewpoint; i.e., the loading may be overestimated, 
and the structural resistance underestimated. Thus the techniques pre¬ 
sented are appropriate for defensive or design purposes, but may not be 
proper for offensive purposes, e.g., military target-analysis. 
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7.2 Loading Effects of Nuclear Explosions 37 

Data are given below for the characteristics of the nuclear-blast pressures, 
which provide the basis for the computation of forces on structural con¬ 
figurations. The data are restricted to the effects occurring at or near 
the ground surface and resulting from a surface burst of the weapon. 
Blast phenomena for bursts appreciably above or below ground surface 
are somewhat more complex. 

When an explosion occurs, a circular shock front is propagated away 
from the point of burst. At any instant of time the distribution of over¬ 
pressure (the excess above atmospheric pressure) along a radial line is as 
shown in Fig. 7.1a. The shock front travels with a velocity U and has a 
peak pressure p so which decays behind the front as indicated. When the 
shock front strikes an object such as a building, there is a “diffraction” 
effect producing forces which result from the higher pressures due to 
reflection of the wave on the front face of the object and also from the 
time lag before the overpressure acts on the rear face. At the same time 
the air behind the shock front is moving outward at high velocity, and 
this “wind” produces drag forces on any objects encountered. Thus the 
total loading consists of three parts: (1) the initial diffraction effect, (2) 
the effects of the general overpressure p„, and (3) the drag loading. At a 
fixed point on the ground the variation of overpressure and dynamic pres- 



(«) 



figure 7.1 Pressure-pulse shapes. 
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1000 2000 4000 10,000 40,000 100,000 200,000 

Distance from ground zero, ft 

figure 7.2 Overpressure and dynamic pressure versus range. 

1-MT weapon. (U.S. Department of Defense and Atomic Energy 
Commission.* 1 ) 

sure with time is as indicated in Fig.- 7.16. The dynamic pressure p d is 
merely }4pv 2 , where p is the air density and v is the velocity of the air 
particles. The drag pressure on an object in the path of the wind is the 
dynamic pressure times the appropriate drag coefficient C d . The negative 
overpressure phase, or suction, indicated in Fig. 7.1, is relatively unimpor¬ 
tant and may normally be ignored for structural-design purposes. 
Structures belowground are subjected to the effects of the overpressure 



figure 7.3 Overpressure and dynamic-pressure posi¬ 
tive-phase durations versus range. 1-MT weapon. 
(U.S. Department of Defense and Atomic Energy 
Commission.* 1 ) 


and to ground-transmitted shock, but obviously not to the diffraction 
and drag effects. 

The variations of the peak values of overpressure and dynamic pressure 
with distance (or range) from the point of burst (ground zero) are given 
in Fig. 7.2 for a 1-MT (megaton) weapon. For other values of yield 
(i.e., weapon size), the range for a given pressure may be determined by 
the following scaling law : 



where (Ri is the distance at which the pressure occurs with a yield of Y h 
and (R, the distance for a yield of Y 2 . Thus the ranges for a yield of 
0.001 MT (1 kiloton) are exactly one-tenth of those given in Fig. 7.2 for 
the same pressures. 

The durations of the positive phases of overpressure and dynamic pres¬ 
sure (Fig. 7.16) versus range are given in Fig. 7.3 for a 1-MT yield. 
These values may be scaled to other weapon yields by the following 
relationship: 


td\ 

tdi 



(7.2) 


where t di and U are the durations for the same overpressure (or dynamic 
pressure) but different yields. Thus, to obtain the duration for a yield 
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and range of Y i and (Rj., we should first compute (R 2 for F 2 = 1 MT by 
Eq. (7.1), read on Pig. 7.3, and then compute tdi by Eq. (7.2). 

The velocity of the shock front (Fig. 7.1) depends only on the peak 
overpressure, and is given by 

u - v -( i+ j£T < 7 - 3 «> 


(7.3a) 


where U* is the velocity of sound, and p„ is atmospheric pressure. Under 
normal atmospheric conditions at sea level, this becomes 


U = 1120i 


(7.36) 


The rate of decay with time of the pressure at a point on the ground 
depends upon the intensity of the peak pressure and the positive-phase 
duration. This may be represented by the normalized curves of Fig. 7.4, 
where t is the time after arrival of the shock front. Note that the 
dynamic pressure decays more rapidly than does the overpressure. 

When a shock front strikes a solid surface placed normal to the direc¬ 
tion of shock travel, there is an instantaneous increase in pressure above 
that of the shock front itself. This is in part due to the formation of a 
reflected wave, which has the effect of doubling the overpressure, and, in 
addition, to the sudden onslaught of dynamic pressure. The total pres¬ 
sure, which is normally referred to as the reflected pressure, is given by 


Pr 2p so 


f 7 po + 4p„ 
^ 7 po P'O 
< 103 -f 4p, 
^ 103 4- p, c 


the latter being applicable at sea level under normal atmospheric condi¬ 
tions. If the surface is inclined, i.e., the angle between the shock front 
and the surface is not zero, the reflected pressure is decreased. However, 
the decrease is not appreciable unless the angle mentioned is greater than 
about 35°, and Eq. (7.4) may be used for all smaller angles. 

The reflection effect may be assumed to diminish linearly and to dis¬ 
appear at the clearing time t c , which is approximately 

tc - Jj (7.5) 


where U is given by Eq. (7.3), and S c is either the height of the reflecting 
surface aboveground or one-half the width, whichever is smaller. Thus, 
for the rectangular building in Fig. 7.5a, S c would be the smaller of H or 
B/2. After time t c , the pressure on the surface is the overpressure plus 


Normalized dynamic pressure Pd/Pdo Normalized overpressure, Ps/Pso 
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figure 7.4 Overpressure and dynamic-pressure decay curves. 
(U.S. Department of Defense and Atomic Energy Commission.® 7 ) 
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m 


figure 7.5 Pressure pulse on front face of 
rectangular building. 


the drag pressure, both of which decay as described previously. Thus 
the complete pressure-time variation for a surface normal to the direction 
of shock propagation is as shown in Fig. 7.56. 

The sides of the rectangular building shown in Fig. 7.5a are subjected 
to the overpressure plus the drag pressure, which in this case would be 
negative. The rear face is subject to the same combination of loading, 
except that a certain time is required for the pressure to build up to the 
steady-state condition. This time (after the shock front reaches the rear 
face) may be approximated by 4 S e /U, where S c and U are as defined in 
connection with Eq. (7.5). 

The total horizontal force on the building is merely the algebraic sum 
of the front- and rear-wall forces. It is apparent that the presence of 
openings in the walls would complicate the loading appreciably. How¬ 
ever, if the function of the building is to protect the contents from blast 
effects, it would normally be windowless. 

7.3 Aboveground Rectangular Structures 

To illustrate the principles of blast-resistant design, we now consider in 
some detail the design of the one-story, windowless building shown in 
Fig. 7.6. The structure consists of a series of steel rigid frames supporting 
an outer shell of reinforced concrete slabs. It is assumed that the build¬ 
ing is sufficiently long so that each interior frame may be analyzed 
independently of the rest of the structure. 
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figure 7.6 Example. Rectangular building. 


Although the structure under consideration is about as simple as one 
could imagine, it is in reality a complex dynamic system. It consists of a 
group of elements, each with distributed mass, and hence infinite degrees 
of freedom, all interacting with one another in a complicated manner. 
Clearly, a rigorous solution is impractical. We shall apply the approxi¬ 
mate methods developed in Chap. 5, considering each element of the total 
structure to be an independent one-degree system. This approach will 
be justified as the analysis develops. More precise methods than those 
used below, even if possible, are probably not worthwhile, in view of the 
inherent uncertainties in the blast loading. 

The building is to be designed for a peak overpressure p»„ of 20 psi and a 
weapon yield Y of 0.5 MT. With the exception of the roof girder, all 
elements will be permitted to undergo a plastic deformation corresponding 
to a ductility ratio n of 5. This implies a moderate degree of damage, and 
the building could thereafter be restored to usefulness by relatively minor 
repairs. The girder will be designed for elastic response in order to 
ensure the integrity of the frame (Sec. 7.3c). The dynamic material 
strengths are given as follows: 

Concrete compressive strength a' dc = 5200 psi 
Reinforcement and structural steel yield strength <r Ay = 60,000 psi 

The blast wave is considered to be traveling perpendicularly to the long 
axis of the building, since this is the most severe condition for the frame. 

a. Loading 

Using Fig. 7.2, it is found that the range for a 1-MT weapon and 20 psi 
overpressure is 7100 ft. By Eq. (7.1), the range for the weapon under 
consideration is 

<R(0.5 MT) = 7100(0.5/1 ) M = 5650 ft 
Also from Fig. 7.2, the peak dynamic pressure is 

Pd 0 = 8.1 psi 
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figure 7.7 Pressure-time curves. W = 0.5 MT, 
p, 0 = 20 psi. 

The durations of the overpressure and dynamic pressure for a 1-MT 
weapon are provided by Fig. 7.3; t dp =1.8 sec, and t dd = 3.4 sec. For 
the actual weapon yield, Eq. (7.2) gives 

^(0.5 MT) = 1 .8 (0.5/1 ^ = 1.4 sec 
<^(0.5 MT) = 3.4(0.5/l)^ = 2.7 sec 

The foregoing information and the normalized decay curves of Fig. 7.4 
(for p,„ = 20 psi) permit us to plot the actual pressure-time relationships 
as shown in Fig. 7.7. 

The velocity of the shock front is given by Eq. (7.36): 

V = 1120 (l + = 1650 fps 

The reflected pressure is given by Eq. (7.4): 

„ _ o ^ on /l03 + 4 X 20\ 

f ’" 2 X 20 ( 103 + 20 ) ~ 595 psI 

The clearing time for this pressure, according to Eq. (7.5), is 

3 V 12 

tc = ' = 0.022 sec 

lo50 

The foregoing results represent the basic loading data, and we now 
proceed to consider the individual elements. 

b. Roof Slab 

The roof will be designed as a two-way slab with sides of 20 and 16 ft. 
The latter dimension is based on the assumption that support is provided 
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by a steel spandrel spanning between columns. It might be economical 
to support the roof slab with the wall, in which case the transverse span 
would be somewhat larger. It will be assumed that all four edges of the 
two-way slab are fully restrained. For the edges along the roof girders, 
this assumption is justified by the fact that adjacent monolithic roof 
panels are loaded simultaneously. Along the wall edges the condition of 
full restraint is approached if the two slabs are monolithic, since the wall 
will be considerably thicker than the roof slab. 

The total roof pressure equals overpressure plus drag. The drag 
coefficient for the roof of this configuration is approximately — 0 . 4 . 
Therefore the initial peak pressure is 

p, = p,o — 0Ap do = 20 — 0.4 X 8.1 = 16.8 psi* 

By combining the two decay curves of Fig. 7.7, the time variation of total 
roof pressure is constructed as shown in Fig. 7.8. The rise time of the 
loading equals the transit time of the shock front across the slab span, or 


, _ ± _ J6 
tr ~U~~ 165C 


0.01 sec 


which is so small that it may be ignored. Actually, the pressure across 
the roof slab is not uniformly distributed, but may be assumed to be so 
because of the very short transit time. 

For design purposes the load-time curve will be assumed triangular, 
and as a first approximation, the initial slope of the actual pressure varia¬ 
tion is used. As indicated in Fig. 7.8, this leads to an effective duration 
tie of 0.48 sec. Furthermore, for a first-trial computation of required 
slab strength, this rather long duration will be assumed infinite. Accord¬ 
ing to Eq. (5.14), the required strength based on this assumption is 

Required R„ = F, ( r ~;) = 1(18 (l - 1 /Tx 5 ) “ 18 7 psi 

which corresponds to a total slab resistance of 

Required R m = 18.7 X 16 X 20 X 144 = 860,000 lb 

According to Table 5.5, the maximum resistance for an aspect ratio a /6 
of 1 %o = 0.8 is 

R m — — [12(3Fp/ a + 9Tl/>g 0 ) + 10.3(9Fp/b + 9TCp«&)] 

(X 


* The roof pressure would be slightly greater if the blast were traveling in the long 
direction of the building since the suction due to drag would be smaller- However, to 
simplify the example, this condition is not considered here. 
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Time, sec 

figure 7.8 Example. Roof-slab loading. 


which, if we make the bending resistance equal at all points and in both 
directions, becomes 

R m = M6[12(23Tl, X 16) + 10.3(23 E p X 20)] = 49.89Tt P 
where 2fTt P is the bending resistance per unit of width. Therefore 

Required at, = M ^ ^ 

For bending strength we use the expression 

3 Kp = P.WV.,, (l - 

which becomes 

yilp = 560d 2 lb-ft/ft 


if we arbitrarily let the steel ratio p, = 0.01 and insert the material proper¬ 
ties given. Thus the required effective thickness is obtained by 



5.6 in. 


which corresponds to a total slab thickness of about 7 in. 

We must now refine the design by computing the response more exactly. 
In Sec. 5.6c it was determined that, for a two-way slab having an aspect 
ratio of 0.8, the effective stiffness is 


kg = 


430 EI a 
a 2 
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Using the approximate expression for moment of inertia (Sec. 5.6a), 

la = ~ (5.5 Pt + 0.083) = (5.5 X 0.01 + 0.083) 

— 12.1 in. 4 /in. 
we find the stiffness to be 

. 430(4 X 10 fl )12.1 KCC ^ 1A61U/ . 

k * - (16X12). = 5 65 X 10 lb / m - 

The total mass of the slab is 

M t = - 386- = 72,5 lb_sec / m - 

The load-mass factor Klm for the slab is 0.54 in the plastic range and 0.69 
in the elastic range (Table 5.5). It is estimated that a proper value for 
this case (m = 5) is 0.57. Therefore 




KlmM 


- = 2x 


MT57X 72.5 
5.65 X 10 6 


0.054 sec 


We enter Fig. 2.24, the response chart for triangular pulses, with the 
values 

Ue 0.48 „ _ R m 18.7 . , . 


^ _ o q = 1 11 

T " 0.054 " ° y Fi ~ 16.8 A “ 


and read 


M « 4.0 -? = 0.12 

Id 


t m = 0.12 X 0.48 = 0.058 sec 


The computed y value is sufficiently close to that desired (y — 5) since 
only a very slight decrease in R m could be permitted. Furthermore, at 
the time of maximum response, the idealized load (Fig. 7.8) has not 
departed significantly from the actual pressure-time curve. We there¬ 
fore conclude that the triangle selected to represent the load is sufficiently 
accurate and that the 7-in. slab is satisfactory. 

c. Roof Girder 

The design of the roof girder is complicated by the fact that this element 
must perform two functions: (1) it must support the roof slab; and (2) it 
must perform its part of the frame action resisting the horizontal forces. 
If the girder is forced into the plastic range by the vertical load, its ability 
to restrain the columns may be impaired. It is therefore advisable to 
design the girder so as to remain elastic. Furthermore, since the hori¬ 
zontal response causes plastic hinges in the columns at the girder con- 



288 


Introduction to Structural Dynamics 


nections, it is doubtful that the columns can provide effective moment 
restraint for the girder acting under vertical load. The girder will there¬ 
fore be designed as though simply supported. This approach, i.e., 
elastic design assuming simple supports, is conservative but prudent. A 
more accurate method of design would have to consider horizontal and 
vertical responses simultaneously, which is not only cumbersome, but also 
unreliable. 

The vertical load on the girder is the sum of the dynamic reactions from 
the adjacent roof-slab panels. Using the expression given for the short- 
edge reaction in Table 5.5 and neglecting the decay in applied load, we 
compute the slab reaction as 

V A = 0.07 F + 0.13fl m 

= 0.07(770,000) + 0.13(860,000) 

= 166,000 lb 

for one panel, or twice this amount for the total girder load. This value 
is attained when the slab reaches its elastic limit. If we assume a sud¬ 
denly applied constant load (Sec. 2.2c), the time at which the maximum 
girder load is attained may be computed by 

y* 1 ~ Ice ~ ks 1 — cos 05 

where all quantities are for the slab, and U is the time desired. Using the 
values computed for the slab in Sec. 7.3 b, 

Rm , . 

-p— = 1 — COS Mel 

F 1 

or 1.11 = 1 — cos 121 t € i 

from which t ei = 0.014 sec 

Thus we may assume the total girder load to vary with time as shown in 
Fig. 7.9a, where the rise is approximated by a straight line and the decay 
in overpressure is ignored. The load decreases suddenly at t = 0.058 sec, 
the time of maximum slab response. It may be assumed that the span- 
wise distribution of this load is triangular, as indicated in Fig. 7.9 b, since 
this is the type of edge reaction developed along the short edge of a two- 
way slab in the plastic range. 

The elastic (DLF) raax for the load function shown in Fig. 7.9a is given 
by Fig. 2.9 if, as will probably be the case, the maximum response occurs 
before 0.058 sec. Since it is expected that the girder natural period will 
be much larger than the rise time, we take (DLF) max = 2 as a first trial. 
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t, sec 
(a) 



(c) 

figure 7.9 Example. Roof-girder loading. 


Thus the estimated required strength including dead load is 


Dynamic load 332,000 X 2 = 664,000 lb 
Slab weight Kz X 150 X 16 X 8 = 11,200 
Girder weight = 2,400 

Total 677,600 lb 


The slab weight included above is that of the tributary area included 
within the 45° yield lines extending from the slab corners (Fig. 7.9c). 
Based on the triangular dead- and live-load distributions, 

Required Wl F = ~ 16 X 12 = 21.7 X 10 6 in.-lb 

o b 

For the given dynamic yield strength of 60,000 psi, the most economical 
steel section providing this plastic bending strength is a 30WF116, for 
which 7 = 4919 in. 4 . 

In order to make a more accurate analysis of the steel member selected 
above, we must first compute the natural period. Following the pro¬ 
cedure of Sec. 5.3, the load and mass factors are determined on the basis 
of the static-load shape. For a simply supported beam with triangular 
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load, this shape is expressed by 

m = ^ (5 L* - 4x 2 ) 2 

The distributions of mass and load for this case are 

2x 2x . L 

m = j-m 0 V = jjPo x < 2 

where m 0 and p„ are the intensities per unit length at midspan. The total 
values of mass and load are 

M t ~ F t = }ip 0 L 

and according to Sec. 5.2, the mass and load factors are expressed by 


2 f L/2 m[<t>(x)] 2 dx 
= —jr-= o.: 

2 f W2 p[<i>(x)} dx 
= -=- = 0.81 


The numerical values given are obtained merely by evaluating the inte¬ 
grals shown. The stiffness for the girder with triangular load distribu¬ 
tion is 

_ 60 El _ 60(30 X 10 6 )4919 _ , - v 1Qi lb / in 
k ~ U -(16 X 12)* 125 X 10 lb/ln ' 

Finally, the natural period is 

IJGMt_ 10.70 X 13,6007386 _ m 
7 ~ yJ~Klk ~ 2x \0.81 X 1.25 Xl0« 0 031 SeC 


To determine the maximum response, we enter Fig. 2.9 with 
tr/T « 0.014/0.031 = 0.45 and read (DLF) max = 1.70. This is some¬ 
what less than the value of 2.0 originally assumed, and the girder is some¬ 
what overdesigned. However, a second cycle need not be demonstrated 
here. 

We should now reconsider some of the basic assumptions made in 
the slab and girder design. The time of maximum girder response 
may be determined by reading on Fig. 2.9 t m /t r — 1.63, from which 
t m = 1.63 X 0.014 = 0.023 sec. Thus the use of Fig. 2.9 is valid, since 
t m < 0.058, the time of maximum slab response at which the girder load 
decreases (Fig. 7.9a). Furthermore, the decay in slab reaction due to the 
decrease of overpressure is not appreciable in the time range of interest. 
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Also in question is the assumption that the slab and girder may be 
treated as independent one-degree systems. This may be investigated by 
comparing the deflection of the two elements. The dynamic girder 
deflection is given by 

y— = (DLF) m „ h = 1.70 X - 0.45 in. 

and the maximum slab deflection by 


2/max 


R m _ 860,000 
k E M 5.65 X 10 6 


X 4.0 = 6.1 in. 


It is apparent that the girder deflection is too small to have an appre¬ 
ciable effect on the slab response, and hence on the applied girder load 
itself. Thus it is permissible to treat the two elements separately. 

d. Wall Slab 

The wall of the building will be considered to be a one-way, simply sup¬ 
ported slab. It is presumably supported at the bottom by a wall footing, 
which is assumed to lack the rigidity necessary to provide rotational 
restraint, and at the top by the roof slab, which has considerably less 
thickness, and hence insufficient stiffness and strength to restrain the 
wall appreciably. The slab could also be supported by the vertical steel 
columns, thus becoming a two-way slab, but this arrangement has little 
advantage. Both exterior walls would of course be designed for face-on 
blast, exposure since the explosion could occur on either side. 

In Sec. 7.3a, the reflected pressure was computed to be 59.5 psi and the 
clearing time for this pressure 0.022 sec. The drag coefficient for the 
front, face is about 0.9, and hence the total pressure after reflection is 
p, + 0.9p rf . The total pressure-time curve is therefore as shown in 
Fig. 7.10. Since the natural period of the wall, and hence the time of 
response, will be short, the loading may be considered as a first approxi¬ 
mation to be the single triangle defined by the initial peak of 59.5 psi and 
the duration of 0.039 sec (Fig. 7.10). This will be correct if the time of 
maximum response is less than 0.022 sec. 

At this point an estimate must be made of the slab natural period. 
Suppose a value of 0.03 sec is assumed so that U/T = 1.3, where U is 
0.039 sec. Then, by Fig. 2.24, the response chart for triangular load¬ 
time functions, we obtain, for y = 5, 

Required ^ = 0.75 
* i 

Required R m = 0.75 X 59.5 = 44.6 psi 


Wall pressure, psi 


292 


Introduction to Structural Dynamics 



figure 7.10 Example. Pressure-time curve for wall 
slab. 

Considering a 1-in. strip of the simply supported slab, we find 

Required 9K, = ^ - 44,6 X ( * 2 * - 12) * = 116,000 lb-in./in. 


As in the roof slab design, the required slab depth is given by (if we 
take p, — 0.01) 

Required d = ( ReqU ^ = 14.4 in. 

which corresponds to a total slab thickness of about 16 in. Making use 
of Table 5.1 and the empirical expression for moment of inertia, the 
natural period is computed as follows: 


I a - ^ (5.5* + 0.083) = (1)(1 ^ - 4) - (5.5 X 0.01 + 0.083) 
=* 206 in. 4 /in. 


384 EI a _ 384(4 X 10«)206 
5 V 5(12 X 12) 3 


21,200 lb/in. per inch of width, 

or 254,000 lb/in. per foot of width 


M t = l *A 2 X 150 X 12 X %86 = 6.21 lb-sec 2 /in. per foot of width 


Klm ^ 0.68 
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We now reenter Fig. 2.24 with 


t d _ 0.039 _ . 

T 0.026 1,5 


and 


0.75 


to obtain p = 5.6 and t m /U = 0.70. From the latter we compute 
t m = 0.70 X 0.039 = 0.027, which is greater than 0.022, and hence the 
idealized loading which departed from the actual value at the latter time 
is not valid (Fig. 7.10) 

The slab should be strengthened to reduce p below the design value of 5. 
This should be done before revising the idealized load because t m will be 
affected by a change in strength. For example, if the effective slab 
thickness were increased to 15.25 in. (total thickness = 16.5 in.) and the 
procedure exactly as given above repeated, we should find R m = 50 psi, 
p = 4.2, and l m = 0.023 sec. The latter time is only slightly greater than 
0.022 sec, and the idealized loading is considered to be satisfactory. If 
t m were still appreciably larger than 0.022, a possible procedure would be 
to adopt two triangles for the idealized load function and to compute p by 
the use of Eq. (5.13) in Sec. 5.5a. 

In the above analysis the effect of the horizontal frame motion on the 
wall-slab response has been ignored. The justification for this simplified 
approach will be considered after the frame has been designed. 


e. Rigid Frame 

The total horizontal force on the steel frame is the algebraic sum of the 
front- and rear-wall reactions. That for the front wall is given by the 
expression for dynamic reaction in Table 5.1, 


V = 0.38 R m + 0.12F 


where F is the external wall pressure (Fig. 7.10) multiplied by the tribu¬ 
tary wall area (20 X 12 ft), and R m is 50 psi (see above), or 1.73 X 10 6 lb 
for one frame. Since it is probably short compared with the natural 
period of the frame, the time required to develop this reaction may be 
ignored. After the maximum wall-slab response ( t m — 0.023 sec), it 
may be assumed that the wall reaction is merely one-half the applied 
load F. The residual elastic wall vibration after 0.023 sec actually 
results in a variation about this mean Q4.F), but this has little effect on 
total frame response because it occurs with relative rapidity. Based on 
these idealizations, the force applied to the frame by the front wall is as 
shown in Fig. 7.11a. 

The total pressure on the rear wall is 


p = p s — 0.5p d 
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t, sec 


ib) 


figure 7.11 Example. Horizontal loading on building 
frame. 


where —0.5 is the drag coefficient. This begins to develop when the shock 
front reaches the rear of the building (t = l/U = 20/1650 = 0.012 sec) 
and has a rise time equal to 4 S e /U = 4 X 12/1650 = 0.029 sec. Under 
this loading the wall would remain elastic, and if the vibration is ignored, 
the reaction on the frame is 

X 144)(12 X 20) lb 
which is also plotted in Fig. 7.11a. 

The net horizontal force on one frame is merely the difference between 
the two wall reactions. This is plotted in Fig. 7.116. As a first approxi¬ 
mation this load function is idealized by the dashed line, which is defined 
by Fi = 1000 kips and td = 0.05 sec. Therefore, assuming that the 
frame period will be about 0.08 sec, we estimate, with the aid of Fig. 2.24, 
that the required strength should be approximately one-half of the initial 
load peak if y. is to be 5. 
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On the above basis the required resistance of the frame to horizontal 
load is approximately 

R m = = 500 kips 

If the unbraced height of the columns is 9 ft, the required bending strength 
is 

R m h 500 X 9 ti ok i ■ 

j-= 1125 kip-ft 

Using the given yield strength of 60,000 psi, it is found that an 18WF105 
steel section (I = 1852 in. 4 ) provides the required plastic bending 
moment. Note that, in the above calculation, the effect of axial column 
stress has been ignored. This is permissible because the amount of 
direct stress is not sufficient to reduce appreciably the column bending 
strength. However, a more refined analysis would take this effect into 
consideration. 

In order to check the above preliminary column design, we first com¬ 
pute the natural period based upon effective values of stiffness and mass 
(see Sec. 5.3c). The stiffness is merely the inverse of the horizontal 
deflection due to a unit horizontal load at the top of the frame. With 
the moments of inertia of the girder and columns previously determined, 
con ventional elastic analysis leads to the expression 

, ISAEIc 
k = ~hT- 

where I e is the column moment of inertia, and h is the effective column 
length (9 ft). Thus 

18.4(30 X 10”) 1852 

k= -(STxW- = 810 kips/in. 

The effective mass [Eq. (5.6)] is that at roof level plus one-third of the 
wall masses. 

Roof slab K 2 X 150 X 20 X 17.25 = 30,200 lb 

Roof girder 116 X 17.25 = 2,000 

Walls y z X 2 X 16.5/12 X 150 X 12 X 20 = 33,000 
Columns X 2 X 105 X 9.0 = 600 

Total weight 65.800 lb 

M t - 65,800/386 = 170 ib-sec 2 /in. 

The natural period is therefore 


T = ^ylf = 2 ^ 8 TM 06 = 0 091 
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We now reenter Fig. 2.24 with the parameters 


and read 


t d __ 0.050 
T 0.091 

H = 4.3 


= 0.55 
and 


and f? = 0.5 

r l 

‘P = 1.2 

td 


Therefore t m = 1.2 X 0.050 = 0.060 sec. Referring back to Fig. 7.116, 
we may now make a better load approximation. The proper criterion is 
that the areas under the actual and idealized load functions should be 
approximately equal up to time t m . On this basis it appears that a better 
approximation for the idealized load would be F i = 950 kips and 
td = 0.058 sec. For this loading the revised parameters are 

f “ off = 0-84 and |= = = 0 %60 = 0 .53 


and we obtain from Fig. 2.24 


m = 4.9 

l p - u 

U 

t m - 1.1 X 0.058 = 0.064 sec 


The load approximation now appears reasonable, and we conclude that 
the ductility ratio is indeed about 5, the desired value. Therefore the 
18WF105 column section is satisfactory. 

The method of frame analysis given above is approximate in several 
respects, and it may be desirable to make a final design based on more 
exact procedures. 10 This would have to be executed by numerical 
analysis, because there are several time-varying effects and the procedure 
might differ from the above analysis in the following respects: (1) the 
actual load function rather than the triangular-load idealization would be 
used; (2) the effect of direct stress on the column bending strength would 
be included; and (3) the effect of the vertical load acting on the horizontal 
deflection might be considered. The last would take into account the 
eccentricity of the vertical load, the effect of which is to reduce the frame 
resistance by Fy/h, where F is the total vertical load and y is the hori¬ 
zontal deflection. In both procedures 2 and 3, the vertical column loads 
should be based on the dynamic reactions of the roof girder. Thus, even 
in the plastic range, the frame resistance would be recomputed at each 
time station of the numerical analysis. 

It will be recalled that the wall slab was analyzed as though on rigid 
supports; i.e., the frame motion was ignored. This leads to only slight 
error because, as is now known, the frame responds more slowly and the 


inertia forces on the wall due to frame motion are small compared with 
those due to distortion of the wall panel itself. As discussed in Sec. 5.7, 
the alternative is to consider the two elements as coupled systems. 

If the transverse rigid frame of the current example were to be designed 
in reinforced concrete rather than steel, the method of dynamic analysis 
would not differ from that given above. However, an important differ¬ 
ence in column design results from the fact that the effect of axial com¬ 
pression on bending strength is significant in the case of reinforced con¬ 
crete and should be included. The vertical roof load may cause an 
appreciable increase in column bending strength, and to ignore this fact 
is unduly conservative. If, as above, standard response charts are being 
used, some average value of column compression must be assumed to 
remain constant during the response. If this is considered too crude, the 
frame must be analyzed by numerical step-by-step methods. 

For higher design overpressures, rigid frames of either steel or rein¬ 
forced concrete are not economical, and the designer may resort to the use 
of reinforced concrete shear walls in transverse planes. In addition to 
the fact that the space within the building is obstructed, shear walls have 
the disadvantage (from the viewpoint of required strength) of low duc¬ 
tility capacity and great stiffness. As a result, the lateral natural period 
of the building is small and the design n value must be set at a relatively 
low level. Both of these facts tend to increase the required strength. 
This is of course compensated for by the great inherent shear capacity of 
reinforced walls. 41 

7.4 Aboveground Arches and Domes 

The behavior of arches and domes when subjected to the effects of nuclear 
blast is obviously a complex phenomenon. The loading, both with 
respect to spatial distribution and time variation, is difficult to determine 
because of the curvature of the exposed surfaces. In addition, the stress 
condition is more complicated than for other types of structural elements, 
such as beams or frames. Fairly exact methods of analysis are possible, 
but these are not practical for design purposes. We shall therefore limit 
ourselves to approximate procedures. The seope of the following dis¬ 
cussion is restricted to circular arches and spherical domes, both of 
reinforced concrete. 

The loading may be considered to consist of three parts: (1) the general 
overpressure, which by itself produces uniform compression in the arch or 
dome, (2) the reflected pressure, which is largest at the windward base of 
the structure where the surface is most nearly vertical, and (3) the drag 
pressures, which are generally positive on the windward side and negative 
on the opposite side. The latter two components are unsymmetrical and 
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Compression mode 





produce bending in the arch and nonuniform membrane stresses in the 
dome. 

It has been suggested 38 that the total load could be represented by two 
components: (1) a “compression” mode, consisting of a uniform radial 
pressure, and (2) a “flexural” mode, consisting of an antisymmetrical but 
uniformly distributed pressure. These are shown in Fig. 7.12. The 
load-time function and magnitude for the compression mode are taken to 
be the same as the overpressure, except that there is a finite rise time 
which is conservatively estimated to be one-half the transit time of the 
shock front, i.e., one-half the time required for the front to cross the 
structure. The flexural mode is given a peak-pressure intensity of 

P/m = ]4,Vr domes 

or p fm = ^0.5 + ^ 

where A is one-half the central angle of the arch or dome, and p r is the 
maximum reflected pressure on the dome. The latter occurs at the base, 
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figure 7.13 Circular ring under radial pressure. 

and is given by Eq. (7.4), provided that A > 55°. These peak values 
are attained after about one-half the transit time (i.e., the shock front has 
reached the center of the structure). The flexural mode pressure then 
decreases until at 2.5 transit times and thereafter it is equal to (AA)p d Cd, 
where pa is the dynamic pressure and C d is the drag coefficient. The 
latter coefficient is approximately 0.4 for p, 0 < 50 psi and 1.0 for p ia > 75 
psi. This change in C d results from the fact that the drag on curved 
objects displays a Reynolds-number effect. Between the two pressure 
levels given, C d may be assumed to vary linearly. 

The load components given above are obviously rather crude approxi¬ 
mations, but are believed to be conservative and sufficiently accurate for 
design purposes. It should be apparent that one reason for selecting 
these distributions (symmetrical and antisymmetrical) was that internal 
stresses may be readily computed for these cases. This method of load 
definition should not be used for small weapons, say, Y < 0.1 MT. 

Having defined the load in the manner outlined above, the structure 
may be assumed to have two degrees of freedom, one mode corresponding 
to each of the two modal loads. The dynamic analysis may then be 
executed, using any of the methods previously developed. 

a. Reinforced Concrete Barrel Arches 

The compression mode of an arch corresponds to a condition of uniform 
axial strain and is therefore analogous to a circular ring under uniform 
radial pressure as in Fig. 7.13. The natural period may be derived as 
follows: 

Ring strain = 

where r and D e are the radius and thickness of the ring, and E c is the 
modulus of elasticity of concrete. Reinforcing steel has, in most cases, a 
negligible effect on the strain. The radial deflection is 
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figure 7.14 Flexural mode distortion of 
arch. 


and the stiffness, defined as total radial load per unit width divided by 
radial deflection, is 

k = = 2 t DcEc ' 

pr*/D c E c r 

The total mass per unit width is given by 

M - 2irrD 'f> 

Q 


where p is the concrete density. The natural period of the compression 
mode is therefore 



and if we take p = 144 lb/ft 3 and E c = 4 X 10 9 psi, this becomes 


where r is the radius in feet. 

As seen in Fig. 7.12, the rise time for the compression mode load is 
L/2U . For the overpressures of interest in connection with aboveground 
arches (say, p BO <100 psi) and the internal angles usually encountered, 
this rise time is of about the same magnitude as the natural period T c . 
Such being the case, the dynamic increase in load effect is generally small 
(Fig. 2.9), or in other words, the loading is only slightly more severe than a 
static load of the same magnitude. Furthermore, in the case of an above¬ 
ground arch, the mode of failure is one of excessive distortion due to 
flexure, and the major effect of the compressive force is to modify the 
bending resistance of the reinforced concrete cross section. This effect is 
significant throughout the time of flexural response, and therefore we seek, 
not the maximum compressive stress, but an average over this time, which 
is essentially the mean, or static, value. For both of these reasons, the 
compression in the arch may be approximated as a constant with a value 
equal to that corresponding to p t0 . In other words, 


P e = p, 0 r (7.8) 

where P e is the force per unit width of arch. 

In the flexural mode the distortion is as shown in Fig. 7.14. Note that 
this is the fundamental flexural mode, which is the only mode of signifi- 
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figure 7.15 Two-triangle representation of flexural 
mode loading. 


cance in the response due to the assumed flexural mode loading (Fig. 
7.12). For this mode the natural period may be computed as that for a 
beam having a span equal to A r, or half the arch arc, modified by a factor 
to take into account the lateral deflection of the crown. The beam 
natural period for the case of hinged arch supports may be defined by the 
empirical expression 

(At*) ^ 

T = 300,000 d(p, + 0.015)* 

where d is the effective depth, and p 8 the steel ratio in the tension face of 
the cross section. This expression is consistent with the approximate 
values of effective moment of inertia for reinforced concrete sections used 
previously (Sec. 5.6a). The modifying factor for translation of the crown 
is approximately 

(tt/A)2 + 1.5 
(x/A) 2 - 1 

and therefore the approximate natural period of the flexural mode is 


m _ (*7 A ) 2 + 1-5 (Ar) 2 

' (ir/A) 2 - 1 300,000d(p« + 0.015)M 


where both r and d are in inches. 

In the flexural-mode load-time function (Fig. 7.12) the rise time L/2U 
is generally small compared with T f and may be ignored. Furthermore, 
we may replace the decaying drag effect by an equivalent straight line 
(selected so as to be compatible with the time of maximum response as in 
Sec. 7.36), so that the total load may be represented by two triangles, 
as in Fig. 7.15. Having accomplished this simplification, inelastic 
response may be determined by the use of Eq. (5.13), which combines 
the effects of two triangular functions. 
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Wpu R nfu 


figure 7.16 Interaction curve for rectangular reinforced con¬ 
crete section in direct stress and bending. 


The flexural resistance of the arch may, like the natural period, be based 
upon a beam of span Ar, modified to take into account translation of the 
arch crown. If the arch has hinged bases, the resistance per unit arc 
length is given by 


R _ SM P (t/A)» - 1 
' (Ar) 2 (it/A) 2 


(7.10) 


where SM* is the ultimate bending strength of the concrete cross section. 
The effect of axial compression on bending strength is significant and, in 
most cases, results in an increase of flexural resistance. The relationship 
between ultimate bending strength and compression is well known, 59 and 
an interaction curve for one set of parameters is shown in Fig. 7.16. For 
this figure it has been assumed that the curve for the given dynamic 
material properties is the same as that for the corresponding static 
properties (<?' ~ 4,000 psi, «r„ = 40,000 psi). 

The approximate methods of analysis outlined above are now applied 
to the following example. We desire to determine the maximum flexural 
response in terms of the ductility ratio p of the reinforced concrete arch 
shown in Fig. 7.17, which is subjected to a peak overpressure of 50 psi 
from a 1-MT weapon. Design would consist of a series of such analyses 
for various section properties converging on those which result in a 
desired p. 
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d =30 in. 

ps = 0.01 

<?dc = 5200 psi 
a■*/= 52.000 psi 

Pso = 50 psi 
Y =t MT 


figure 7.17 Example. Reinforced concrete barrel 
arch. 


By Eq. (7.8), the arch compression per inch of width is 

P< = p*r = 50 X 30 X 12 = 18,000 lb/in. 

The ultimate compressive strength for the given parameters is 

Pu = (0.85a^ f + 1 .SptCd v )D e 

= (0.85 X 5200 + 1.8 X 0.01 X 52,000)33 
- 176,000 Ib/in. 

Therefore £- 6 = 0.102 
r 

Using the interaction curve in Fig. 7.16, we obtain 


Pmf 

Pm/u 


1.64 


where R m /u is the flexural resistance for P c — 0. 
By Eq. (7.6), the peak value of flexural load is 


Pfm 



= 50 psi 


The shock-front velocity is given by Eq. (7.36): 

U = 1120 ^1 + = 2220 fps 

and therefore (Fig. 7.15) 


, 5 L 5 60 

dl 2 U 2 X 2220 


0.0675 sec 


Referring to Fig. 7.2, we find that the given overpressure occurs at a 
range of 4800 ft and that the corresponding peak dynamic pressure 
(p<fo) is 40 psi. From Fig. 7.3, we determine the duration of the dynamic 
pressure to be 3.15 sec. Thus the initial value of the dynamic-pressure 
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t, sec 


figure 7.18 Example. Flexural mode loading for 
arch. 


portion of the flexural mode loading (Fig. 7.15) is 

^ PdoCd = 8.0 psi 


taking Cd at 0.4. Based on the above data and the appropriate decay 
curve of Fig. 7.46, the complete load-time function for the flexural mode 
is as shown in Fig. 7.18. 

The bending resistance of the cross section without axial compression 
by the equation given in Fig. 7.16, with d = 30 in., is 440,000 lb-in. per 
inch of arch width. By Eq. (7.10), the corresponding flexural resistance 
is 


R 8 X 440,000 (2) 2 - 1 
m/u [(*•/2) X 360] 2 (2) 2 


8.3 psi 


It was found previously that, because of P B , this is increased by 1.64, and 
therefore the actual resistance is 


R mf = 8.3 X 1.64 = 13.6 psi 

As formulated here, the resistance is given in terms of external pressure. 
Evaluating Eq. (7.9), we obtain the natural period of the flexural mode, 

Tf = ± 15 X [Qr/2) X 360] 2 

(2)2 _ i A 300,000 X 30(0.01 + 0.015)^ U ' 

At this point we must estimate the effective duration of the dynamic- 
pressure load component ( A/r)p d Cd■ It is expected that the maximum 
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response will occur in the vicinity of t m = %T f , and on this basis it is 
estimated that a proper value of effective duration, t d2 , would be 0.35 sec 
(Fig. 7.18). 

We now determine the maximum response by the approximate equation 
(5.13): 

©. c ‘ w+ (£). c,w = l 

where the first term relates to the triangle defined by p fm - (A/*-) 
and U i, md the second term to that defined by (A /ir)pdoCd and t d2 . For 
the current problem we have the following data: 



t dl __ 0.0675 
T f 0.41 


= 0.165 


to, = 035 
T f 0.41 


- 0.85 


We now solve Eq. (5.13) for y, using a trial-and-error procedure. For an 
assumed y, Ci(y) and C 2 (y) are read from Fig. 2.24a, each being the value 
of R m /F i corresponding to that y and the appropriate U/T f . The calcu¬ 
lations are given in the following table: 



It is apparent that Eq. (5.13) is satisfied by a y value slightly less than 
4. In other words, the maximum deflection of the arch in the flexural 
mode is about four times that corresponding to the formation of plastic 
hinges at or near the quarter points of the arch. 

For very flat arches it may be necessary to consider buckling due to the 
compression mode loading. However, in most cases, flexure is the 
important consideration, and the compressive force is not large enough to 
cause an unstable condition. 

If the arch were a rib supporting a cylindrical surface, the above pro¬ 
cedure would be modified in an obvious manner to account for the increase 
in load relative to the rib width. 

The foregoing procedure is approximate in several respects. If the 
analyst desires a more precise solution, or if the response is completely 
elastic, a numerical method of analysis should be used. This can be 
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accomplished using only the system parameters computed above and the 
nondimensional equation of motion given in Sec. 2.8a. 

where y = y/y ei 
« - t/T, _ 

F if (£) = load-time function for flexural mode 
The preceding equation applies in the elastic range only, and beyond the 
elastic limit it should be changed to 

The maximum value of i) so obtained is, by definition, p. If, in addition, 
it is desired to take into account the variation in P c and the consequent 
effect on R mf , the above equations may be rewritten as 


5> i + ‘-«e 

h ’ + t : - m 


elastic range 
plastic range 


where <• is y/y.t, and y, t is the flexural mode deflection due to the static 
application of FY In each step of the numerical analysis R mf in the last 
equation may be determined for the value of P c = p,r occurring at that 
time. 

i>. Reinforced Concrete Spherical Domes 

Spherical domes may be treated in a manner similar to that given for 
arches. In this case, however, the so-called flexural mode loading does 
not produce bending, since it is resisted by membrane stresses. 

The natural period in the compression mode may be derived following 
the procedure given above for arches. Noting that the radial deflection 
for a spherical shell under uniform pressure is 

y = wjSc (1 “ v) 

where v is Poisson’s ratio, we find that the natural period is approximately 
expressed by 


where r is the radius in feet. The natural period in the flexural mode may 
be taken approximately as the same as that for the compression mode. 

The natural periods for a dome are extremely short, and for the pressure 
levels (p« 0 < 100 psi) and weapon yields (Y > 0.1 MT) considered here, 
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the rise times for both modal loads (Fig. 7.12) are never appreciably less 
than the periods. Therefore the dynamic increase in the load effect is 
generally small. Furthermore, the decay of the peak loads is relatively 
slow, which indicates that the required strength is not very sensitive to 
the design-deflection criterion; i.e., a resistance slightly*greater than the 
peak load w ould result in elastic behavior, while a slightly smaller resist¬ 
ance would result in very large deflection. For this reason it is suffi¬ 
ciently accurate for design purposes to consider both load components to 
be statically applied, regardless of the amount of shell deformation to be 
permitted. Thus the ultimate membrane strength is made equal to the 
internal forces corresponding to the maximum applied pressures. 

The maximum membrane force due to the compression mode load is 

Pe = p 2 P> 0 r lb per unit width 

where P c is uniform throughout the shell and occurs in all directions. For 
the antisyrnmetrical flexural mode, the maximum local compression 
which occurs on the windward side is approximately given by 

Pf = Hp/mr = %p r r lb per unit width 

the last substitution being made according to Eq. (7.6). The ultimate 
strength is equal to 

Pu - (0.854 + 1.8 p,<r dv )D e lb/in. 

where p, is the steel ratio for each face and in each of two perpendicular 
directions. The modal membrane stresses are additive, and hence the 
design equation is 

Pc + Pf = Pu 

or y 2 p so r + %p T r = (0.854 + 1.8 p,c dy )D e (7.11) 

Note that, even though the loads are considered to be applied statically, 
the dynamic material strengths may be used. 

To illustrate the above, we shall determine the required thickness of a 
dome for the following parameters: 

p» 0 = 50 psi r = 30 ft p„ = 0.005 

4 = 5200 psi adu = 52,000 psi 

By Eq. (7.4), the reflected pressure is 198 psi, and using Eq. (7.11), we 
obtain 

K (50)(360) + %(198)(360) = (0.85 X 5200 + 1.8 X 0.005 X 52,000)£ e 
or D c = 12.8 in. 

which is the required total thickness for the shell. 
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figure 7.19 Shallow-buried structures. 

In addition to the membrane stresses considered above, there is some 
bending resulting from boundary restraints or load irregularities. How¬ 
ever, these would normally not cause failure, and excessive cracking may 
be prevented by maintaining at least a nominal amount of reinforcement 
in each face. 

7.5 Belowground Structures 

Aboveground protective construction is economical only up to overpres¬ 
sures ranging between 50 and 100 psi, the exact limit depending upon the 
type and function of the structure. For higher design overpressures, such 
structures are placed belowground. In this way it is possible to provide 
protection against very high overpressures, e.g., 1000 psi or even greater. 

Most of the problems peculiar to the design of underground structures 
are in the realm of soil mechanics or wave propagation, and not in the area 
of structural dynamics as treated in this text. Our discussion will there¬ 
fore be limited to some general observations regarding the dynamic behav¬ 
ior of underground structures. 

If the structure is shallow-buried , i.e., if the earth just covers the top of 
the structure as in Fig. 7.19, the primary effect of the burial is to eliminate 
the reflection and drag components of loading. In the case of a boxlike 
structure, the design of the roof is not appreciably different from that for 
the aboveground situation. There is, of course, no suction due to drag, 
and the earth cover increases both the dead load and the natural period of 
the roof slab or beam. None of these factors is normally of great impor¬ 
tance. However, the vertical walls of the rectangular structure are sub¬ 
jected to much smaller loads than in the aboveground case. First, the 
very important reflected pressure is eliminated, and second, the pressure 
normal to the wall is only about one-fourth to one-half of the overpressure 
(p*o), depending upon the type of soil. Finally, there is no appreciable 
horizontal loading on the transverse frames of the structure because, if the 
backfill is properly placed and compacted, very little distortion of this 
type is possible. 

Arches and domes which are shallow-buried are particularly resistant 
to blast effects. The behavior in the compression mode is not appre¬ 
ciably different from that in the aboveground case, except that the natural 


period is lengthened by the weight of soil. However, the compression 
mode is Dot severe, because arch or dome structures are ideally suited to 
resist this type of loading. The important point is that the flexural mode 
loading to which they are not so resistant is greatly reduced by the burial. 
The only flexural load present is that due to transit of the shock over the 
structure The time function for this load may be considered to be an 
isosceles triangle with a peak value of }4p>o and a duration equal to the 
transit time. This is much less severe than that used for aboveground 
structures. 

If the structure is deeply buried, i.e., if the earth cover is equal to or 
greater than about half the width, there are three major effects in addition 
to those mentioned for the shallow-buried case: (1) the overpressure is 
attenuated with depth; i.e., the pressure at the structure is less than the 
surface overpressure p, 0 ; (2) the duration of the positive phase is increased; 
and (3) the soil acting as an arch above the structure takes an appreciable 
part of the vertical load. The last is extremely important and can perhaps 
be best visualized in the case of an arch structure, where, if properly 
compacted, the soil above the structure acts as an arch itself, thus relieving 
the structure of load. For deeply buried arches and domes, the flexural 
mode may be ignored, since the surrounding soil prevents significant dis¬ 
tortion of this sort. The reduction in compression mode loading, together 
with the elimination of the flexural mode, makes deeply buried arches and 
domes extremely blast-resistant. 

The highest level of protection is provided by rock tunnels deep below 
the surface. Such protection is limited only by the strength of the rock 
and its ability to prevent closure of the cavity. At somewhat lower pres¬ 
sure levels, spalling of the tunnel walls may occur, but damage can be 
minimized by rock bolting and by placing a liner against the tunnel wall. 
Structures are sometimes built within cavities, and these need be designed 
only to withstand the ground motion resulting from the blast, as discussed 
in the next section. 

7.6 Ground Motions 

A nuclear explosion causes sizable motions of the ground, which may be 
important in the design of hardened facilities. If the structure itself has 
been designed to withstand overpressure (such as the examples in previous 
sections), it is unlikely that ground shock would be an important consid¬ 
eration, and is often ignored. However, for structural elements within 
but not part of a protective enclosure, ground shock may be the only 
blast effect. These elements would include isolated floors or pieces of 
equipment supported on the ground within the enclosure, as well as 
structures within tunnels belowground. Facilities involving electronic 
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equipment are often more vulnerable to ground shock than to other blast 
effects. 

The ground motion may be considered to consist of two parts: (1) the 
air-induced shock resulting from the application of overpressure to the 
ground surface, and (2) the shock transmitted directly through the ground 
from a burst at or below the surface. Only the first part is considered 
herein, since this is usually the more severe. 

The actual motion can at best be only approximately predicted. It 
depends on the properties of the soil, not only at the point of interest, but 
at points far removed, particularly in the region below the point under 
consideration. Since the earth is not a homogeneous medium, the phe¬ 
nomena become quite complex. The expressions given below, which have 
been taken from Ref. 38, are estimates of the peak air-induced effects 
believed to be reasonable for typical conditions. 

The maximum vertical displacement at the ground surface is divided 
into two parts: (1) the elastic, or transient, displacement ( y , oe ), and (2) the 
plastic, or permanent, displacement ( j , op ). These may be taken as 
follows: 

_ P'o - 40 /1000Y 
Vtop 30 

where p M = peak overpressure at surface, psi 
c, — seismic velocity of soil, fps 
Y = weapon yield, MT 
The seismic velocity varies with type of soil from about 1000 fps for a 
soft material to about 2000 for a sandy silt and to 12,000 or higher for 
rock. The maximum horizontal displacements may be taken as one-third 
of the vertical displacements given above. 

The maximum vertical velocity at the surface is approximated by 

s ” = 50 (ot)(^t) ,n ' /sec < 714 > 

and the peak horizontal velocity may be taken as two-thirds of this value. 

Both the maximum vertical and horizontal accelerations are given by 

y B0 - 150 in units of g’s (7.15) 

However, it is recommended that c, in this equation be taken as 2000 
fps for all soils having greater seismic velocities. 



figure 7.20 Idealized response spectrum for vertical ground motion. 
W = 0.5 MT, p.o = 150 psi, c, = 2000 fps. 


At depths below the surface, the air-induced ground motion is of course 
less severe than the values given above. At moderate depths (say, less 
than 100 ft), the displacement and velocity are not appreciably different, 
but the peak acceleration is greatly reduced. Reference 38 provides 
procedures for estimating these below-surface values. 

Equations (7.12) to (7.15) provide peak values of displacement, velocity, 
and acceleration. It is extremely difficult to predict the actual time func¬ 
tion of the motion. For this reason the response-spectrum approach as 
discussed in Sec. 6.4 in connection with earthquake design is most useful. 
It has been suggested 38 that an approximate spectrum for design purposes 
may be constructed on a log-log plot (Fig. 6.9) as follows: (1) a straight 
line of constant displacement equal to the total maximum ground dis¬ 
placement, (2) a straight line of constant spectral velocity equal to 1.5 
times the maximum ground velocity, and (3) a straight line of constant 
acceleration equal to the maximum ground acceleration. A response 
spectrum for vertical motion constructed on this basis is shown in Fig. 
7.20. This is for the surface burst of a 0.5-MT weapon at a range such 
that p, 0 =150 psi. The seismic velocity has been taken as 2000 fps, and 
the peak values for the ground motion as given by the expressions above 
are 

y,„ = 5.6 in. y, 0 = 37.5 in./sec y, 0 = 1120 


in. 

(7.12) 

in. 

(7.13) 
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figure 7.21 Shock-mounting example. 


The three lines specified above are therefore given, respectively, by the 
equations 


= 5.6 in. 


37.5 X 1.5 
2 kf 


= 112 g 

(2 t /) 2 


where u max is the maximum displacement relative to the ground. For any 
given frequency of the responding system /, Fig. 7.20 provides the max¬ 
imum relative displacement. The absolute acceleration of the mass of 
the responding system is given by 


2/niftx — (2Tr/) ? Wmax 

To illustrate application of the above, we consider the problem of shock¬ 
mounting a piece of sensitive equipment. Usually the equipment may be 
considered to be a rigid mass which can be protected from the ground 
shock by supporting it on springs as shown in Fig. 7.21. Suppose that 
the weight is 1000 lb and that the equipment would be damaged if the 
vertical acceleration, up or down, not including the acceleration of gravity, 
exceeded 3^. Our problem is to design the supporting springs. Only 
vertical motion will be considered. Protection must also be provided 
against horizontal motion, but the two motions are generally uncoupled. 

The criterion of y m&x — 3 g can be expressed by the equation 

_ 3 g _ 29.4 . 

W,nax “ (2*/) 2 ~ p m * 

which, when constructed on the log-log plot, is the straight dashed line in 
Fig. 7.20. To the right of the intersection of this line with the response 
spectrum, the acceleration of the mass would be greater than 3 g. Since 
the intersection occurs at/ = 3.3 cps, we conclude that the design criterion 
will be satisfied if the frequency is less than this amount. Since the 
frequency of the mass on springs is given by 
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the requirement for the design is that the combined spring constant for all 
supporting springs must be less than (2*/) 2 M, which, for this example, 
means that 

k < (27r) 2 (3.3) 2 (1000/386) = 1110 lb/in. 

If this upper limit were actually selected, the motion of the mass relative 
to the support as given by Fig. 7.20 would be 

iW* = 2.7 in. 

and sufficient clearance to permit this vertical motion must be provided. 
A smaller value of k would result in reduced acceleration of the mass but 
larger relative displacement. 

If the equipment were mounted on the enclosing structure rather than 
on the ground, the support motion, for which the shock mount would be 
designed, is of course the motion of the structure at the point of support. 
The latter would be obtained by analysis of the response of the structure 
to air blast or, in some cases, to ground shock. Having this support 
motion, the equipment and its mounting would be analyzed using the 
procedures of Sec. 2.6 or 6.2. 

Problems 

7.1 A one-way reinforced concrete slab is subjected to side-on overpressure only. 
The slab is fixed against rotation at both supports and has the following properties: 

d = 6 in. (total depth = 7.5 in.) 
ft, = 0.01 (for both positive and negative moment) 
v' dc = 5200 psi; a Av — 52,000 psi 
E — 4 X 10® psi; span =- 12 ft 

If the peak overpressure p to is 10 psi and produced by a 0.2-MT weapon, what is the 
maximum midspan deflection? Consider only flexural behavior. 

Answer 
y ~ 1.7 
2 / m = 0.54 in. 

7.2 What would be the required thickness of the slab in Prob. 7.1 for a peak over¬ 
pressure of 50 psi and y = 3, all other data remaining the same? 

7.3 A steel door is built up of 16WF96 sections, spaced at 20 in., with a light, non- 
structural covering. The beams are simply supported on a span of 15 ft, and the 
dynamic yield strength is 60,000 psi. If the door is face on to the blast of a 5-MT 
weapon, and the peak overpressure is 50 psi, what would be the maximum midspan 
deflection? The clearing distance S c is 20 ft, and the weight of the door is 200 lb/ft 8 
of surface, in addition to the weight of the steel sections given. 

7.4 The building shown in Fig. 7.6 and designed in Sec. 7.3 is subjected to the blast 
wave from a 10-MT weapon having a peak overpressure of 10 psi. Estimate the 
maximum horizontal deflection of the frame, neglecting the vibration of the walls, 
i.e., assuming the blast pressure on the wall surfaces to be transmitted to the frame 
without modification. 
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7.5 A reinforced concrete barrel arch haa the same dimensions and properties as 
those given for the slab in Prob. 7.1 (except span). It has a radius of 10 ft, an internal 
half angle (A) of 60°, and hinged supports. If subjected to a blast with p, 0 - 20 psi 
and y = 0.5 MT, what would be the resulting value of n in the flexural mode? 

7.6 Referring to Prob. 7.3, what would be the maximum elastic bending stress in 
the door due to the horizontal ground motion resulting from the weapon specified? 

7.7 A machine weighs 5 tons and is supported by a heavy mat, which may be 
assumed to have the same motion as the undisturbed ground. Springs are to be 
placed between the mat and the machine. The design criteria are that the vertical 
acceleration of the machine should not exceed 4 g and that the displacement relative 
to the mat should not exceed 5 in. The seismic velocity of the soil is 3000 fps, and 
the design weapon is 20 MT at a range of 6000 ft. What values of spring stiffness 
would satisfy these requirements? 

Answer 

k 5100 to 12,500 lb/in. 


8 

Beams Subjected 
to Moving Loads 


8.1 Introduction 

A particular class of problem which has long been of interest to engineers 
involves the determination of the dynamic response of a beam or girder 
resulting from the passage of a force or mass across the span. Examples 
include the analysis of crane beams and of highway and railway bridges 
under the effect of moving vehicles. Although solutions to some of these 
problems have been available for some time, it is only in recent years that 
numerical results in quantity have been attainable by the use of electronic 
computation. 

8.2 Constant Force with Constant Velocity 

We consider first the relatively simple case of a constant force F moving 
across the span of a beam at constant velocity v as indicated in Fig. 8.1. 
In Sec. 4.3, it was found that the modal equation of motion (neglecting 
damping) for a beam with a single concentrated load is 

A n + «„ 2 A„ = (8.1) 

J o wi[0 n (x)p dx 

where <p n is the modal-shape function for the nth mode, and cf is the 
distance from the end of the span to the force. In the present case cf is 
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figure 8.1 Constant force crossing 
beam with constant velocity. 


a function of time and is equal to vt, where t is measured from the instant 
at which the force entered the span. If the beam is simply supported and 
prismatic, 

4>n(x) = sin — 

and Eq. (8.1) becomes, after substitution of cf = vt, 

A, + <o„’A„ = ^ sin ^ (8.2) 


The modal solution is expressed by 

A n - A n u(DLF), 

where A n .t = -F „ 


(8.3a) 

(8.36) 


and (DLF)„ is determined from the time function 

/„(f) = sin = sin U n t (8.3c) 

It should now be apparent that the modal solution is the same as that for 
a one-degree system subjected to a sinusoidal force, as discussed in Sec. 
2.5. Therefore, by Eq. (2.346), the dynamic load factor when the load is 
on the span is 

(DLF) n = -- !■&—, (sin 0,1 - — sin u,t) 

1 — \ W» / 

U o nvV 

where il n = -j- 

Inserting this expression for (DLF)„, and Eq. (8.36) into Eq. (8.3a) and 
combining modes according to the expression 

N 

y = X 


we obtain the total solution for deflection: 




V 1 / . _ . S2» . A . nr: 

l n^s,n T 

re -1 v 
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If we assume viscous damping in each mode, the solution becomes 


_ 2 F V sin ( nvx/l) 

y ~ ml L ( Wn 2 - SV)* + 4(/9„S2„) 2 

tl >■ 1 


(«n 2 — fi» 2 ) sin $l n t 


— 2/3„i2„ cos Sl„f + e~ p ” 1 2/3 n fi n cos <a n t 


•' 2/3 n S 


+ ^ (2/3„ 2 - n„ 2 - Wn 2 ) sin co„f (8.5) 


where /3«/w„ is the fraction of critical damping in the nth mode. For 
most beams of interest here, damping would be small and can often be 
neglected, especially if one is interested only in the first few cycles of 
response in any mode. 

Since the case under consideration is similar to a sinusoidal force applied 
to a one-degree system, it might be concluded that resonance is an impor¬ 
tant possibility. This is not so for two reasons: first, the loading exists 
only for a limited number of cycles (e.g., the duration of the first-mode 
loading is only one-half cycle), and second, extremely high load velocities 
are required for resonance. To illustrate the second point, consider a 
beam with a 50-ft span and a typical fundamental period of 0.25 sec. 
For resonance in the first mode, fti must equal ui, and therefore 


or 


wv 2v 

y - O), - yr 

21 _ 2 X 50 
y Ti 0.25 


400 fps, or 272 mph 


This velocity would be highly improbable in most applications of the 
theory. Even larger velocities would be required for resonance in higher 
modes. 

Equations (8.4) and (8.5) apply only while the force is on the span. 
The free vibration occurring thereafter may be determined simply by 
computing the conditions at the instant the force leaves the span and 
using these as initial conditions for the ensuing analysis. 

As an example of the application of the above theory, we shall determine 
the midspan deflection of a simple beam traversed by a constant force, 
ignoring damping and including only the fundamental mode (higher 
modes are of negligible importance). The parameters of the system are 
given as 


m = 0.1 lb-sec 2 /in. 2 
I = 40 ft 


El = 2 X 10 10 lb-in. 2 
v = 50 fps 
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figure 8.2 Response of simple beam to constant force crossing span with con¬ 
stant velocity. 



Substituting in Eq. (8.4), we obtain the midspan deflection at any time. 


y*- 1 '* = g 47 Q (sin 3.93* - 0.204 sin 19.20 0 < t < 0.8 (8.6) 


The first term in the parentheses is the forced, and the second is the free, 
vibration. 

The deflection given by Eq. (8.6) is plotted in Fig. 8.2 as a fraction of 
maximum midspan static deflection. The abscissa may be considered to 
be either time or the position of the load on the span. Plotted separately 
is the forced part of the solution, which is very nearly equal to the static 
crawl deflection, i.e., the plot of deflection versus load position for the 
case in which the force moves very slowly. The residual vibration after 
the force leaves the span would merely be a continuation of the free part 
of Eq. (8.6). Since the midspan bending moment is very nearly propor¬ 
tional to midspan deflection, the ordinate of Fig. 8.2 may also be regarded 
as the ratio of dynamic to maximum static moments. 


8.3 Pulsating Force with Constant Velocity 

As an extension of the case given in the preceding section, we now consider 
a force which moves across the beam span and, in addition, has a harmonic 
variation in magnitude. This situation is illustrated in Fig. 8.3. Histor- 
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figure 8.3 Pulsating force crossing beam 
with constant velocity. 

ically, this problem has been of interest in connection with the vibration 
of railway bridges due to the passage of steam locomotives. 42 The unbal¬ 
anced weight on the driving wheels produces, in addition to the gravity 
force, a harmonic alternating force. 

Considering the applied force to be F\ cos ft p < (which implies maximum 
downward force at the time of entry to the span), we simply substitute 
this expression for F in Eq. (8.2) to obtain the modal equation of motion. 

+ t*> n 2 A„ = —j- cos ft p * sin ft„* 

F 

= ~i (sin (ft P + ft„)* - sin (ft p - ft n )*] (8.7) 



where ft„ is as defined in Eq. (8.3c). It is apparent that the solution may 
be obtained by superimposing those corresponding to the two sine terms 
on the right side of Eq. (8.7). Each of these is given by Eq. (8.4) if we 
substitute for ft n the expression (ft p 4- ft„) in one case and (ft p - ft„) in 
the other and note that, for the latter solution, the sign must be reversed. 
In this way we obtain the solution for deflection due to the pulsating force. 


P n , 

y ~ mi^L (u>„ 2 - («7 + s^T 2 [ 8in P t n sin 

~ «„ 2 - - (ft p - n n ) 2 [ sm ^ ~ ” P u „ " sin } sin 


. mrx to 0 , 
sin —p- (8.8) 


If, as in many cases, there is a constant moving gravity force in addition 
to the pulsating force, the total solution may be obtained by adding Eqs. 
(8.4) and (8.8). 

If the pulsating force had been F\ sin ft p *, a solution could have been 
obtained in a similar manner. This is given by 


_ F i V Tcos (S2 P — ft n )< —cos <a n t 
mill «n 2 - (ftp - ft *) 2 

cos (ft p -f- ft n )« - cos w„<l . mrx 

--—i- / n , n x, - sin -p- (8.9) 

- (ftp + ftn ) 2 J l 

When a beam is subjected to a traveling pulsating force, resonance is a 
distinct possibility and may be of importance. Neglecting damping and 
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considering only resonance with the fundamental mode, we see that the 
maximum response occurs when ftp = on and approximately at the time 
when the load leaves the span, i.e., when t = l/v and the maximum num¬ 
ber of load cycles has occurred. At this time 

sin (ftp + Qn)t = sin \ + “ sin Wl l 

sin- (n p - ft»)f = sin ^ = - sin wi ^ 


and from Eq. (8.8), we obtain by substitution 


- M — 

^ ml ^ 20)1 


2 + xv/<t>il 


2 — IT. 


(i rv/l) + (vv/l) 2 1 2o)i(ttv/1) 


•v/uil 1 • XX . I 


which may be simplified to 


2Fi . xx . I 

-sin -p sm o>i - 

uimxv l v 


(8.10o) 


To obtain the maximum midspan deflection, we let x — 1/2 and take 
sin (on l/v) « 1. Although the latter substitution is inconsistent, it pro¬ 
vides a close estimate of the first peak deflection after the load has left 
the span. Therefore the maximum midspan deflection in the resonant 
condition is given by 

- ==; (suo,,) 

which may also be written as 

<»-„>- (8 - 10c) 


where y,t is the static deflection due to F 1 applied at midspan, and T e is 
the crossing time of the force. 

If considerable damping is present, the free part of the vibration might 
be essentially eliminated by the time the force reaches the end of the span. 
If the free terms (that is, sin « n f) are removed from Eq. (8.8), it is found 
that the maximum resonant deflection is very nearly one-half of that 
given by Eq. (8.10c). 

For the example beam of Sec. 8.2, it was computed that wi == 19.2 
rad/sec and fti = 3.93 rad/sec. Thus, if the force had been pulsating in 
resonance (ftp = ui), the maximum deflection without damping would 
have been Wl /ftx = 19.2/3.92 = 4.9 times the static deflection due to the 
same force. 
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figure 8.4 Beam traversed by rolling 
mass at cot.stant velocity. 

8.4 Beam Traversed by a Rolling Mass 

Up to this point we have discussed only beams subjected to forces which 
were either constant or varied in some specified manner while crossing the 
span. In most practical cases the force is actually due to gravity acting 
on a moving mass, and the presence of that mass affects the solution. 
The analyses given previously are approximately correct for a moving 
mass if that mass is small compared with the beam itself. 

To set up a more precise solution we refer to Fig. 8.4, where M v is the 
mass of a vehicle or other object crossing the span. The force applied to 
the beam at. any instant is the gravity force minus the inertia force due to 
acceleration of the mass. Therefore 

Force = M v g — M v y v 

where y v is the acceleration of the beam at the mass location. It is 
assumed that contact is always maintained, i.e., that y v is also the accelera¬ 
tion of the mass. The expression for force given above may be inserted 
into Eq. (8.2) to provide the modal equation of motion, 

A n -f «„ J A„ = —j- (g - y v ) sm - j (8.11) 

We note that the mass acceleration must include the effects of all N beam 
modes, and therefore 

N 

V v ■ ttirwf 
Vv - l A n sm —j 
« = 1 

Substituting the latter in Eq. (8.11) and rearranging, we obtain 

A - + (iff Bm r){ 4 A - sm —) + - -sr 8m — (SU2) 

If we consider only the fundamental mode and let Ai = y C} the midspan 
deflection, this becomes 

H 1 + Iff 8m r) + m v ‘ = ~mT em T (8 - 13o) 
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or 

( ml . ,, . .t vt\ , mUai s .. . rvt 

"2 + 8in -y ) -1- 2 = M ° g sm X (8-13b) 

In Eq. (8.136), the second term in the parentheses may be considered to 
be an “effective" value of the moving mass which varies with time (or 
mass position), and M v g may be considered to be a constant moving force. 

A convenient rigorous solution for the problem formulated above has 
not been found. However, Eqs. (8.12) and (8.13) are in suitable form 
for numerical analysis, and solutions to the problem may be easily obtained 
by electronic computation. 

8.5 Beam Vibration Due to Passage of Sprung Masses 

We now turn to the more complex case of a mass supported by a spring, 
both of which cross the span at constant velocity. This is of practical 
interest in connection with highway-bridge vibration, as discussed in the 
next section. Such a system is shown in Fig. 8.5, where, for generality, 
two masses are included, a sprung mass M v , supported by a spring of 
stiffness k v and an unsprung mass M vu which is assumed to be always in 
contact with the beafn. The force applied to the beam may be expressed 
by 

Force = M vu (g - y v ) + [k v (z - y 0 ) + M v ,g\ 

where the first term is the same as given previously for unsprung masses, 
and the term in brackets is the force in the spring. Note that z is the 
absolute deflection of M„, and the term M v »g is included because z is 
measured from the neutral spring position. 


Proceeding as before, we substitute the above expression for force into 
Eq. (8.2) to obtain the modal equation of motion for the beam. If, at 
the same time, we insert 
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multiply both sides by ml/2, and rearrange, the result is 

T ) ( | s- n -f) + A n 

= + fc, ^2 - ^ A n sin si 


. nvvt , .. 
sin -z- (8.14) 


where W vl is the total weight Mg of both masses. Equation (8.14) indi¬ 
cates a set of equations, one for each normal mode of the beam. How¬ 
ever, the complete system has one additional mode, since z represents an 
additional degree of freedom. One more equation is required, and this is 
the dynamic-equilibrium equation for the sprung mass, which may be 
written 

( n . 

2 — 7 A n sin J = 0 (8.15) 

n = 1 ' 


Equations (8.14) and (8.15) provide a set of N -f- 1 equations, where N is 
the number of beam modes considered, which may be solved by numerical 
analysis for the motions of the beam and the sprung mass. 

If we include only one beam mode, let Ai = y e , the midspan beam 
deflection, and introduce viscous-damping terms, the foregoing equations 
may be written as 



(8.16) 

(8.17) 


where cs and c v are the damping coefficients for the bridge and sprung- 
mass system, respectively. These equations represent an equivalent two- 
degree system, which, for clarification, might be represented by the two 
coupled one-degree systems shown in Fig. 8.6. Solution may be accom¬ 
plished by a straightforward numerical procedure as for any two-degree 
system. 


8.6 Bridge Vibration Due to Moving Vehicles 

The vibration of bridges due to moving traffic is important for two reasons. 
First, the stresses are increased above those due to static-load application. 
This is normally accounted for by the “impact" factor in design. The 
second reason is that excessive vibration may be noticeable to persons on 
the bridge;. Although not related to safety, this may have the psycholog- 
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figure 8.6 System of Fig. 8.5 represented by separate 
but coupled one-degree systems, (a) Idealized vehicle 
dynamic system [Eq. (8.17)]; (6) idealized beam 
dynamic system [Eq. (8.16)]. 

ical effect of impairing public confidence in the structure. There have 
been cases in which the latter phenomenon has been of considerable impor¬ 
tance to highway officials. 

Equations (8.16) and (8.17) may be used to investigate the vibration of 
actual simple-span highway bridges resulting from the passage of a single 
heavy vehicle. This implies the following assumptions: 

1. The actual bridge, which consists of a floor system and several 
stringers or girders, may be represented by a single beam of equivalent 
rigidity. 

2. Only the fundamental mode of the bridge beam need be considered. 

3. The vehicle, although having two or more axles and a corresponding 
number of springs and flexible tires, may be considered to be a one-degree 
system. 

4. The entire vehicle weight is applied to the bridge at the center of 
vehicle mass, rather than at the actual wheels. 

Assumption 1 produces little error if the bridge is relatively narrow (e.g., 
two lanes) and if the vehicle is positioned on the center line. Assumption 
2 is permissible for most purposes since the higher modes contribute little 
to the deflection or bending moment at midspan. With regard to assump¬ 
tion 3, the vehicle actually has many degrees of freedom associated with 
the individual springs and tires. However, the important vehicle motion 
with respect to bridge vibration appears to be the mode in which all these 
flexible elements act in phase. The acceptability of assumption 4 obvi¬ 
ously depends upon the ratio of bridge span to vehicle-axle spacing. The 
error is not serious if this ratio is greater than about 5. 
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figure 8.7 Midspan bridge deflections. Comparison of theory and actual field 
test. (Biggs, Suer, and Louw. u ) 


Comparisons have been made between the theory, as represented by 
Eqs. (8.16) and (8.17), and experimental results obtained from laboratory 
models and from actual bridge structures in the field. 44 One such com¬ 
parison is shown in Fig. 8.7, where the ratio of dynamic to maximum 
static midspan deflection is plotted against time (or vehicle position). 
The field test and the theoretical analysis were for a two-axle heavy truck 
with a velocity of 37 fps and an eight-stringer steel bridge of 88-ft span. 
In the theoretical analysis, the spring constant for the vehicle and the 
damping coefficients for both vehicle and bridge were given values which 
had been obtained experimentally. In addition, the vertical displace¬ 
ment and velocity of the vehicle mass at the point of entry into the span 
had been measured during the field test, and these values were inserted as 
initial conditions in the analysis. As may be observed in Fig. 8.7, the 
agreement between experiment and theory is very good. 

Other studies have been made which include the effect of multiple axles 
and transverse bridge flexibility and which extend the theory to continuous 
spans. 46,48 An extensive series of field tests were made in connection 
with the AASHO Road Test at Ottawa, Ill. 47 

As a result of the investigations referred to above, it may be concluded 
that the primary causes of large bridge vibration are the initial “bounce” 
of the vehicle on its own springs as it enters the span (caused by roughness 
on the approach) and surface irregularities on the bridge itself. The 
former may be accounted for in the analysis by assigning initial values of 
z and z at t = 0. The effect of surface roughness on the bridge may be 
included in Eqs. (8.16) and (8.17) by adding to the term [z — y c sin (wt/l)] 
a quantity giving the deviation of the bridge profile from a straight line in 
terms of the position vt. 

It is of interest to consider the effects of variations in the parameters of 
the system on the maximum dynamic bridge deflection. The results pre¬ 
sented below are for a vehicle having an initial amplitude of “bounce” 
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defined by the parameter 

ZmoUv 1 
a = - 

Q 

where z no is the initial amplitude, and «„ is the vehicle natural frequency 
given by 



Since M vu is normally small compared with M v „ the distinction has been 
dropped, and it is assumed that the total vehicle mass M„ is spring-sup¬ 
ported. In arriving at these results the vehicle velocity has been varied 
(with an upper limit of about 50 mph for most span lengths), and in addi¬ 
tion the phase of the initial bounce has also been varied. The dynamic 
deflections given below represent the most severe combination of these 
two parameters and therefore are an upper bound. Damping in both 
bridge and vehicle has been ignored because the former is of little impor¬ 
tance and the latter could easily be counteracted by surface roughness on 
the bridge deck. Bridge surface roughness has not been included directly 
because, if within reasonable limits, it has the same general effect as the 
initial bounce. 

The most important parameters are the magnitude of initial vehicle 
oscillation and the ratio of bridge to vehicle natural frequencies. The 
effect of the latter is shown in Fig. 8.8a, where the ratio of maximum 
dynamic to maximum static deflection is plotted against the frequency 
ratio for a given value of a and of the ratio of vehicle to bridge mass. It 
may be observed that a substantial peak occurs when the frequency ratio 
is unity. This is similar to the resonant condition for a system subjected 
to sinusoidal load. It is not true resonance, however, since the peak 
value is limited by the fact that there is a limited amount of energy in 
the bouncing vehicle as it enters the span. 

The effect of the magnitude of initial vehicle oscillation is shown in Fig. 
8.86, where the ratio of maximum deflection to that for a ~ 0.3 is plotted 
versus the parameter a. It may be seen that the effect is almost linear. 
The third parameter which is necessary in the analysis, 2M v /ml, has only 
a secondary effect on the dynamic deflection and may often be ignored. 

To demonstrate use of Fig. 8.8, suppose that the ratio of bridge to 
vehicle natural frequency is 4 and that the initial vehicle oscillation is 
such that a = 0.2. We read from plot a, 1.41, and from plot 6, 0.93. 
Therefore the expected maximum dynamic deflection at midspan is 
1.41 X 0.93 = 1.31 times the static deflection due to the vehicle at mid¬ 
span. The same factor when applied to the static bending moment 
provides a good estimate of the maximum dynamic moment. 


Beams Subjected to Moving Loads. 


327 



figure 8.8 Maximum dynamic bridge deflection. Effect of parameter varia¬ 
tions. (Biggs, Suer, and Louw. u ) 


In current bridge-design practice (1964), the dynamic effects are 
accounted for by increasing the static live load by an empirical “impact” 
factor which depends only upon span. This approach may be justified 
because there are several major obstacles to the application of the theory 
outlined above. First, a proper design value of a has not been established. 
Second, the dynamic properties of future vehicles are not known. Third, 
the theory has not been extended to include more than one vehicle simul¬ 
taneously on the span, and even if it were, a proper design assumption in 
this regard has not been established. AH these are statistical problems, 
and until the application of statistics and probability theory to structural 
design has been more completely developed, the empirical approach will 
have to suffice. 48 Meanwhile, the theory presented above provides a 
valuable insight into the general behavior of bridges under moving traffic. 

Problems 

8.1 A constant force crosses a simple beam with a constant velocity of 40 fps. The 
beam has a span of 40 ft and a natural frequency of 30 rad/sec, and the force, if applied 
statically at midspan, would cause a deflection of 0.25 in. Neglecting damping and 
considering only the first mode, determine the maximum midspan deflection and the 
amplitude of the residual vibration after the force has left the span. 

Answer 

0.27 in., 0.040 in. 
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8.2 Repeat Prob. 8.1 for the case in which there is an additional force given by P 
cos 47 rl t where P is one-quarter of the constant force and always located at the same 
point. 

8.3 An unsprung mass rolls across a simple beam with a constant velocity of 50 fps. 
The beam has a span of 40 ft and a natural frequency of 20 rad/sec. The weight of 
the rolling mass is one-half the total weight of the beam. Determine the maximum 
midspan deflection, considering only the first mode and neglecting damping. 

Answer 

1.19 in. 

8.4 Repeat Prob. 8.3 for the case where the moving mass is supported on a spring 
and the natural frequency of this spring-mass system is 9 rad/sec. When this mass 
enters the span, the spring is elongated by an amount z = 1.2 in. (z — 0). 

8.5 Estimate the upper bound (for all practical velocities of the mass and phasing 
of the initial cqndition) for the deflection computed in Prob. 8.4. The variation in 
the parameter 2 M v /ml may be ignored. 

Answer 
1.37 in. 


Appendix Matrix Formulation 

of Modal Analysis 


This appendix contains an alternative derivation of the modal equations of motion 
making use of matrix notation. The development is specifically for lumped-param¬ 
eter systems and is exactly parallel to the derivation given in Chap. 3. It is assumed 
that the reader is familiar with matrix algebra. 12 

The following discussion contains only brief descriptions and explanations of the 
steps in the derivations. The complete treatment of the subject in relation to the 
physical phenomena is given in Chap. 3. The author has deliberately chosen not to 
use matrix notation in the body of this text. The condensation of a set of equations 
into one is of course a convenience, but it tends to obscure the true meaning of the 
equations and to make derivations seem to be mere mathematical manipulation. The 
computational methods given in the main text for obtaining numerical results are of 
course not affected by the manner in which the problem is formulated. 

Having mastered the basic concepts, the student will find it convenient to use matrix 
shorthand when working with the equations for a multidegree system. For this pur¬ 
pose the basic equations are restated below in matrix notation. 

a. Normal Modes 

The equations of motion for a multidegree lumped-mass system may be written as 

l M] d \v\ +[ff]|y| = IW (A.l) 

where [M) D = a diagonal matrix containing masses of the system 

ltfl» I y ! “ column matrices of accelerations and displacements, respectively 
IX] = square stiffness matrix 
|F(f) | = a column matrix of applied dynamic forces 
It is important to note that, for linear structural problems, [ K\ is symmetric. 
Equation (A.l) is the matrix form of Eq. (3.3). 

If the system is vibrating in a normal mode, we may make the substitutions 

{?/) = (On) sin oinl jji! = — wn^a,,] sin (F(0t = 0 

to obtain 

—w» 2 [Af]D{a«I + (Xlja„} = 0 

or ([X] - w „m,)(o„l = 0 (A.2) 

where |a„| is the column matrix, or vector, of the modal displacements for the nth 
mode. Noting that {o„| cannot be zero and using Cramer’s rule, we write 

|[X] - = 0 (A.3) 

Thus we have a characteristic-value problem, and the roots of Eq. (A.3) are the charac¬ 
teristic numbers, or eigenvalues, which are equal to the squares of the natural frequen¬ 
cies of the modes. Note that Eqs. (A.2) and (A.3) correspond to Eqs. (3.8) and (3.9) 
in Chap. 3. For each root there is a characteristic vector solution ]«„], having an 
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arbitrary magnitude and representing the characteristic shape of that mode. Numeri¬ 
cal methods for the solution of Eq. (A.3) are discussed in Secs. 3.2 to 3.5. 

b. Orthogonality 

For any two roots corresponding to the nth and mth modes, we may write Eq. 
(A.2) as 

«„*[AfJn{a»} = [A](a„) (A.4) 

«„*[Afjc(a„| = [A]{a„| (A.5) 

If we postmultiply the transpose of (A.4) by (a m j, we obtain 

(-WnlfclHO " ([^]{an}) r |a M | 

or - M T [K] r[a m ] (A.6) 

Premultiplying (A.5) by \a n } T , we write 

= {a n |HXJ|a m | (A.7) 

It is known that \M\ D = [M \ T D , as for any diagonal matrix, and also that (A] = [K] T , 
since [A] is symmetric. It is apparent that the right sides of Eqs. (A.6) and (A.7) are 
equal, and therefore subtracting (A.7) from (A.6) yields 

(w„* - w m *) (a„| r [Aflo{a.n} “0 (A.8) 

Since «„ ^ ««,, 

|a») r [Mjo{a m J = 0 (A.9) 

which is the orthogonality condition and the same as Eq. (3.13a). 

c. Modal Equations 

Since the modal displacements may be given any amplitude, it is now convenient 
to replace |a„j by {<*>') such that 

(OWolKl - 1 (A. 10) 

The modal displacements {<*>') are evaluated so as to satisfy Eq. (A. 10) and at the 
same time keep the elements in the same proportion as those in )a„}. The characteris¬ 
tic vector is then said to be normalized. Note that Eq. (A.8) has not been violated 
since, if n = m, u n 2 — « m 2 = 0, and the remaining terms may be given any desired 
value. 

Equation (A.2) may now be written for the nth mode as 

[*](*!} = 

Now we let [$'] be a square matrix containing all normalized characteristic vectors 
such that the nth column is the set of characteristic displacements for the nth mode. 
The last matrix equation may then be written so as to include all modes. 

[A][*'J - (A. 11) 

where [w n *Iz> is a diagonal matrix of all characteristic numbers. We now premultiply 
both sides of (A. 11) by [<&'] T to obtain 


It may be shown that 


- m T m D m[ Un '\ D 

iK'nMw*'] = [/J* 
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where [/]» is the unit diagonal matrix. Equation (A. 13) can be easily verified by 
expansion and follows from the orthogonality condition and the fact that [$'] has 
been normalized. It therefore follows that Eq. (A. 12) may be written as 

[^'TOll*'] = Mo (A. 14) 

Returning now to the equation of motion (A.l), we let 

I y} = [*']iAn) ... 

and {$} = [*')iAn\ (A>18) 

where A n is the modal amplitude. This merely states that the true modal displace¬ 
ments equal the characteristic displacements times the modal amplitude determined 
by the response calculations and, further, that the total displacements are linear 
combinations of the modal values. If we now premultiply Eq. (A.l) by l*'] r and 
substitute Eqs. (A. 15), we obtain 

[*']Wo[*']U,} + OTj[4>']U,| = [4> , ] T !FWI 

Finally, substituting for the left sides of Eqs. (A. 13) and (A. 14) in the last provides 

I An ) + Mn{A n ) = (4>'l r <F(0i (A.16) 

which represents the modal equations of motion. These are of course uncoupled, and 
one of the equations represented by this matrix equation may be written as 


J 

An + Wn*A„ = ^ <f>' rn F r (t) 


where r — 1 —*■ j identifies the masses of the system. The final displacement obtained 
by superimposing the modes is 

i Vr(t) ) - [4>'1U„«)| (A.18) 

= l4>'JM„.,(DLF) n ) (A.19) 


where A n <Jt) is the solution of Eq. (A.17). 

Equation (A.17) is exactly the same as Eq. (3.46), except that, in the latter, the 

j 

right side is in terms of <t> rather than <f>' and is divided by ^ M r <£* n . This is true 

r = 1 

J 

because <j/ is the normalized shape and Eq. (A. 10) indicates that ^ M r <f>^ = 1. 

r = 1 

Thus, in reality, the two equations are identical. Equation (3.46) is perhaps more 
convenient to use since it is easier to evaluate the right-side denominator in that 
equation than to normalize the shapes according to Eq. (A.10). 

Equation (A.19) is of course equivalent to Eq. (3.49). A„(0 or A n ,t is different 
by the two procedures, since <j> and <t>‘ are different, but the final result, y(l), is identical. 


d. Damped Systems 

If damping had been included in the foregoing development, the equations of 
motion (A.l) would have been 


[M] D {y] + [A]{y| + [c)[y\ - [F(t) | 


(A.20) 
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where [c) is the matrix of damping coefficients. This equation is the same as Eq. 
(3.53). If we add to Eqs. (A.15) 

\y\ = 

and follow the same procedure thereafter, the modal equations of motion (A. 16) 
become 

(A„) + MoiAn I + = m T iF(Q) (A.21) 

In any one modal equation of motion the coefficient of A„ is equal to 2 <o n C„, where C„ 
is the ratio of actual to critical damping in the nth mode. Therefore the complete 
set of damping coefficients is defined by 

[ < h , ] r [c][<h'J = [2a , n C a ) D (A.22) 

Equation (A.22) is equivalent to Eq. (3.54) and, when solved, provides all damping 
coefficients in terms of the damping ratios C n . Procedures for accomplishing this are 
discussed in Sec. 3.10. 

e. Support Motion 

As discussed in Secs. 2.6 and 6.2, solutions for support motion may be obtained if 
{/''(<)) is replaced by — y,{t) \M ), where y,(t) is the prescribed support acceleration. 
Thus the modal equation may be written as 

{An) + klolA.I + [2 « n C„]i>U„) = -y,(f)[<l>r(Ml (A.23) 

This represents a set of equations any one of which has the form 

i 

An + u>n'A n -f 2 <* n C n A„ - -fr(t) £ (A.24) 

r •» 1 

which is the same as Eq. (6.5), except that, in the latter, the characteristic shape haB 
not been normalized. Note that, in Eqs. (A.23) and (A.24), A n is the relative motion 
with respect to the support. 

The participation factors for the modes (Sec. 6.2) are given by 

lK\ = [*'HM} (A.25) 

which corresponds to Eq. (6.6). Finally, the solution for relative displacement is 
given by 

{«,(<)} = [*'J{r'un°(f)} (A.26) 

where u r is relative displacement, and «„° is the response of a one-degree system having 
a frequency of o>„. The last equation is identical with Eq. (6.10), although <J>' and r' 
are numerically different from the corresponding terms in Eq. (6.10). 
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A 

Alternating force, step force, 64 
(See also Pulsating force) 

Arches, design for blast effects, 297- 
306, 308-309 

Atomic weapons (see Nuclear weapons 
effects) 

B 

Beams, 2, 88, 150-188 
approximate analysis, 206-212 
beam-girder system, 183-188, 237- 
242 

boundary conditions, 152-158, 208 
characteristic shapes, 152 
continuous, 174-183 
dynamic stresses, 165-169 
elasto-plastic analysis, 72-76, 192- 
195, 201 

effective spring constant, 204-205 
flexibility coefficients, 104 
forced vibration, 158-173, 180-183 
with moving force, 315-318 
under moving mass, 321-323 
nonprismatic, 170-173 
reactions, dynamic, 217-219, 227, 
230, 236-237 

reinforced concrete, 217, 224-228 
effective stiffness, 226 
relative importance of modes, 162— 
165, 168, 183, 324 
roof girder, design of, 287-291 
shear, 218, 227-228, 230 
steel, 50, 72-76,80, 229-230, 289, 295 
support motion, analysis for, 262- 
263 

Bilinear resistance function, 21, 69, 
203, 231 

(See also Elasto-plastic systems) 


Blast effects (see Nuclear weapons 
effects) 

Bridges, 319, 322-327 
Building frames (see Frames, struc¬ 
tural) 

Buildings subjected to blast effects, 
282-297 

Buried structures, 308-309 
C 

Characteristic amplitude, 93 
Characteristic functions, 161 
Characteristic shapes, 88, 93, 127, 152, 
250 

continuous beams, 174-182 
normalized, 119, 330 
by Rayleigh method, 105-111, 170- 
172 

single-span beams, 152-158 
by Stodola-Vianello method, 97-105, 
127, 131 

Characteristic values, 91, 329 
Computers, electronic, 1-2, 195, 254 
Coordinates, generalized, 112 
Coupling, 87, 233, 237 
Critical damping (see Damping, criti¬ 
cal) 

D 

D’Alembert’s principle, 4, 95 
Damping, 17, 51-58, 331-332 
beam with moving force, 317 
coefficient, 17, 18 
Coulomb, 56-58 
critical, 17, 52, 64, 332 
effect of, 19, 52, 55, 320, 326 
logarithmic decrement, 54 
in multidegree systems, 140-147, 332 
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Damping, percent of critical, 18, 52, 
141, 146-147 

system, with sinusoidal force, 62-64 
with support motion, 68 
viscous, 17, 51 

Degrees of freedom, 3, 11, 85, 150 
Design criteria, 224, 283, 288 
Distributed mass systems, 150,199,216 
Domes, design for blast effects, 297- 
299,306-309 
Ductility ratio, 224 
Ductility of structures, 21, 203-204 
blast-resistant design, 283 
earthquake design, 270 
Dynamic equilibrium, 4, 12, 218, 250 
of beam element, 151, 194 
rotational equilibrium, 138, 152 
Dynamic load factor, 39, 246, 251, 258 
applied to modal analysis, 120, 316 

E 

Earthquake analysis, 245-273 
response spectrum, 264-265 
significance of plastic behavior, 252- 
255, 206-269 

Earthquake design codes, 269-273 
Earthquake ground motion, 263-265 
Eigenvalues, 91, 329 
Elastic limit, 22, 23, 140, 222 
Elasto-plastic systems, 20, 69-81, 201 
analyzed for support motion, 253-255 
beam-girder, 237-242 
beams, 192-195 

charted maximum responses, 72-78 
design of, 222-224, 227-228 
multidegree, 137-140 
permanent distortion of, 26, 255 
Energy methods, inelastic response, 
222-224 

Lagrange equation, 111-116, 118 
Rayleigh method, 105-111 
Equivalent mass, 2-3, 119, 202-203 
for frames, 216, 235 


F 

Finite-difference methods, 192-195 
(See also Numerical integration) 
Flexibility coefficients, 102-105 
Floor systems, 183-188, 237-242 
Forced vibration, 37, 40, 58, 158, 318 
continuous beams, 180-183 
damped, 54 
Foundations, 136-138 
Frames, structural, 10, 16, 26 

analyzed for support motion, 250- 
257 

approximate analysis, errors in, 
296-297 

designed for blast effects, 293-297 
earthquake analysis, 266-269 
earthquake design, 272-273 
elasto-plastic analysis, 138-440, 
253-255, 293-297 
flexible foundation, effect of, 136- 
138 

girder flexibility, effect of, 87, 130- 
134 

idealization of, 215-217 
modal analysis of, 125-136 
reinforced concrete, 297 
stiffness and flexibility coefficients, 
104 

vertical loading, 233-237 
Free vibration, 35, 58, 318 
damped, 51 

Frequency, natural (see Natural fre¬ 
quency) 

Frequency equation, 91, 153, 155, 157 
continuous beams, 174-176, 178 
two-degree system, 92 
Friction, 56 
Fundamental mode, 93 

G 

Ground motions (see Earthquake 

ground motion; Nuclear weapons 
effects) 


H 

Harmonic motion, 36, 90, 152 


I 

Idealized systems, 2-3, 199-205 
beams, 206-212 
frames, 10, 16, 215-217 
slabs, 206-215 
Impact, 323, 327 
Impulse, 40, 223 

Inelastic behavior (see Elasto-plastic 
systems) 

Inertia forces, 4, 12 
in beams, 218, 238 
in multidegree systems, 95, 103 
work by, 105-106, 112 
Initial conditions, 35, 36, 38, 51 


K 

Kinetic energy, 106, 113 
in beams, 158, 185 
due to impulse, 223 
in modal analysis, 116 
in plates, 189 


L 

Lagrange equation, 111-116, 118 
application, 114-116 
to beam-girder system, 185-188 
to beams, 158-160 
to slabs, 189-190 
derivation, 111-113 
Linear systems theory, 40-41 
Load function, 3 
combined, 220-221 
idealized, 205-206 
blast pressures, 285, 291, 294 
arches and domes, 298-299, 301 
for roof girder, 288 
Logarithmic decrement, 54 


M 

Machinery, rotating, 58 

effect on building frame, 134 
Magnification factor, 64 

(See also Dynamic load factor) 
Matrix methods, 329-332 
Modal analysis, 116-125 
beams, 158-170 
moving loads, 315-322 
frames, 125-138, 250-253 
matrix formulation, 330-332 
slabs, 188-192 

support motion, 247-253, 266- 
269 

Modal displacement, 118 
Mode (see Normal modes) 

N 

Natural frequency, 7, 36-37, 208 
arches, 300-301, 304 
beams, continuous, 176-180 
nonprismatic, 171 
single-span, 152-158, 167 
damping, effect of, 52 
direct determination, 89-93 
domes, 306 

by Rayleigh method, 105-111 
slabs, 190, 208, 232, 292 
by Stodola-Vianello method, 97-105, 
127, 131 

structural frames, 127-128, 132, 236 
Natural period, 7, 37, 219 
(See also Natural frequency) 
Nonlinear systems (see Elasto-plastic 
systems) 

Normal modes, 88, 144, 151 
equivalent one-degree system, 116, 
119-121 

fundamental, 93, 102, 105 
matrix formulation, 329 
orthogonality of, 95-97 
participation factor, 108-109 
analysis for support motion, 248, 
251, 332 
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Normalized shape, 119, 330 
Nuclear weapons effects, 277-282 
on arches and domes, 298-299, 303 
on belowground structures, 308 
on buildings, 282-285, 291, 293 
dynamic pressure, 278-279, 281, 283 
ground shock, 309-313 
overpressure, 278-279, 281 
pressure duration, 279-280, 284 
reflected pressure, 280, 284 
shock front velocity, 280, 284 
Numerical analysis, 1, 26, 138-140 
for arches, 305-306 
two-degree systems, 13-16, 240-241 
Numerical integration, 4-9, 14, 24, 254 
beam-girder system, 240-242 
damped systems, 19, 20 
finite-difference methods, 30, 31 
linear-acceleration method, 27-29 
multidegree system, 142-143 
Newmark 0 method, 30 
time interval, 6, 8, 13, 29 

O 

One-degree system, 3, 85 
elastic responses, 42-51 
elasto-plastic, 20-26, 69-81 
nondimensional equations of motion, 
78-89, 306 

Orthogonality, 95-97, 101, 159 
matrix formulation, 330 
second orthogonality condition, 96- 
97, 117 

P 

Period, natural (see Natural period) 
Permanent set, 26 
Plates (see Slabs) 

Pulsating force, beam-girder system, 
183-188 

multistory frame, 134-136 
one-degree system, 58-65 
with damping, 62 
traversing beam, 318-320 


R 

Rayleigh method, 105-111 
applied to nonprismatic beam, 170— 
172 

for higher modes, 108 
Rebound, 22, 240 

Recurrence formulas, 6, 27, 28, 30, 31 
Reinforced concrete beams (see Beams, 
reinforced concrete) 

Residual vibration, 25, 71, 318 
Resistance function, 21-23, 203-204 
Resonance, 58, 61, 64 
limited cycle, 61, 62 
due to moving loads, 317, 319-320, 
326 

Rigid frames (see Frames, structural) 
Rise time, 49, 80 

S 

Schmidt orthogonalization procedure, 
108-111 

Seismic coefficient, 270 
Shear (see Beams, shear) 

Shear buildings, 125, 138, 266 
Shear walls, 297 
Slabs, 188-192 

approximate analysis, 206-215 
design of, 230-233, 284-287, 291-293 
two-way and flat, 212-215 
Spectral velocity, 247 
Spectrum, for earthquake analysis, 
264-265, 271 

for ground shock due to nuclear ex¬ 
plosions, 311 
response, 257-263 

Spectrum analysis, 262-263, 265-269, 
312-313 

Spring constant, 2, 10, 16 

effective value for fixed beams and 
slabs, 204-205, 230-231, 287 
(See also Stiffness coefficients) 
Steady-state response, 60, 63, 134, 260 
Steel beams (see Beams, steel) 

Steel frames (see Frames, structural) 


Stiffness coefficients, 89 
compared with flexibility coefficients, 
101-105 

frames, 127, 130, 250 
Stodola-Vianello procedure, 97-101, 
127, 131 

compared with Rayleigh method, 
107, 111 

stiffness and flexibility methods, 
101-105 

Strain energy, 106, 112, 185, 189 
Strength of materials, dynamic, 225 
Stresses, dynamic, in beams, 51, 165- 
169, 229-230 

due to support motion, 163 
in frames, 128-130 
in multidegree systems, 124-125 
in slabs, 191-192 
Support flexibility, 183 
Support motion, 65-69, 238, 312 
analysis of multidegree systems for, 
246-256, 332 

response spectra, 257-263 
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T 

Three-moment equation, 176 
Transformation factors, 202-217 
Transient response, 60 
Trusses, 217 

Two-degree systems, 11-17, 85 
analyzed for support motion, 250- 
255 

beam-girder combination, 183-188, 
237-242 

bridge-vehicle combination, 323 
characteristic shapes, 93, 94, 114r- 
117, 144 

damping, 144-145 
frequency equation, 92 

V 

Vehicles, bridge vibration due to, 322- 
327 


